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PREFACE. 

rilHE gBeat progress that has been made in the application of 
"^ alternating currents to industrial purposes makes it desirable 
to collect together and examine the mathematical theorems which 
electricians use in their everyday work. In this volume the more 
general theorems are collected, and proofs are given of the 
more important of them, due stress being laid on the assumptions 
that it is sometimes necessary to make, and on the consequent 
limitations in the use of the formulae. In the second volume 
the theory of alternators, motors, transformers, converters, and of 
the transmission of power by poljrphase currents will be given. 

The reader is supposed to be familiar with the elementary 
theory of electricity and magnetism, .and to have a working 
knowledge of trigonometry and of the elements of the calculus. 
A knowledge of De Moivre's theorem, De Moivre's property of the 
circle and of hyperbolic sines and cosines will be found essential. 
Lord Kelvin's bei and ber functions given in Chapter xvi will 
be understood at once from their definitions. 

The references, given at the end of nearly every chapter, are 
to the books or papers I have consulted when writing the chapter. 
In many cases they contain more detailed discussions of the same 
or similar problems, and will be helpful to the student. The 
proofs of several of the problems could have been considerably 
shortened by deducing them from the general equations of electro- 
magnetism, but, in my opinion, the proofs given bring out the 
physical meaning more^ clearly to the electrical student. 

421534 



Vi PREFACE 

The early chapters deal mainly with inductance and capacity, 
and it is hoped that the practical formulae in them will be helpful 
to the working electrician. In Chapter v, illustrations are given 
of methods by means of which the capacities of polyphase cables 
and overhead wires can be calculated. It is also shown how the 
inductances of these combinations of conductors for the case of 
surface, currents can be found. The definition and the theory of 
the power factor given in Chapter vi are now almost universally 
adopted by electricians. It was thought necessary to define terms 
like *watt current' and 'wattless current' — *le courant watt6' and 
*le courant dewatte' of French writers — as they are so widely used. 
In Chapter ix, the test room methods of measuring power are 
given, and in Chapter x the method, when discussing practical 
problems, of replacing an air-core transformer by its equivalent 
net-work is explained. In Volume II this method will be extended 
to iron-core transformers. 

In Chapter xii some problems in two phase theory are 
discussed graphically and illustrate how the theorems of solid 
geometry can be applied usefully in this case. In Chapter xiii 
the main problems in the theory of phase indicators and induction 
type watt-hour meters are stated, and approximate solutions are 
obtained. The theory of rotating magnetic fields, given in 
Chapter xiv, is founded on a paper which I wrote for the 
Electrical Review in 1893. In Chapter xv the interesting 
problem of the nature of the magnetic field round parallel wires, 
carrjdng polyphase currents, is discussed. Although complete 
solutions of the problem of the eddy currents in magnetic metals 
have not yet been obtained, the approximate solutions obtained 
by J. J. Thomson and Oliver Heaviside, which are given in 
Chapter xvi, will be found most helpful in practical work. 
Heaviside's solution is given in terms of bei and ber functions, 
and so, in given cases, numerical values can be found readily by 
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means of the tables given in this volume. In Chapter xvii a 
slight sketch is given of the useful method of duality. 

I have to thank Mr G. F. C. Searle, M.A., of St Peter's College, 
Cambridge, University Lecturer in Experimental Physics, for the 
many suggestions and emendations he has made, during the printing 
of the work. Of these suggestions and emendatidns I have 
freely availed myself. Particularly I have to acknowledge the 
valuable help he has given me in the problems connected with 
capacity, eddy currents and inductance, more especially the 
inductance when the currents are confined to the surface of the 
conductors. I have to thank him also for his unwearying kindness 
in reading the proofs and for checking nearly all the formulae given. 

I take this opportunity of thanking Dr Charles Chree, F.R.S., 
the Superintendent of the Observatory Department of the National 
Physical Laboratory for his help and encouragement. I am also 
indebted to Mr W. C. Dampier Whetham, F.R.S., who has edited 
this work, for many valuable suggestions and criticisms. 

Finally, I have to thank the Council of the Institution of 
Electrical Engineers and The Electrician Printing and Publishing 
Company for their kind permission to make what use I pleased, 
in the preparation of this volume, of any of my papers which they 
have published. 

A. R. 

2 Bellevue Place, 
Richmond, Surrey. 
October^ 1904. 
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ERRATA. 

P. 9, line 21, after B insert *, B completely surrounding Ay and.' 

P. 61, line 14, tor ' R' write * (».' 

P. 87, line 3, dele 'ultimately' and write ', since i^ and q are zero at the 
instant of closing the switch in the main, A is zero, and thus.' 

je2dt are zero 

at the moment of closing the switch in the main, A is zero, and 
thus.'... 

P. 192, line 12, dele 'therefore' and insert 'but, when the potentials are 
kept constant, the gain dW in the electrical energy (see p. 400) is 
equal to the work done on the disc, and is therefore given by.' 



SYMBOLS. 

At effective value of an alternating current; a constant. 

^2 ) '^21 •••» effective values of the currents in polyphase mains. 

B, magnetic induction. 

-^mu. t maximum value of the magnetic induction. 

C, direct current ; a constant. 

Ey maximum value of the alternating voltage ; direct voltage. 

£i, E^t ..., effective values of star voltages. 

Fy force. 

G, average torque. 

Hy magnetic force. 

I, intensity of magnetisation ; maximum value of an alternating 
current when it follows the harmonic law. 

J«>, . maximum value of an alternating current. 

A» •^2* •••» effective values of the mesh currents. 

Ky capacity between two conductors; capacity of a conductor. 

-^1.1) ^i.Sf •••) Maxwell's coefficients of self and mutual induction for electro- 
static charges. 

Kq y capacity when the charges are constant. 

K^y capacity when the potentials are constant. 

X, self inductance. 

^i.i» -^1.21 •••* coefficients of induction in electro-magnetism. 

My mutual inductance ; magnetic moment. 

P, power. 

Qy quantity of electricity. 

Ry resultant electrostatic force; resistance; resistance of primary 
circuit; radial force. 

Ri y resistance of primary circuit. 

B^t resistance of secondary circuit. 

Sy area of cross section ; resistance of secondary circuit. 

Ty periodic time ; tangential force ; longitudinal tension. 

Vy electrostatic potential ; magnetic potential ; volume ; effective 
value of potential difference. 

Fj.j, Fj.g, ..., effective values of the mesh voltages. 

Wy average value of the power ; power ; energy. 

Zy impedance. 

• 

Cy thermal capacity per unit volume. 

By instantaneous value of the electromotive force. 

[e\y E cos (at + tj -IE sin ut. 
fy force ; frequency ; fault resistance. 

fit At •••> fault resistances of the mains. 
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Xll SYMBOLS 

p, strength of magnetic shell ; instantaneons valne of the torque; 
acceleration produced by gravity. 

if instantaneous value of the current. 

[i], I cos <at + sT^I sin tat. 

kf capacity between two conductors per unit length ; thermal 
conductivity. 

It length. 

TO, mass; strength of magnetic pole; 2t ^/— ; 2t /^/ — > 

n, number of turns. 

Pi. I* Pi. 2 f •'•*' Maxwell's potential coefficients. 

q, electrostatic charge; instantaneous value of quantity of elec- 
tricity. 

r, r@sistance. 

t, time. 

Vf instantaneous value of p.d. ; temperature. 

IT, instantaneous value of power. 

a, /S, 7, a, angles. 

Ai.ai ^» 0) ^> phase differences. 

6, base of Neperian logarithms. 

ri, Steinmetz's coefficient ; efficiency, 

cos 0, cos yf/f power factor. 

\ dielectric coefficient ; constant. 

Xj 1 , Xj . 2 , . . . , current coefficients. 

fij magnetic permeability. 

T, 3-14169... 

p, volume density; resistivity. 

0-, surface density ; resistivity. 

r, time. 

0, instantaneous value of the flux ; phase difference. 

w, angular velocity ; 2t x frequency ; solid angle. 

#, maximum value of flux, when it follows the sine law. 

#„M maximum value of flux. 

Q, solid angle. 

(7^, reluctance. 



ABBREVIATIONS. 

co.s. system, centimetre-gramme-second system of units. 

E. M .F. electromotive force. 

P.D. potential difference. 

J.I.E.E, Journal of the Institution of Electrical Engineers, London. 

R.M.8. root-mean-square. 
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CHAPTEE 1. 



Introduction. Electrostatics. Potential. Gauss's Theorem. Poisson's 
Equation. Tubes of Force. Coulomb's Law for the intensity of a force 
near a conductor. Replacing a system of charged bodies by a conductor 
of which the boundary is an equipotential surface. Electric images. 
Capacity. Potential energy of an electrified body. Electric current. 
Magnetism. Potential near a bar magnet. Tubes of force. Tubes of 
induction. Intensity of Magnetisation. Permeability. Magnetic shell. 
Mutual potential energy of two shells. Electrodynamics. Circular 
current. Joule's Law. Ohm's Law. Electromagnetic induction. 
Lenz's Law. Mutual inductance. Self inductance. Electromagnetic 
energy. ITie self energy of an electric circuit. Self energy in terms 
of magnetic force. Kelvin's Formula. The elm.f. generated in a 
conductor cutting lines, of force. Force on a moving wire. The 
magnetic force due to an element of current. Laplace's Formula. 
Formulae for the magnetic forces inside circles and rectangles. Force 
near a long straight wire carrying a current. The magnetic force 
outside an infinite cylindrical tube carrying a current parallel to its 
axis. The magnetic force inside an infinite cylindrical tube carrying a 
current parallel to its axis. Magnetic tests of iron. Hysteresis. Work 
done in taking iron through a magnetic cycle. Steinmetz's Formula. 
References. 

The theory of alternating currents of electricity is founded on 

results arrived at in electrostatics, electrodynamics 
and magnetism. We shall give a resumi of the 
more important theorems and formulae in these sciences, in order 
to use them in subsequent chapters. It will be seen that there 
are many analogies in these sciences, and it will be found useful 
to bear such analogies in mind. In Chapter xvii. an elementary 

B. I. 1 



2 ALTERNATING CURRENT THEORY [CH. 

sketch is given of a method of duality founded on these analogies, 
and Maxwell has shown how important they are in advanced 
theory. 

It is convenient to divide the electricities generated when 
certain bodies are rubbed together into two kinds, 
which are called positive and negative. It is 
found that a body charged with positive electricity will repel a 
body charged with the same kind of electricity and will attract a 
body negatively charged. By means of a torsion balance Coulomb 
proved that the force of repulsion f between two small bodies in 
air possessing electric charges q and q' of like sign is given by the 
formula 

where r is the distance between the bodies and A: is a constant. 
If we define unit charge to be that charge which if concentrated 
at a point would repel an equal like charge concentrated at a 
point one centimetre away with a force of one dyne, then k is 
unity and the formula becomes 

If the bodies be not immersed in air we must write 

where \ is a constant depending on tho medium in which the 
bodies are placed. This constant is generally called the " specific 
inductive capacity" of the medium, but the term "dielectric 
coefficient" is coming into use. 

Faraday mapped out the electric field which surrounds a 
charged body by means of lines drawn so that the direction of the 
resultant force at any point on these lines is in the direction of 
the tangent at that' point. By the resultant force, at a point is 
meant the force with which a unit positive charge placed at the 
point would be urged if it could be placed there without disturbing 
the electrical distribution elsewhere. These lines he called lines 
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l] ELECTROSTATICS 3 

of force. We shall see later on that we can map out by means 
of tubes of force not only the direction of the field, but also 
its strength. 

The electric ' potential at a point P due to any electrified 
bodies in the neighbourhood is the amount of work 
in ergs that has to be done on a unit of positive 
electricity to bring it from the boundary of the field to P, the 
electric distribution being supposed to be undisturbed during 
the process. If the electric potentials at two neighbouring points 
P and P' be V and V-^dV respectively, and if PP' equal ds, 
then the work done by the electric forces while unit of positive 
electricity is moved from P to P' will be F— (F + dF), and if P 
be the average electric force in dynes from P to P' the work done 
will also be represented by Fds, 

Therefore Fds^-dV, 

and P = --3-. 

as 

Hence, if we know the mathematical expression for the potential at 
a point, this equation completely specifies the electric force in. any 
direction at the point. We can therefore represent the attractions 
and repulsions by means of a single symbol F instead of having to 
give the components of the force at the point in three directions 
mutually at right angles. This is one of the advantages of the 
potential method of treating problems in attractions and repulsions. 
We should notice that the potential function itself is an undirected 
quantity ; it possesses merely magnitude. 

The electromotive force between two points P and Q is defined 
as the work done in taking a unit of positive electricity from one to 
the other. Thus if Vi and Fg be the potentials at P and Q, then 

the electromotive force between P and Q = Fi — Fg 

= ^Fds. 
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It will be seen that the dimensions of electromotive force, or as it 
is generally written E.M.F., are the same as those of work divided 
by electrical quantity. 

Suppose that we have q units of electricity concentrated at a 

1—2 
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point and that we wish to find the potential F at a point P 
distant r from 0, 



By definition 



=/: 






If we have n charges g^,, g'a ••• at distances ri, r^ ... from 0, 



+ ... 



then 

A surface on every point of which V is constant is called an 

dV 
equipotential surface. Since -v- is obviously zero along such a 

surface, there will be no force tangential to it, and hence the lines 
of force must always cut it at right angles. Two equipotential 
surfaces cannot cut one another, as the same point cannot be at, 
two diflFerent potentials. 



Let R (Fig. 1) be the intensity of the electric force, i.e, the force 

on unit quantity of electricity at a small element 

Gauss's Theorem. . 

dS of a surface completely enclosing a charged 
body q. Let a be the angle which R makes with PN the outward 
normal to dS. Then RcosadS is called the flux of force across 
dS. If dft) be the solid angle 
which dS subtends at g', then 

, dS cos a 
^® = — Z^ — • 

Now, if we take the sum of 
R cos adS over the whole sur- 
face, we get the total flux 
which travei-ses the surface. 
In symbols 




Fig. 1. Flux of force over the surface 
= SjR cos adS = 4iirq, 



%R cos adS = 2 ^ cos adS 

IT 

^Xqdw 



l] GAUSS'S THEOREM 5 

for q is constant and the sum of all the solid angles at a point is 
the ratio of the surface of a sphere to the square of its radius, 
i,e. 4s'7r. If we had n particles with charges ji, ja ••• inside the 
closed surface, then we have by addition 

XR cos adS = %Ri cos aidS 4- SR^ cos a^dS + ... 

= 4nr(qi + q2 + ...+qn). 

This is true whatever the shape of the surface may be, provided 
that it embraces all the charges. It follows that, if we know 
SJ2 cos adS over a closed surface, then we can find the sum of the 
charges enclosed by dividing this sum by 47r. It also follows that 
if there are no charges within the surface, then 

2i2co8adS = 0. 

If we choose three axes OX, OY and OZ at right angles to 
Poisson'a ^^^ another, and take the surface integral of the 
Equation, xiormal forcc over a small rectangular parallelepiped 
dxdydz, we get an important equation due to Poisson. Con- 
sider the part of the surface integral contributed by the two 
faces of the parallelepiped parallel to the plane YOZ. One side 

dV 
contributes -h-j— dydz, and the other 

ax 



dV. , d 
-T- dydz - ;t- 
ax ax 



[dV 



av J J a ay J J \ J 
— -j^ dydz — ;7X. 1 7~ dydz> dx. 



Hence by addition we see that the surface integral over these two 
faces gives 

- ^ dxdydz. 

Proceeding similarly for the other four faces, and equating the 
total sum to ^irpdxdydz, where p is the volume density of the 
distribution, we get Poisson's equation 

d^V d'V d*F . , 

d^^W^d^^ ^^^ 
This equation is generally written 



6 ALTERNATING CURRENT THEORY [CH. 

In the particulax case when V is the poteDtial at a point in free 
space, we get Laplace's equation 

If the electric field is uniform and the lines of force are all 
parallel to the axis of a?, then this becomes 

where A and B are constants. 

If the field be symmetrical about an axis and if r be the 
distance from the axis of a point P in air at which the potential 
is F, then we can easily show that 

dr\ dr ) 
.-. V=A-\-B\ogr, 

If we imagine a tube in which the end starts from a positively 
electrified body and the sides of which are formed 

Tubes of force. it /»/» i x^i ^^ ^ 

by lines oi lorce, we get what raraday called a 

tube of induction. As we move along a line of force, the potential 

continually diminishes, and hence a line of force can never be a 

closed curve. We imagine then a tube of force as starting from a 

positively electrified surface, and ending at a negatively electrified 

surface. Consider the portion of a tube of force intercepted 

between two equipotential surfaces. Let dS and dS' be the 

intercepts on them, and let F and F^ be the intensities of the force 

at the two surfaces respectively. By the intensity of the force at a 

point we mean the electric force that would be exerted on a unit 

quantity of electricity placed there. Applying Gauss's equation 

to this element, and noting that the sides of the tube add nothing 

to the integral Si? cos adS, since R is zero over the sides, we see 

that 

FdS - rdS' = 0. 

Hence along a tube of force the product of the intensity of the 
force at a point and the ai^ea of the section of the equipotential surface 
through the point intercepted by the sides of the tube is constant. 
If the section of the positive surface from which the tube starts 
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contains unit quantity of electricity, we get a unit tube. There- 
fore the force at a point can be measured by the number of unit 
tubes which pass through unit area of the equipotential surface 
at the point. Hence both the direction and the magnitude of the 
field can be mapped out by means of these unit tubes. 

Coulomb found experimentally that the resultant force near 

an electrified conductor was at right angles to its 
for^helntenstty of surfacc and that the magnitude of the force was 
conductcM*^* proportional to the surface density. The exact 

relation between these two quantities can be 
found from the following considerations. 

In order that the electricity on a conducting body may be in 
equilibrium, the E.M.F. between any two points must be zero; 
hence the potential must be constant throughout and equal to its 
surface value. Thus the bounding surface of the conductor is an 
equipotential surface, and the resultant force at points infinitely 
near it is normal to the surface and the force at all points in the 
conductor is zero. Consider now the surface integral of the normal 
force over a small closed surface formed by an element d>Si of an 
equipotential surface very close to the conductor, the tube of force 
through the boundary of dS, and a surface inside the conductor con- 
tinuous with the tube and closing it. The tube of force is supposed 
to enclose a quantity adS^ of electricity spread over an area dS' on 
the surface of the conductor. We see that FdS is the value of the 
surface integral, for the sides of the tube and the surface in the 
conductor contribute nothing to it. Hence by Gauss's theorem 

FdS==^7radS\ 

When the equipotential surface is infinitely close to the charged 

body d8 = dS'; hence 

jF=47r<r. 

This numerical relation was proved by Poisson. 

If V be the potential at a point near the surface, and dn be an 
element of the normal to dS drawn outwards, then 

F 



47r 



1 dV 
47r dn 
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If the body be immersed in a medium of which the dielectric 

coefficient is X, then 

\ dV 



or = — 



47r dn ' 



Since FdS is constant along a tube of force, we see that the 
quantities of electricity at each end of the tube are equal in 
magnitude but opposite in sign. If a conductor be placed in 
an electric field, it clearly follows from the principles we have 
developed that those parts of it where tubes of induction stop 
must be negatively electrified and those parts where they begin 
must be positively electrified. 

The potential V due to a body cannot have a maximum or a 
minimum value in free space, for if it had then ^FcoaadS taken 
round a small sphere enclosing the point would not be zero. 
Hence, if the potential be constant round a closed surface it will be 
constant at all points in that space, as otherwise it would have a 
maximum or a minimum value at some point in it. 

If we have various charged bodies enclosed in a metallic 
envelope, the tubes of force starting from them will all terminate 
on the inside surface of the envelope, and hence the induced 
charge will be exactly equal and of opposite sign to the sum 
of the charges on the bodies. 

Green proved mathematically that if we suppose an equi- 
_ , . potential surface replaced by a conductor havingf 

Replacing a -^ r j O 

system of charged the samc boundary as the surface and if it be 

bodies by a con- . 

ductorofwhich electrified so that the surface density is given by 

the boundary is 

an equipotential 1 dV 

surface. C ^ — r = — , 

47r dn 

then the electricity on this conductor will be in equilibrium, and 
will produce the same potential at external points as the charges 
enclosed by the equipotential surface originally did. 

A physical proof of this theorem can be given as follows. 
Suppose the equipotential surface replaced by a metal sheet 
coincident with it. If the metal be connected to earth, it will 
be at zero potential, and all points external to it will also be at 
zero potential. Let V be the potential at an external point due to 
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the enclosed charges and Vi be that due to the bound charge on 
the sheet, then F+Fi = and therefore Fi = — F. Also at a 
point on the conductor itself v + i;i = and i;i = — t; = constant by 
hypothesis; hence the electricity on the conductor would be in 
equilibrium. Therefore, if we suppose this conductor charged with 
electricity of the opposite sign to what it has in this case, it will 
produce a potential V at all external points and have itself a 
constant potential v. Hence the theorem follows. 

The method of images is due to Lord Kelvin. It is of great 
practical value in solving problems connected with 

Blectric images. i/. /.it no ^ i 

the form of the Imes of force round conductors 
suspended parallel to the earth, etc. Suppose for example we 
have a wire parallel to the earth at a distance h above it. Let 
the wire be charged with q units of electricity. We imagine an 
equal parallel wire at a depth —h in the earth with a charge of 
— q units. The surface of the earth will then be an equipotential 
surface of this system, and the distribution of the lines of force in 
the air can be found by solving the problem of two parallel wires 
at a distance 2A containing equal and opposite charges. Use will 
be made of this method in Chapter V. 

Consider two conductors A and B both at an infinite distance 
from all other conductors. Suppose that a charge 

Capacity. :^ . . ® 

q be given to A and that B is always maintained 
at zero potential. When the electricity is in equilibrium on A, 

R 

the surface density will be given at any point P by <r = — where 

B is the resultant force at the point P which is, by what we have 
seen, perpendicular to the conductor. All points on the conductor 
A will be at the same potential v, and we picture tubes of force 
all starting perpendicular to A and finishing up at right angles 
to B, The quantity of electricity on B will be - q. Now if we 
were to give to A a. further charge q, then it would distribute 
itself over A so that the density would be now 2cr. The mutual 
actions between the two coincident charges will be perpendicular 
to the surface, and so doubling the density of the layer does not 
disturb the equilibrium. Hence also we shall have a charge 
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— 2q on B, The potential of A will now be 2v, since &, and 
therefore R, is doubled. Similarly if we gave a charge nq to A, its 
potential would become nv. We see then that the charge on A 
when B is maintained at zero poteptial, is in a constant ratio to its 
potential. This constant ratio is defined as the capacity of the 
conductor A. When there are several conductors at diflferent 
potentials, the relations between, them can be expressed by linear 
equations. We will consider this problem in Chapter iv. 

Consider the body A in the preceding paragraph. The relation 
Potential energy of botWeen q and V may be written 

an electrified body. __ tj^ 

where K is the capacity of A. Let dq be the increment of charge 
necessary to raise the potential to i; + dv. The work done in 
taking dq from the boundary of the field to A is dq. v, therefore 
the work in ergs done in charging the conductor with a charge Q is 

Q rv 



Q rv 

vdq = I 
Jo 



Kvdv 



When we have an e.m.f. between two points in a conductor, 
a current is produced. A current is measured 

Electric current. i-i ' o ^ • ' n 

by the rate at which quantity of electricity flows 

through any cross section of the conductor ; it is therefore -^ and 

will be denoted by i. The work done in taking q from a point 
where the potential is Vi to a point where it is V2 is 

q {vi - "^2) = wt ergs, 

where w is the work done per second in ergs, and t seconds is the 
time of working, the rate of working being uniform. 

Hence differentiating 

i (Vi "- V2) = w. 

In this equation i is the current in electrostatic units, Vi — t/g is the 
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potential difterence (P.D.) in electrostatic units and w is the 
power in ergs per second. The corresponding equation in electro- 
magnetic units is 

i {^1 - V2) = w, 

where i is the current in amperes, ^i — v^ the ?.D. in volts and w 
the power in joules per second or watts. The ampere, which we 
will define shortly, is 3 x 10* times the electrostatic unit of current 
and the volt is the three-hundredth part of the electrostatic unit 
of E.M.F. (Chapter IV.). 

If any magnet be supported in such a way that it is free to 
turn about its centre of gravity in the earth's 
magnetic field, it is found that a particular line 
through the centre of gravity of the magnet always tends to point 
in the same direction. This line is called the magnetic axis of the 
magnet. If we have a long thin cylindrical magnet with its 
magnetic axis coincident with the axis of the cylinder, then the 
centres of the circular faces are the poles of the magnet. To a 
first approximation we can suppose that these poles are centres 
of force, and the action of the magnet can be calculated by 
supposing attracting matter m concentrated at the north pole 
of the magnet, i.e. the pole which points to the north when the 
magnet is suspended, and repelling matter —m concentrated at 
the south pole, the rest of the magnet consisting of inert matter. 
If 2Z be the distance between the poles, 2,1m is called the magnetic 
moment {M) of the magnet. 

It is found by experiments with the torsion balance and 
otherwise that like magnetic poles repel one another and unlike 
attract with a force which is directly proportional to the strengths 
of the poles and inversely proportional to the square of the 
distance between them. We define the unit pole to be that pole 
which repels an equal like pole one centimetre away with a 
force of one dyne. Hence, in air or other non-magnetic medium, 
the law of repulsion of magnetic poles is 

.^ mm! 

Following the electrostatic analogy, we define the magnetic 
potential at a point to be the work done in ergs in taking unit 
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north pole from the boundary of the field to the point in question. 
Hence if there was only 
one pole of strength m, the 
potential at a distance r 
from it would be given by 

r 

Let N and 8 (Fig. 2) 

Potential near a ^e the poleS 

bar magnet. ^f ^ bar 

magnet. Let their strengths 
be m and — m respectively 
and let 2a be the distance 
between them. Let be 
the middle point of NS and 
let OP equal r. Then if V 
be the potential at P due to this magnet we have 




N a O a S 

Fig. 2. Magnetic Potential at P 

_ Mcosg 3f(5 0088^-3 cos g)a^ 

- ^ "♦■ 2r* "*"*■* 



F = 



m 



m 



Va^ -h r* - 2ar cos 6 'Ja^-\-r^ + 2ar cos 



(1). 



If r is greater than (\/2 + 1) a we have by the binomial theorem, 



Va* + r* — 2ar cos ^ 



Hence substituting in (1) and simplifying we get 

Tr 2macos^ 5 cos' ^ — 3 cos ^ 

K = 1 : ma' 4- ... 



Mco8 ilf(5 cos' g- 3 cos g)a» , 
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where M is the magnetic moment of the magnet. Hence if r be 

large compared to a, 

y,__ Mcosd 

It follows that the force in the direction OP will be 

dV^ 2Mco3 

dr ^ r* ' 
and in a direction at right angles to OP, in the direction in which 
increases, it will be 

dV^ Msind 

rdd^ r» ' 

Hence we can easily find the direction and the magnitude of 
the magnetic force at a point P when r is large compared to the 
length of the magnet. 

The equipotential surfaces round an infinitely small magnet 
will be found from the equation 

Fr'^ = ilf cos ^ 

or V{a? + y^f = Mx 

by giving various values to V. 

We can prove in exactly the same way as in electrostatics 
(Gauss's Theorem) that 

Tubes of force. 

Tubes of indue- zR COS adS = 47rm 

tion. 

where the integral is taken over a closed surface 
enclosing poles the sum of whose strengths is m. R is the 
intensity of the magnetic force at dS and a is the angle between 
the direction of the force and the normal to the surface. Applying 
this theorem to the part of a tube of force intercepted between 
two equipotential surfaces, we find that FdS^F'dS\ where F is 
the intensity of the force at a point on dS, Hence we can suppose 
the magnetic field divided up into tubes of force in exactly the 
same way as we divided up the electrostatic field, and the tubes 
of force map out the intensity and direction of the magnetic force 
at any point. 

The product R cos adS is called the flux of force through the 
area dS and we see from Gauss's theorem that the total flux of 
force from a unit magnetic pole is 47r. It is proposed to call the 
unit tube of force the maxwell. 
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Now when magnetic force acts on a medium, it produces in it 
magnetic induction. In air the number of tubes of induction 
produced by the magnetising force is the same as the number 
of tubes of force. In a magnetic medium the number of tubes 
of induction may be thousands of times greater than the number 
of tubes of force. The strength of the field at a point in the 
medium is the number of tubes of induction per square centi- 
metre. One tube of induction per square centimetre is called 
a gauss, and this is the unit in which magnetic induction density 
is measured. 

If we break into two portions a long thin bar magnet which 
has been uniformly mametised and has poles of 

Intensity of i • . • 

Magnetisation. Strength m and — m respectively, it will be found that 
ermea 1 1 y. ^^^j^ portion is a magnet with poles of practically the 
same strength as the original magnet. The axes of the magnets 
are the two portions of the original axis. This is true also when 
we divide the magnet into many parts, and hence we can regard 
such a magnet as made up of a large number of little magnets of 
which the axes coincide with the axis of the original magnet and 
with ends perpendicular to that axis. Such a magnet is called 
a solenoidal magnet, and we see that no great error is made in 
assuming that its ends are covered with a layer of strength m of 
attracting and repelling matter respectively, and that the rest of 
the magnet is inert. 

The intensity of the magnetisation of a solenoidal magnet is 
defined as the magnetic moment per unit volume, and is generally 
denoted by /. 

Tx T M ml m 

Hence "^=7 = ^ = ^ 

where S is the cross-sectional area of the magnet. We see that / 
may also be defined as the pole strength per square centimetre of 
the area of the cross section. 

If the magnet were not uniformly magnetised, / would be 
diflferent at diflferent points, and so we should have to define it as 

dM 
dV 



. X COS ^ 

u-rr* 
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Consider now a circular iron ring uniformly magnetised, the 
cross section of which is circular. If / be the intensity of the 
magnetisation, then, if this ring be sawn through we should have 
what may be regarded as a layer of attracting matter on one side 
of the air gap and a layer of repelling matter on the other, the 
surface density being in each case /. If a unit magnetic pole be 
placed in the air gap on the axis of the ring and at a distance a 
from either circular face, the force of attraction F to one face will 
be obviously along the axis, and therefore 

„_ r^ 2irrl dr 
"Jo a^ + 

where 6 is the angle made by the axis with a line drawn from the 
pole to an element of the ring with a radius r. Now r^a tan 0, 

therefore dr^a sec" 6dd = - (a* + r») dO. 

Therefore F^lirli 8m0d0 

J 
= 27r/(l — COS0), 

where <j) is the value of when r is the radius of the cross section. 
Hence, when a is small, Fia 27r/, and since the repelling face will 
repel the pole with an equal force, we see that the intensity of the 
.field in the air gap is 47r/. Faraday showed that these tubes or, 
as they are more commonly called, lines of force are continuations 
of lines inside the iron which are called lines of magnetisation. 

If we saw through the ring at some other point, and then 
imagined it stretched out straight, the ends of the first gap still 
remaining the same distance apart, we see that our unit magnetic 
pole will now be subjected to the attractions and repulsions of the 
poles at the other ends of the bar ; hence the field in which it 
is situated will be weakened. If the bar were very long however 
we could neglect the demagnetising effects of the ends. If the 
bar were placed in a magnetising field of intensity H, the unit 
pole would be subjected to forces H and 47r/, where / is the 
new intensity of the magnetisation. If B is the resultant of H 
and 47r/, then B will be the strength of the field in the air gap. 
If H and 47r/ are in the same direction, then 

B = H + 4i7rI. . 
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The ratio of I to H is called the susceptibility of the iron, and 
the ratio of B to H is called the permeability. It is this latter 
ratio that is generally wanted in practice; it is always denoted 
by fif so that 

B = fiH, • 

When iron is magnetised to a certain induction density B, 
it is found that when the force is withdrawn a certain quantity 
-Bo is left remanent in the iron, and a certain coercive force has to 
be applied to get rid of Bq, We will return to this point when 
we discuss magnetic tests. 

If we have a thin sheet of iron made up oif an infinite number 

of little magnets with their axes perpendicular to 
Mufujd potential ^^^ shcet and their like poles all pointing in the 
sheiu^^^*^** same direction, we get what is called a magnetic 

shell. A study of the properties of these shells is 
most helpful in understanding the theoiy of electrodynamics. The 
strength of a magnetic shell is its magnetic moment per unit area, 

so that, if g be its strength and h its thickness, j- is the polar 

strength of the face per unit area. 

We will now find the mutual potential energy of two such 
shells, A and B. Consider an elementary small magnet of 

the shell A ; its potential at a point F is — — ^. — , i.e, ffidco 

where ay is the solid angle at P. Integrating over the whole 
shell Ay we see that giili is the potential at P due to the shell, 
where fli is the solid angle subtended by its boundary at P. If 
the strength of the shell B were g^, then the polar strength of an 

element dSo at P would be ^ dSo, where dn is the thickness of 

dn 

the shell, and we have shown that the potential at P is gi^i. 

Hence the work done in taking the polar element dSg from 

infinity to its position at P against the repulsion of the shell A 

would be 

and this expression gives the mutual potential energy of dS^ and 
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the shell A. Similarly the energy of the other pole of the elemen- 
tary magnet the end of which is dS^ will be 



dS^(^ dn,.\ 



Hence the total potential energy of the elementary magnet is 

^^' 'd^ ^^*- 

Therefore, integrating over the whole shell B, we find, that the 
mutual potential energy is given by 



^'/^^^- 



J o 

Now ^ — ^ is the resultant force measured normally at the 

shell B due to the shell A, Hence the integral gives the flux 
of force ^1 through the shell B due to the shell A, Similarly 
if ^2 were the flux of force through A caused by B, —gi<\>2 would 
be the mutual potential energy. 

Therefore ^rg^i = g^ <^a, 

which is a remarkable reciprocal relation of great practical im- 
portance. When the strengths of the shells are equal, we see 
that the flux through A caused by B equals the flux through B 
caused by A. 

Oersted showed that when a wire carrying an electric current 

produced by a battery was brought near a mae- 

Electrodynamics. . "^ ° 

netic needle, the needle was deflected. Hence 

an electric current produces a magnetic field. 

We have seen that an infinitely small magnet, the magnetic 

-M^cos S 
moment of which is M, produces a potential ^ — at points at a 

distance r from it, where is the angle which r makes with the 
length of the bar. Weber proved experimentally that a small 
closed plane circuit carrying a current not only produced the 
same field but also was acted on by the same forces as a small 
solenoidal magnet with an axis perpendicular to the plane of the 
coil, provided that a certain relation held between the magnetic 

B. I. 2 
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moment of the magnet, the area of the circuit, and the current 

flowing in it. If S be the area of the circuit, and i the strength 

Si cos 
of the current, then the potential at any point is k — , where 

A; is a constant. If the fields produced by the small magnet and 
the small circuit are the same, we must have M= kSi, Now in 
order to simplify our formulae as much as possible, we choose our 
unit of current so that k is unity, and therefore 

M==Si. 

TT 1 TT 8i COS 6 

Hence also V = — . 

The potential V of the small circuit at a point P, distant r 
from its centre, may be written 

where oo is the small solid angle subtended by S at P. If we now 
suppose that an infinite number of these small circuits are all 
crowded together, forming a network, and that they are all carrying 
equal currents i flowing in the same sense round the meshes, then 
it is easy to see that 

where 12 is the solid angle subtended by the boundary of all 
the small circuits. Where the elementary circuits touch one 
another we have equal currents flowing in opposite directions, and 
hence they are neutralised. We see then that this arrangement 
is equivalent to a circuit coinciding with the boundary of the 
small circuits and carrying a current i. It follows that the 
potential V at any point due to an electric circuit is always 
equal to iQ, where 12 is the solid angle which the circuit 
subtends at the point. 

We have shown above that the potential due to a magnetic 
shell of strength ^ at a point P is given by 

where f2 is the solid angle subtended by the boundary of the shell 
at the point. Hence Ampere's theorem follows, namely, that a 
magnetic shell and a closed circuit are equivalent ii g = i. 
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Consider the case of a circle of wire of radius r carrying a 

current i. The potential F at a point P on its 

Circular current. . t i . •. i mi i • -m-.-t 

axis perpendicular to its plane will be lo). With 
centre P (Fig. 3) describe a sphere passing through the circle. 
The area of the spherical cap 
intercepted by this circle is 
2'rrRh, where R is the radius 
of the sphere and h the height 
of the cap, hence 



F = 



.27rRh 



R^ 
= 27n(l-cose) 

= 27n (l 



X 



where sc is the distance of the 
point P from the plane of the 
wire. Hence if F be the force 
on unit pole at P along the axis, we have 

dV 




Fig. 3. Potential at P=2iri (1 - cob 6), 



P=- 



When X is zero 



P = 



dx 
2mr^ 

27ri 



In this formula F is in dynes, r in centimetres and i in C.G.s. 
units. We can thus define the unit current as the current which, 
flowing in a circle of radius r centimetres, produces a force of 

— dynes at its centre perpendicular to its plane. 

The relation between the direction of the current and the lines 
of force can be remembered by the diagrams shown in Figs. 4 
and 5. A current flowing in the direction of the arrowheads 
shown in Fig. 4 produces magnetic lines upwards through the 
paper. 

In practice the unit current adopted is the ampere, which is 
one-tenth of the absolute C.G.S. unit defined above. A current of 

2—2 
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electricity in a conductor is the rate at which a quantity q of elec- 
tricity is flowing through the conductor. In symbols 





Fig. 4. Fig. 6. 

Relation between polarity and direction of current. 

We inay therefore define on the electromagnetic system the unit 
quantity of electricity as the quantity which flows past any 
cross section of the conductor every second when unit current is 
flowing. The practical unit of quantity is the coulomb, which is 
sometimes called the ampere-second. 



Joule's Lav^. 
Ohm's La^v. 



The quantity of electricity conveyed by a steady current of 
i amperes flowing for t seconds in a conductor 
between two points with a potential diflference e, 
will be it Hence the work done is 

eit 

Now the practical electrical unit of work is the Joule or 10^ ergs. 
The work done can be measured by the number H of units of 
heat (calories) generated in the conductor, and if the dynamical 
equivalent of heat be denoted by J (in joules per calorie), then 

'" (1). 



e = 



it 



The unit in which e is measured is called the volt. If i were in 
centimetre-gram-second units and JH in ergs the number obtained 
for e would be 10® times larger. The volt equals 10® c.G.S. electro- 
magnetic units. Equation (1) gives Joule's law in symbols. 
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A difference of potential between two points can be maintained 
by means of a battery ; a current will flow between them, work 
being done in the process. Now Ohm proved experimentally that 
the ratio of the difference of potential to tjie current was constant 
so long as the conductor between the two points remained in the 
same physical state. This constant ratio is called the resistance of 
the conductor between the points, and Ohm's law may be written 

i = - (2). 

r ^ ^ 

Hence if W be the number of joules done in time t, 

r 

If P be the rate at which work is being done between the two 
points, in joules per second, i,e. if P be the power in watts, 

r 

* 

Whenever the lines (or tubes) of magnetic force passing 
Electromagnetic through a circuit alter, an E.M.F. is set up in the 
induction. circuit. We will first consider the case of a circuit 

canying a current i in the neighbourhood of a magnet. Suppose 
that the flux of force through the circuit is <^, and that it alters 
to ^ + d<^ in a time dt Then the work done by the magnetic 
forces in moving the magnet is id<^, and this amount of work must 
be supplied by the source of E.M.F. in the circuit. If E be the E.M.F. 
in the circuit, the work done in the time dt will be Eidt, and this 
work must be equal to the sum of id^ and the energy expended 
in heating the circuit, namely Ri^dt 

Therefore Eidt = Ri^dt + idif>, 

" ^ R~' 

Hence the induced E.M.F. in a circuit equals the rate at which the 
flux embraced by the circuit is altering; it acts in the positive 
direction (counter-clockwise) when the flux coming towards the 
spectator is diminishing. 
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This law, as modified by Maxwell, can be stated as follows. 
The E.M.F. generated in a circuit always tends to 

Lenx'sLaw. ^ i • i i 

produce a current which opposes any change in 
the value of the flux. If we bring a positive magnetic pole near 
a circuit, we diminish the number of lines of force coming through 
it towards the spectator, and hence the induced current must flow 
in such a direction that the positive face of the equivalent mag- 
. netic shell may face the positive pole. Therefore the current 
must flow in the opposite direction to the hands of a watch (Fig. 4). 
If the flux be increased, the induced current must tend to 
maintain the initial state of affairs, hence the direction of the 
induced e.m.f. is with the hands of a watch. To get the positive 
direction of rotation the flux must diminish, and hence the induced 

E.M.F. must be written — ^ . If 6 be in maxwells, then — ^ is 

at ^ at 

in c.G.s. units. Hence if e be the counter e.m.f. in volts, 

^~ dt ^^ • 
If <f> traverse n turns of wire, then 

dt 

If we have two circuits A and B carrying currents i^ and i, 
Mutual in- respectively, then, since we may replace them by 

ductance. magnetic shells, we see that their mutual potential 

energy may be represented by — ij^g or by - *2<^i> where <^2 is the 
flux through A due to J5, and <^i is the flux through B due to A. 
Now 03 is in direct proportion to ig ; we may therefore write 

where il/ is a constant depending only on the positions of the 
circuits. Similarly we can write <f)i = M'ii, and, noting that the 
two expressions for the potential energy must be equal, we see 
that M = M\ Hence the flux of force through A due to unit 
current in B equals the flux of force through B due to unit 
current in A. If the current in B alters, the flux <j>2 through A 

alters also, and the induced E.M.F. set up is — ^^ or — Jf -rr . It is 

^ dt dt 
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to be noted that M may be positive or negative, depending on 
the directions taken as positive for the two currents. 

In practice the circuits will consist of many turns of wire, and 
the fluxes through the turns will all be different. In this case the 
mutual potential energy of the* two coils will be 

— *i {<^2' + </>2" -*-...] = — t'l S</)2 
where c^a' is the flux due to i^ embraced by one turn, c^g" the flux 
embraced by the next, and so on. The above definition applies 
only to non-magnetic circuits. The practical unit of mutual in- 
ductance is called the henry ; it equals 10* times the C.G.S. unit. 

If we double the strength of a current flowing in a non-magnetic 
circuit, we double the strength of the equivalent 

Self Inductance. . j ii i 

magnetic shell, and therefore we double the 
number of lines of force due to the current itself, embraced by 
the circuit. It follows that the current strength and the total 
flux are directly proportional to one another ; we may thus write 

<^ = Li 

where Z is a constant. This constant is called the self inductance 
of the circuit. We see that as i increases ^ increases, and therefore 
by Lenz's law the induced E.M.F. tends to set up a current which 
will retard the increase of <^. The value of this E.M.F. is given by 

_ rf^ __ J di 

Instead of having a single loop, the circuit may consist of many 
loops; in this case we have 

^1 01 + ^<^2 "i" • • • = Li 
where ^i is the flux embraced by a group of Wi turns of wire, etc. 
Hence L may be defined as the number of linkages of the lines 
of force with the circuit when traversed by unit current. 

The practical unit of self inductance like that of mutual 
inductance is the henry. 

Suppose that we have two circuits A and B respectively, and 
Eiectromag- ^^at i, iV are their self inductances and M their 
netic energy. mutual inductancc. Then if ii and i, be the 
currents through the circuits, the flux through A is Lii + Mi^, and 



24 ALTERNATING CURRENT THEORY [CH. 

similarly the flux through B is Ni^ + Mii. If ei and e^ be the 
E.M.F.'s in each circuit, and jRi, -K2 be their resistances, 

61 = Rii + J (Lii + Mii) 



Similarly 



Thus, 






Now iJiii^ + jRaia* is the rate at which energy is being expended 

in heat, and hence we see that -^ (J Li^ + Mi^i^ + J iWgO must be 

the rate at which energy is being stored up in the field. Hence 

when the currents in the two coils are I'l and i^, the energy stored 

up in the field is 

\ Li^ + Jif ilia + i Ni^, 

This expression may be written in the form 



hL {i. 



M .y NL-M' 



and since it must be positive for all values of ii and ij, and there- 

M . 
fore when ij = — -y^ ij , we see that M^ cannot be greater than LN. 

When there is only one circuit, we see that the energy stored 
up in the field is ^ Li^ when the current is i. By the last section 
we see that this may be written \i^n<f> where ^1 is the flux 
embraced by Wj turns, etc. 

The above formulae and definitions only apply strictly to 
^, _ elementary tubes or filaments of current. The 

The self energy ^ '' 

of an electric eloctric currcuts that we have to consider in 

practice cannot be regarded merely as filaments 
of current. In the general case we may write \LP for the self 
energy stored up in the field, where / is the total current. 
A useful expression for this energy can be found as follows. 
Consider first a circuit made up of two filaments of current 
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ii and ij, so that / equals ii 4- ^2- The self energy of the 
circuit is 

where </)i.i and <^2.2 are the fluxes due to the currents ii and i^ 
respectively, and ^2.1 is the flux due to the current ig which is 
linked with ii. Noting that ii</)2.i = i2 0i.2> we have 

Ji {ii + ia)^ = iii (<^i.i + <^2.i) + i*2 (^2.2 + <^i.2) = i*i2<^i + ii2S^2, 

where S<^i and 2<^2 Q^re the total fluxes linked with ij and ia 
respectively. When we have n filaments of current, we get in the 
same way 

^LP = ^ii^(fh + ii2^<f>2 + ... = iSS^i ; 

the summations being effected over the whole system for all the 
filaments of current and the fluxes they embrace. 

The magnetic potential at a point due to a closed tube of 

cuiTcnt i is io), where co is the solid angle sub- 
tV^roTmagnetic tended at the point by the tube. If we take a 
Formula **^*°" ^^^^ positivc polc onco rouud a line of force 

embracing the tube, the change of potential energy 
is 47rt, since 47r is the difference between the initial and final 
values of the solid angle. Hence if H be the magnetic force at 

any point 

4i7ri = JHds, 

where ds is an element of the line of force round which the 
integral has been taken. 

Now if d^ be the flux of force over an element of an equi- 
potential surface through the point 

d<l> = HdS, 
Hence id(b = -r- I Hds x HdS, 



id<f>=^j. 



But HdS is constant along a tube of force, and ds xdS = dv = sJi 
element of volume of the tube of force. 

Thus id^^^JH^dv, 

the integration being taken along a tube of force. 
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Hence, integrating over all the equipotential surface, we get 

ub=-^ XH*dv, 
vrr 

where the summation is taken throughout all space. 

Hence the expression Jt^ for the self energy of the system 
may be written 

OTT 



Suppose that we have a wire sliding with uniform velocity v 

on two parallel wires which are joined by another 

The K lid W ' . . 

generated in a vfire at oue end, and that the moving wire is 

Jincs^Vforcc.***"*^ Cutting a uniform magnetic field which makes an 

angle with the plane of the wires. If the 
strength of the field be H, and the slider be perpendicular to the 
parallel wires, then the number of lines of force cut by it in t 
seconds is 

J? sin Olvt, 

where I is the length of the slider the ends of which are on the 
parallel wires. The increase of the flux round the closed circuit 
is if sin 0lvt Therefore the E.M.F. generated will be 

e = - -7- (Hsin Olvt) = — Hsin 0lv. 

The E.M.F. generated is in 
the clockwise direction round the 
circuit. In this formula e is in 
C.G.s. units, H is in gausses, I in 
centimetres and v in centimetres 
per second. If e is in volts, then 

e^-Hsineivx IQ-^. 

In Fig. 6 is shown the relation 
between the motion of a wire, 
the magnetic field, and the direc- 
tion of the induced e.m.f. and 
current. If we place the fingers 
of the right hand so that the 
thumb is in the direction of the 



>K 






Motion 




->• 



Fig. 6. Relation between the motion 
of a wire and the induced current. 
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motion and the first finger in the direction of the magnetic field, 
then, if the second finger be put at right angles to the first and 
the thumb placed so as to coincide with the wire, the second finger 
will point out the direction of the induced e.m.f. This E.M.F. will 
vanish when the motion is parallel to the field of force. 

If the current in the moving wire be i, then the electric power 
Force on a generated b\^ it will be ei. Hence if / be the 

moving wire. rcsultant forcc in dynes acting on the wire, and v 
be expressed in centimetres per second, 

fv = ei 

— — H sin 6lvi, 
,'. f= — H sin 6li, 
where / is in dynes and i is also in absolute units. If i be in amperes, 

then 

^ £r sin 0li , 
/= iQ— dynes. 

The negative sign shows that there is a force acting on the wire 
tending to make it move so as to increase the number of lines 
of force embraced by the circuit. This is the principle that is 
utilised in the electric motor. We see then that a wire carrying 
a current and placed in a magnetic field is subjected to a certain 
force acting in a certain direction. If we move the wire in the 
direction opposite to that in which this force is acting, by Lenz's 
law the induced E.M.F. must act so as to increase the current 
flowing and thus impede the motion. Therefore we see that 
the force would be in the opposite direction to the line marked 
motion in Fig. 6. Fleming's left-hand rule states this in an 
easily remembered form. If the fore-finger of the left hand 
point in the direction of the field, the second finger in the direc- 
tion of the current in the wire, then the thumb will point in the 
direction of the force on the wire, if the two fingers be held at 
right angles to one another and also to the thumb. 

It will be sufiicient for our next purpose to suppose that the 
^^ current is in a plane. We will calculate the 

The magnetic ^ ^ 

force due to an magnetic forco at a point (Fig. 7) due to a 

element of current. ,.. , ,. ..cn xi^ 

Laplace's For- current ^ in a closed circuit. Suppose that we 
™" *' have a positive pole of strength m at and that 
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OA is a fixed line. The strength of the magnetic field at P due 



m 



to will be - . Hence if the arrow indicate the direction of the 




Fig. 7. Magnetic force at due to the current i in a plane closed 
oorve is upwards from the plane of the paper and 



_^ fi sin 6d8 __ fid<p 



where 4> = the angle POA, 



current we see by the preceding paragraph that the force dF on 
ds will be given by 



m 



dF = — sin Bids dynes, 

and the force, by the left-hand rule, tends to move ds downwards 
at right angles to the paper. Using a well-known artifice in 
Statics, we may replace this force by a force dF at acting down- 
wards, and a couple with a moment rdF round an axis lying in 
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the plane of the paper and perpendicular to OP. It is easy to 
see that 

rdF=— &in Bids 
r 

m rd4> . J 

= T—ids 

r as 

= mid(f>, 

and hence 'S.rdF = fmid<f>y 

T*d({} 
for sin = -—• , where the angle POA = <^. 

But round a closed curve for every couple of which the moment 
is mid<f> there is another having a moment — mid(f> (see Fig. 7) ; 
hence the resultant couple is zero. Thus the resultant force of 
the pole on the circuit is a force 

msin^td* 



f 



acting downwards at 0. Since action and reaction are equal and 
opposite, we see that the resultant force of the circuit on the 

mi sin Ods 



pole IS I • 



and acts upwards. We see then that, so long as we consider 
closed curves, we can calculate the intensity of the magnetic force 
F at any point by the formula 

i sin 0d8 



-I 



__ [id<l> 
r 

If i be in amperes, then the magnetic force is given by 

idff) 



F=^i-i 

lOJ 



The force at the centre of a circle of radius R can easily be 

found, for r = R and is constant, and Xd<f>==2'n; 

Formulae for the j^ 

magnetic forces . 

inside circles and ^ SttI 

rectangles. Jf = p , 

which agrees with our former result on page 19. 
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If the point be not at the centre of the circle (Fig. 8) let 
0(7 = a, GP^R and the angle POG^O, then 



Therefore 



But 



Thus 



r = OP = a cos ^ + Vi? - a* sin> 0. 



1 

r 

F 



- g cos g + Vi?^ - g' sin' g 

Jo ^ 

it' - aV 

i X circumference of ellipse 



.(3). 




Fig. 8. The magnetio force at due to a current i in the circle is 
perpendicular to the plane of the paper and equals 

i X circumference of ellipse 
The ellipse has for a focus. The force acts towards the reader. 
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The ellipse referred to in the formula has G for its centre, for 
a focus, and has its major 
axis equal to a diameter of 
the circle. When a is zero 
this reduces ta formula (2). 

The case of a rectangular 
wire (Fig. 9) also admits of 
an easy solution. 

If the current % be flow- 
ing round the wire in the 
direction indicated by the 

arrowheads, then the force Fig. 9. Force at O due to current in rectangle 
F on unit pole placed at =» x 8"™ of reciprocals of perpendiculars 

will be given by the formula 




from on LM, MN, NR and RL. 



.(4). 



i;t (1 1 1 1 

F=rl\—'\-- + - + -\ 

]P^ Pi PZ i>4) 

where p^, p^, ps and p^ are the perpendiculars from on the lines 
LMy MN, NR and RL respectively, and ROM and NOL are 
drawn parallel to the sides of the rectangle. It is an instructive 
exercise to find graphically by means of this construction the 
density of the lines of force at various points inside a rectangle. 



Let three of the sides of the rectangle move to infinity, then 

the formula becomes 



Force near a 
long straight 
"wire carrying a 
current. 



r 



and we obtain the force due to a long straight 
current, where r is the perpendicular distance from the point con- 
sidered to the wire. The force F is perpendicular to r, and the 
directions of force and current are related in the same way as the 
directions of current and force in Figs. 4 and 5. If the current 
be upwards through the plane of the paper, then the lines of 
force are circles, and act in the direction ^, If the current be 
downwards through the paper, then the lines of force act in the 
direction tS 

By Ampere's theorem, we could have replaced the wire by a 
plane magnetic shell bounded by it and extending to infinity. 



32 



ALTERNATING CURRENT THEORY 



[CH. 



Suppose that r makes an angle with the plane of this shell. 

Draw two planes through the point, one passing through the 

wire and the other parallel to the shell. The area of the lune 

intercepted on a sphere of radius R by these planes is 2B^0. 

Therefore the solid angle oi subtended by the infinite plane at 

the point is 

2B?0 



R' 



= 20. 



Hence the potential at the point is 

F= 2i0. 

dV 
Thus — -,— , the force in the direction of r, must be zero, and 



dr 



dV 



— -%^, the force perpendicular to r in the direction in which 

increases, must be . We see again that the work done in 

taking unit pole round the wire is 

2i(27r-f ^)-2id = 47n. 

Let PP' (Fig. 10) be a section of the cylindrical shell, and 

the point at which we wish to find the force. 
Divide the shell into an infinite number of 
filaments parallel to its axis. Consider the 
force at due to the currents in the filaments 
passing into the paper at P and P' respectively. 
From symmetry, their resultant will be per- 
pendicular to 0(7, and hence, since one half of the shell is an 
image of the other, we see that the total force F acts per- 



The magnetic 
force outside an 
infinite cylindrical 
tube carrying^ a 
current parallel to 
its axis. 




Fig. 10. The force at points outside a cylindrical sheet of current is 
the same as if the current were concentrated along the axis of the 
cylinder. 
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pendicularly to (70. Hence if i be the total current in the 
conductor, the angles PGO^ POG be 0, <f> respectively, and OP, PO 
and 00 be a, r and d, then 



F=2 I 

TTJo 



IT « 

^— ^ cos <p 
r 

rcos0 



d^ 



d — a cos ,^ 



2ad cos ^ + a^ 

Now by expanding in a trigonometrical series (page 58) we 
see that 



/■ 

J c 



log (c? - 2ad cos + a^) d0 = 27r log d, 

since d is greater than a. 

Hence, diflFerentiating with regard to d, 



I 



d — a cos j/\ '"' 

- ac/ = J ; 



od2-2adcos^ + a'' d 

therefore F=-t, 

d 

Hence the cylindrical conductor acts as if its current were 
concentrated along its axis. As we can suppose that a solid 
cylindrical conductor is made up of an infinite number of coaxial 
tubes, we see that a solid cylinder also acts on external points as 
if its current were concentrated at the axis. 

Inside an infinite cylindrical tube carrying a current parallel 
The magnetic *^ ^^^ ^^is, sincc d is Icss than a, 

force inside an ^^ 

JuL"^'"/^ J log (d' - 2ad cos + a*) d0 = 2,r log a, 

current pjirallel to "^ ^ 

its axis. j^jj^ hence, when we diflferentiate with regard to 4, 

the right-hand side vanishes, and we get 

^ = 0. 

r 

Therefore the magnetic potential inside a hollow cylindrical 
conductor is constant, while outside it is given by 

V=2i0 + A 
where J. is a constant. 

R. I. 3 
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Let US wind an iron ring uniformly with insulated wire, and 
Magnetic tests of place a further winding on it connected to the 
iron. Hysteresis, terminals of a ballistic galvanometer. If we start 
a current through the first winding, the throw of the ballistic 
galvanometer enables us to calculate the flux of induction caused 
by the magnetising force of the current. If (f> be the total flux in 
the core the induced current i in amperes will be given by 

d(f> 



— n 



dt , ^ „ 



if there are n turns of wire in series with the galvanometer, and R 
is the total resistance of this circuit in ohms. 

Thus we have jidt = ^ — ld<^, 

and Q = ^ (<f>i - i^a), 

where Q is the number of coulombs that traverse the circuit when 
the flux increases from <f>i to ^2* The throw of the galvanometer 
needle gives the value of Q. 

If we divide the flux by the cross section in square centimetres, 
we get the mean flux density B, and we shall prove in the next 
chapter that we can calculate the mean value of -H" by the formula 

where rii is the number of turns in the primary winding which 
carries a current of i amperes, and I is the mean circumference of 
the iron ring. 

If the magnetisation of the iron ring be reversed several 
times, until it gets into what is called its steady cyclic state, we 
get curves like those shown in Fig. 11. 

Suppose that, when the current has its maximum positive 
value, OA is the value of if, and QA is the corresponding value 
of B, Then, as the current diminishes, the extremity of the 
ordinate representing B moves along QR, When the current is 
zero, the density of the flux left in the ring is represented by OR, 
and is called the remanence. When the flux is zero, H is OS, and 
this quantity is called the coercive force. 
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An inspection of the figure will show that, when the current 
diminishes from its highest value to zero, the change in the flux 
density is only 4Q— OR, but in increasing numerically from zero 



7000 



H ' 3 2-5 2 1.5S /I / 0& 




1-5 2 2-5 3A H 



Curves of Magnetisation of steel strips. OLPQ= Permeability Curve. 
Hysteresis loops with B^ =3900 and B«^ = 7300. 



to its maximum negative value it changes from OR to — -4Q or 
by an amount AQ-\- OR. On diminishing the current again, the 
extremity of the ordinate representing B moves along Q'R\ 
Finally on increasing the current up to its maximum positive 
value, the point arrives at the point Q from which it originally 
started. It will be seen that the magnetic induction lags behind 
the magnetic force producing it. This phenomenon is called 
hysteresis. 

The curve OPQ in the figure gives the positions of the top 

3—2 
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points of the cyclic curves corresponding to various maximum 
values of H. The permeability /Lt of the iron for various values of 
H is found from this curve. 

Suppose that the iron is placed in a uniform field of which 

the intensity is H. If this field be produced by 

taJdnglron *" ^^ infinitely long solenoid which has n turns of wire 

neSc*f**cie"**^' ^^ ^ length I and carries a current i, then, replacing 

the turns of wire by equivalent magnetic shells, we 
see that 

The induced E.M.F. in n turns of the solenoid when the flux 

varies will be given by 

d(l> 



e = n 



dt 



where S is the area of the cross section. Hence the work W done 
in taking a volume 18 of the iron through a complete cycle is 
given by 

W= f eidt 

J 



47rJo 



H'^^dt 
dt 



HdB, 

where V is the volume of the iron in cubic centimetres, and the 
integral is taken over a whole cycle. From Fig. 11 we see that 
JHdB gives the area of the hysteresis loop corresponding to a 
given maximum value of B. If B be measured in C.G.S. units, W 
will be in ergs. 

The following empirical formula due to Steinmetz is found of 

Steinmetz-s 8^^* "«« ^'^ practice, 

Formula. W = vV]^2^ , 

where W represents the ergs lost in taking V cubic centimetres 
of iron from a maximum induction density of B^^ to a density 
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— -Bjj^ , and then back again to B^^^ . The constant rj depends 

on the kind of iron used. 

If / be the frequency of the alternating current which mag- 
netises the iron, the formula may be written 

where W now represents the power lost in joules per second, or in 
watts owing to hysteresis. For values of B^^ between 2000 and 

14000, this formula is suflBciently trustworthy for practical work. 
For good soft iron and steel r) is usually less than 0*002. 

The following figures give the result of a test on steel strips 
for the British Electric Plant Co., the curves obtained for these 
strips being shown in Fig. 11. 

PermeaMlity Table, 



H 


B 


M 


1 


1580 


1580 


2 


4930 


2465 


3 


7000 


2333 


10 


11,800 


1180 


20 


13,840 


692 


50 


15,800 


316 


100 


16,600 


166 


160 


17,980 


112 



Hysteresis, 



Maximam B 


Ergs per c.c. 
per cycle 


Watts per c.c. 
at 100~persec. 


Remanence 


Coercive 
force 


Steinmetz's 
coefficient 


3900 


864 


0-00864 


2920 


0-82 


0-00152 


7300 


2386 


0-02386 


5470 


1-08 


0-00157 



38 



ALTERNATING CURRENT THEORY 



[CH. 



Taking 1; = 0*0015 we see that the loss in watts per kilo- 
gramme of iron of which the specific gravity is 7 8, when 
jB = 4000 and /= 100, would be 

max. J ' 



>l-6 



= -nfVK^. X 10-^ 



1000 



= 00015 X 100 X -"" X (4000y « X 10"' 
= I'l nearly. 



Number 


I'Sth power 


1 "SSth power 


l*6th power 


1000 


31,620 


44,670 


63,100 


2000 


89,440 


130,800 


191,300 


3000 


164,300 


245,200 


365,900 


4000 


253,000 


383,000 


579,800 


5000 


353,600 


541,300 


828,600 


6000 


464,800 


718,000 


1,109,000 


7000 


585,700 


911,800 


1,420,000 


8000 


715,600 


1,122,000 


1,758,000 


9000 


853,800 


1,346,000 


2,122,000 


10,000 


1,000,000 


1,585,000 


2,512,000 


11,000 


1,154,000 


1,837,000 


2,926,000 


12,000 


1,315,000 


2,103,000 


3,363,000 


13,000 


1,482,000 


2,380,000 


3,822,000 


14,000 


1,657,000 


2,670,000 


4,303,000 


15,000 


1,837,000 


2,971,000 


4,806,000 


16,000 


2,024,000 


3,284,000 


5,328,000 


17,000 


2,217,000 


3,607,000 


5,871,000 


18,000 


2,415,000 


3,942,000 


6,433,000 


19,000 


2,619,000 


4,286,000 


7,015,000 


20,000 


2,828,000 


4,641,000 


7,615,000 


21,000 


3,043,000 


5,005,000 


8,233,000 


22,000 


3,263,000 


5,380,000 


8,869,000 


23,000 


3,488,000 


5,763,000 


9,523,000 


24,000 


3,718,000 


6,156,000 


10,190,000 


25,()00 


3,953,000 


6,559,000 


10,880,000 



A more accurate way of stating the formula for the hysteresis 
loss is 

^ max. ' 

where n is a number which varies slightly over different parts of 
the curve of W and B and also varies for different kinds of iron 
and steel. For example Ewing and Klaassen found experimentally 
for a particular specimen of iron that n was nearly 1*55 from B 
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equal to 1000 to B equal to 2000 and that it was only 1*475 from 
B equal to 2000 to B equal to 8000. For values of B between 
8000 and 14000 they found that for this specimen n was 1"7. 

Tables of the l'5th, l'55th and l*6th powers of the numbers 
representing the induction densities usually wanted in practice 
are given above. 
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CHAPTER II. 

Alternating current in an inductive circuit. The calculation of inductance. 
The B.H.F. required to produce a current i in the inner conductor of a 
concentric main. Flux of force inside a circular ring of rectangular 
section. Flux inside a ring of circular cross section. The magnetic 
analogy of Ohm's law. Eeluctanoe. Inductance formulae for anchor 
rings. Self inductance of a concentric main/ The self inductance 
of two parallel cylindrical wires. The self inductance of a circuit 
formed by three equal parallel cylinders, the axes of which lie along 
the edges of an equilateral prism. Triple concentric main. Minimum 
self inductance. The repulsive force t)etween two parallel wires carry- 
ing equal currents in opposite directions. References. 

The rotation of the armature of an alternator causes a rapid 
periodic change in the flux of force through its coils and hence 
the potential diflference between the collector rings is a periodic 
function of the time. We may therefore express the difiference of 
potential mathematically by the expression f{t) where t is the 
time in seconds, and if T be the time required for the P.D. to go 
through all its values, i.e. if it is the period, then 

Also, since the north and south poles of the field magnets in actual 
mcu^hines are always made alike, it follows that the wave for the 
first half period is the same as for the second half with the sign 
changed, so that 

By Fourier's formula f(t) may be expressed in this case by 
the series 

fit) = ill sin ("^ t-\-ai\+ A^8in ^3 -^ ^ + Ojj + ..., 



L 
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where Ai, -4s... etc. are the amplitudes of the first, third,... 
harmonics which can be determined by the usual formulae when 

f(t) is known. It is customary to express -^ by o), and we see 

that 6) is the angular velocity of a line rotating yp times a second. 

If /be the frequency, i.e. the number of times per second that the 
potential difference goes through all its values, then 

CO = -y = 27r/. 

Now suppose that an alternating P.D., of which the instanta- 
neous value is e, is applied to a circuit of resistance R and self 
inductance L. Then if i be the instantaneous value of the 

di 
current in the circuit — L-j- will be the E.M.F. due to induction, 

at 

and we have by Ohm's law, 

r di 

1=: m 



R 



r,Lj^ + Ri = e, 



.*. (LD + R)i = Ai sin (cot + Ui) + A^ sin (Scot + as) 4- ... , 

A A 
. '. * = jg^j^ sin (cot + ttj) + jf^^j^j) sin (Sayt + ag) + (a). 

Now ^^^ sin {(2n + l)o>t + flWi} 

= ^"g:i^^T^^^ sin {(2n +1)0,^ + a^^,}. 
Also 

D sin {(2n + l)cot + Ogn+i} = (2?i + l)co cos {(2n + 1) co^ + Oan+i}, 
r. Ifi sin {(2n + 1) (»« 4- Ogn+i} = - (2n + 1)^©^ sin {(2u + 1) ©« + Oan+i}. 
Therefore, using symbolic methods, we can replace 

1> by -(2n+iya}^ 
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Sobstitating and siiDplifyiiig we find thai 



^^^^^n'(in + l)^ + a^.: 



A^^i sin (2n + 1 ) orf + a^^^x — 



«; 



Vi? + ( 2ii + 1 >*Z^«« 

where tan ft,.^, = ^^— ^ . 

Abso, since the eolation of the equation 

is i = B€'l'\ 

where ^ is a constant, we see that the complete solution of the 
equation (a) above is 

^. ^ 2 ila^i sin { (2n -f 1) mt + ctyH-i -jSgH-i} ^Se'x* 

ViP + (2n + l)»Z«a)» 

In this formula £ is a constant which depends on the initial 
conditions, and e is 2'718...the base of Neperian logarithms. 

Now as y is in most cases very great, we see that in these cases 

the current after a fraction of a second assumes a steady periodic 
value which is given by 

. _ -4i_8in (cot + ai — ^i) A^ sin (3a>t + a, — yS,) 

Suppose that the applied p.d. is a simple harmonic function 
il^'sin ft)f, and that the switch is closed when t is equal to ^. Then 
since the circuit can not receive finite energy in an infinitely short 
time, we see that the initial value of i must be zero, and the 
general solution becomes in this case 



I 



'J'B? + X»a,« H ^"^ " "^ " ''" ^'"^ ~ "^ "'^^'"i 



0), 



(oL 



where tana= . 



When t is very large the initial disturbance caused by closing 
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-—(t—t) 

the switch will be negligible as the damping factor € l^ will 
be practically zero, and hence we can write 

i = r-^--^ sin ((ot — a). 

We see, in this case, that whenever t equals - + wT, then % is 
zero and 



dt ViJ« + i'ft)' L 
Now at the moment of closing the switch 

di 

Esin 0)^1 = iJi + X jT , 

dt 

,, ^ di Esmcoti 

therefore -r: = 7 , 

at L 

since i is zero at this instant. Hence, comparing the initial value 

of -v: with its value for < = - + nT after the current has become 
dt 0) 

purely alternating, we see that if mti = a, i.e, if ^1 = 0— T, then 

there will be no initial disturbance, and the current will at once 
become purely alternating. This can also be seen from equation 
(6) above, the coefficient of the exponential term vanishing when 

^1 is - . It follows from this equation that the initial disturbance 

is a maximum when 

^^ 0,^4 27r^^4- 

It is easy to see also that the maximum value of the current after 
switching on can never be as great as 

2.E 



Vi? + i«a)« 



ft n n^ 

If ti lies in value between ^r- T and s— 3^+ « then the maximum 

ZTT 27r 2 

values of i on the positive side are smaller initially than 

E 
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but the maximum values of i on the negative side are greater than 

E 

The number of coulombs that circulate during the first 
interval T after closing the circuit is 






*i+r. , Z^sin(a>^-a) 

idt= — 



Similarly for the second period 




/ 



^i+2r LE8in(a>t,-0L)( _fr ^^t 



Hence we see that this number rapidly gets smaller and smaller 

and the current soon becomes purely alternating. 

When the coil has an iron core, the back E.M.F. is no longer 

di 
proportional to -j-, and the equation to determine the initial 

disturbance is much more complicated. It is easy to see that 
the remanence of the iron in the core initially is a principal factor 
in determining the magnitude of the disturbance on closing the 
switch. In practice this factor is generally unknown. What 
happens on closing the switch can be determined experimentally 
by getting a record of the current with an oscillograph. It is 
found that, when we have iron in the core, the initial fluctuations 
of the current are sometimes very large. 

The solution given above for the growth of current in an 
The calculation alternating current circuit shows that in making cal- 
of inductance, culatious a knowledge of the inductance of a circuit is 
quite as important as a knowledge of its resistance. The induct- 
ance, as a rule, is not an easy thing to measure and formulae for it 
can only be given in some very simple bases. We will investigate 
some of these formulae in this chapter. These formulae are 
arrived at on the assumptions that the current density is 
constant across the section of the wires, or that we can consider 
that it is all on the circumference, or that the wires are of 
negligible cross section. With high frequencies the first assumption 
is not admissible, as there is a tendency lor the current density 
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to be greater near the circumference of a solid wire than near 
its axis. 

To see what causes the current density to be variable 
consider the case of a solid cylindrical wire. We may suppose 
that it is built up of a system of concentric cylindrical shells, 
and that the current density is constant in any particular shell. 
When a current starts in an inner cylinder, it produces no 
inductive effects inside it, as the magnetic force is always zero 
there (Chapter i.). It produces however inductive effects outside 
it in exactly the same way as if all the current were concentrated 
along the axis. The power for these induced currents must be 
taken from the inducing circuit, and hence the electromagnetic 
inertia of currents flowing along the cylindrical shells near the 
axis must be greater than that of cylindrical currents near the 
circumference. 

By solving the general equations of the E.M.F. in an electro- 
TheE.M.F. re- magnetic field, Clerk Maxwell shows that if e 
Tcu^cnul^^th" be the P.D. between the ends of the inner 

inner conductor of couductor, then 
a concentric mam. 

^ "■ "^ ^ V 2/ d^ 12 r df "^ 48 r^ dt' 180> d^ "^ "" 

where r is, in absolute units, the resistance of unit length of the 
inner conductor, the length of which is Z, and ^ is a constant 
depending on the return conductor. When the current follows 
the harmonic law, 

dH o- J ^^* »di 

-V- = — d) I and -T- = — (o -V y 
dt^ dt' dt' 

where m = 27r/" and / is the frequency of the alternating current. 
In this case the above equation becomes 

^-^"^ + 12 r "l80 7^'^•• 
■^^'^■^2"48r« "^86407^ '" dt' 
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Hence if Ri and Li be the effective resistance and inductance of a 
length I centimetres of the inner conductor, then 

I ""^"^12 r 180r« ■*■•••' 

Z "" ■*'2 48 r* "^8640 7^ •"• 

In these formulae Ri and Li are in absolute units. To reduce 

them to ohms and henrys respectively, we have to multiply 

by 10~®. If R be the resistance of the whole length I of the 

conductor in ohms, then 

10« 



r = R 



I 



, Hence, if Ri and Li be expressed in ohms and henrys, the formulae 
can be written as follows : 

For example, suppose that the conductor was a solid copper rod 
half an inch in diameter and 1000 feet long ; then I = 30480 cms. 
and R = 004 ohm. Suppose also that the frequency was 50, then 
ft) = 314'2. Hence 

Therefore R, = 0-04 {1 + 00048 - 0*0000} 

= 04019 ohm. 

The formulae for R^ and Li show that the resistance and 
Inductance of the cylindrical conductor depend on the frequency 
of the alternating current flowing in it. This is due to the 
smaller inductance of the paths for the current near the circum- 
ference of the cylinder and the consequent irregular distribution 
of the current. At very high frequencies the current may be 
practically confined to a shallow layer near the circumference of 
the conductor. This phenomenon is generally referred to as the 



SKIN EFFECT 47 

*skin ' effect. It is to be noted that the formulae given above are 
arrived at on the assumption that the conductor is straight, that 
the current, and therefore also the applied P.D., follows the har- 
monic law, and that the lines of force round the conductor are 
circles. 

In the case of the outer conductor, the formulae for the 
eCFective resistance and inductance are more complicated than 
for the inner conductor. With high frequencies the current 
is nearly confined to the inner surface of the conductor. If we 
suppose the frequency to be infinite then the current would be 
confined to the outer surface of the inner conductor and the inner 
surface of the outer conductor so that no magnetic force would be 
produced in the interior of the conductors. 

If a constant p.d. were suddenly applied to the conductors 
at one end of a concentric main, the conductors being short 
circuited at the far end, then the current would attain its steady 
value first on the outer layer of the inner conductor and on the 
inner layer of the outer conductor. It might hence be pictured as 
soaking inwards and outwards respectively. Similarly, when the 
cii'cuit is broken, the currents in the outer layer of the inner 
conductor and in the inner layer of the outer conductor will 
die away the most rapidly. 

Heaviside has solved the problem of the propagation of 
electromagnetic waves along concentric cylinders. He has shown 
that the energy apparently reaches the inner wire from the 
[utside medium and so the electric current is set up first in the 
5r layer of the wire and takes time to penetrate into the 
When an alternating potential difference is applied, the 
Ss in the elementary concentric tubes, of which we may 
je the cylinders to be built up, differ not only in amplitude 
also in phase, so that at a certain depth the current may be 
fbwing in an opposite direction to that which it has at the surface. 
If the conductivity of the conductors were infinite, there could be 
no current set up in the interior of the wires, and there would be 
no dissipa^tion of energy. This shows that magnetic induction 
could not penetrate into an ideally perfect conductor. Some- 
what analogous problems will be discussed later in the chapter 
on eddy currents. 
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Let R be the mean radius of a circular ring of rectangular 
Flux of force in- section, a its radial depth, b its breadth, and iV 
ofMctangSiar"'*^ *^^ *^^^ number of turns of wire wrapped round 
section. j^ j^ g^jj^ g^ ^g^y ^jj^gt WO may consider the turns 

to be in planes passing through the axis of the ring. We will 
also suppose that everything is symmetrical, so that the whole 
flux is inside the ring. Now all parts of the core of the ring 
at the same distance x from its axis are subjected to the same 
magnetising force. Suppose that the core is of non-magnetic 
material, then the element of flux cUfy contained in the rectangle 
N^PNP' (Fig. 12) of breadth dx is Aurrnhdx where m is the polar 




99 



NN 
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Fig. 12. Flux inside a ring of rectangular cross section. 



strength per unit area of the face of the equivalent magnetic shell 
in this place replacing one turn. Now i = mZ, where I is the 



thickness of the shell. Also lN=^irx and hence m = 



Therefore 



Thus 



N 
2'irx 



I, 



d<^ = 49r . 



N 
lirx 



Ahdx 



^2m-dx. 

X 



r1l^% 



^^"iNhi 



dx 

X 



R- 



2 



= 2Nbi log. 
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If Bm denote the mean flux density over the cross section of this 
ring, then 



Bm = — n 



<A 



'm 



ah 



2m 



a 



4fm 



a 



1 + 



loge 



a 
2R 



1- 



a 
2R 



2R'^3 



2Ej ^"' 



a' 



a^ 






4 "» • • 



= 47r?ii 



1 + 



a^ 



+ 



a' 



12B^ 80R* 



+ ... 



where n is the number of turns of wire per centimetre length of 
the mean circumference. If R were infinite in comparison with 
a, Bm would equal itimi, and since, in this case, Bm is independent 
of a, it is constant whatever the cross section may be and is equal 
to B. Since in air B equals H, we see that the magnetising 
force in an infinite solenoid equals 47rni. If i is in amperes 

47rni 



ir= 



10 



When the core of the ring is magnetic, since 



H= 



2'irx 



we see that the magnetising force varies at different points of the 
cross section and therefore, fi:om the properties of iron, it follows 
that fjb also varies. If however x only vary very little, that is, if 

A AT * 

-^ be small, then the ratio of Bm to — = — , where I is the length 

of the mean circumference of the ring, gives us an approximate 
value of /A corresponding to the value of H at the centre of the 
cross section of the ring. 

Owing to the importance of this problem we will work out the 
case when the section of the ring is circular. 



R. I. 



50 



ALTERNATING CURRENT THEORY 



[CH. 



Suppose that the radius of the cross section is a circle 
Flux inside a ring of radius a (Fig. 13) thcD, making the same 
::^r"™ assumptions as before. 

d<t> = iirm . 2PN . dx 

X 





Fig. 13. Flax inside a ring of circular cross section. 

Therefore = 4^' T"^" ^^'-(-^-^ ' ^^ 

J B-a « 

Writing a; = iJ - a sin ^, we get 



•' 2 



cos^ ■ 



1- Jsin^!. 'dd 



^Mfia^ (1 _2_a^ 1.3 g^ 

= 47rm* {R - V.B^^a«). 

_ ^irNi { 1 g^ Ig* | 

In this case also, if -^ be small and i is in amperes, we can 
assume in practical work that 



Hfn. = 



m 



Tor* 
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If 4> be the flux of induction embraced by an infinitely 

Ions: solenoid and if n be the number of turns 

The magnetic ana- " 

logy of Ohm's ou a length I of it, then, by what we have 

law. Reluctance. i 

shown, 

, 4tTrniS 

where 8 is the cross section of the solenoid and i denotes the 
current in amperes. If the core of the solenoid be magnetic, 



^ = fi 



101 

47r . 

I ' 



We may regard the length I of the solenoid as a tube of induction 

enclosing a flux 4> which is produced by the magnetising force 

47r 

3-7r ni The amount of the flux produced depends on the value 

of — ^, which is called the reluctance of the length I of the 

solenoid. We see that the reluctance jR of a portion of a tube 
of induction varies as the length of the portion, and varies 
inversely as the area of the cross section and as the permeability. 
Hence we get the magnetic analogy to Ohm's law 

^. _ Magnetomotive Force 

Reluctance 

The magnetomotive force y^r ni is the difference of magnetic 

potential between the two ends of the tube, and it is important 
to notice that it is independent of the shape of its section. 
It merely depends on the number of turns and the amperes. 
Hence electricians often talk about ampere turns per centimetre 
instead of magnetomotive force. 

Since H=:r^,ni 

we see that one ampere turn per centimetre is 1'257 gausses, 
and that one gauss is nearly 0*8 ampere turn per centimetre. 

4—2 
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Let US imagine an anchor ring wound uniformly with two 
windinsfs of Ni and A\ turns respectively. Let 

Inductance for- . » ,.it>- iij- 

muiae for anchor its mean radius DO M Centimetres and the radius 
^^^' of its cross section a centimetres. Then if we can 

take a as the radius of the inner coil, since all the flux gene- 
rated by unit current in the inner coil passes through the outer 

coil, 

if = ^N^N, {R - VU^ - a% 

When the section is rectangular, of breadth 6 and radial depth a, 
we have 

In the above formulae M is in centimetres ; to obtain the value in 
henrys we multiply by 10~*. 

To get the self inductance of the rings when both are wound 
with N turns of wire, put Ni = 1^2== N in the above formulae. 
For a ring of circular cross section this gives 

L = 4>7rN^ {R - \/R' - a'}. 

And for a ring of rectangular cross section 

L = 26iV> log. = . 

The most important practical cases, however, in which formulae 
are required for self inductance, are for concentric cylinders and 
for cylindrical wires parallel to one another. We will therefore 
give complete proofs of the formulae for these cases. The method 
adopted is to calculate the self energy of the circuit when a 
current / is flowing in it and then equate this expression to 

A concentric main consists of two hollow copper cylinders, one 
Self inductance of i^sido and coaxial with the other, and insulated 
a concentric main, f^^^ ^^ ipj^^ outor copper couductor is generally 

protected by a lead sheath which is insulated from it. The 
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alternating current flows in one cylinder and comes back by the 
other, and vice versd. Hence in practice the cross sectional areas 
of the two copper cylinders are made equal to one another as each 
has to carry the same current. 

We will use Kelvin's formula ,2 3— dv to calculate the self 

OTT 

energy of the main. Suppose that the current / flows along the 
inner copper cylinder and returns by the concentric outer cylinder. 
Now the magnetic force produced by a cylindrical current sheet 
at a point outside is the same as if the current were concentrated 
at its axis, and hence, since the currents in the inner and outer 
cylinders are equal and flowing in opposite directions, there will 
be no magnetic force outside the main. Again by page 33 the 
outside cylindrical current sheet produces no magnetic force inside, 
and hence, if H be the magnetic force between the two conductors 
at a distance x from the axis, then 

2/ 



H = 



X 



Suppose that the outer and inner radii of the outer and inner 
cylinders are 6^. h^^ a^ and Oi respectively, and that the current 
density is uniform over their cross sections. Then if ^2 an^l S^ 
are the magnetic forces at points in the copper of the outer and 
inner conductors, then 

2J 2J 7r(^~6,0 _ 2/ (h^ \ 

j^ ^21 ir(x^-a^^) ^ 2/ / _aA 
* X ir{a^ — a^) a^ — a^\ xj' 

Hence if L be the self inductance of a length I of th 
cable. 



I I' J 6, Stt 



^ . 27rxdx'\-^„ 



I' J a, Stt • 



27rxdx + 



Therefore 



61 



2(h< 



02 1 02' — Soi 



r = 21«g-^ + (^Ti:^log.^H-2^ 



a, 




concentric 






. 2irxdx, 



26 * 6 - '^^2' - ^1' 



/ 
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Since in practice the cross sectional areas of the cylinders are 
equal, we have 

Therefore 

If the inner cylinder were solid, a, would be zero and bi would 
equal 61' + a,'. Using these values in the formula and noting that 
o/log Oi is zero when Oi is zero we get 

^a,2^S b,' 12 6/ ^ 30 6i« ••" 

We see that the least possible value of L is when 61 equals Oa ; in 
this case 

Z = (41oge2-2)i = 0-7726«. 

With very high frequencies the current in the inner conductor 
would be concentrated along its outer circumference, and the 
current in the outer conductor would be concentrated along its 
**r circumference. The magnetic force is thus confined to the/ 
TBftetween the two cylinders, and hence 
are requii ^^ r6. H' 

forcylindr ^ = 7^ J,, 8^ 

give complt 

adopted is . =2nog^\ 

current /is ° Oj 

2 • e outer radius of the inner cylinder and 61 is the 

. ^ * the outer cylinder. 

A concentr. j i • i xi ^ r ^ - 

3nrys and I m miles, the general formula is 

Self inductance of 

a concentric main. ,6, /I 1 CL? 1 oJ \ 



^irxdx 
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where a is a quantity that depends on the frequency. For low 
frequencies a may be taken equal to unity and for very high 
frequencies it is zero. 

For example, suppose that bi and ag are 0*406 and 0192 inch 
respectively, then the inductance in henrys per mile is given by 

L = 0000241 + 0-000161 (0-5 + 0075 - 0*004 + ...) a 

= 0000241 + 0000092a. 

Maxwell calculates the self inductance of two parallel wires 
The self induct- by finding the value of X -^dv and equating it 

ance of tw^o ^ ^^ 

parallel cyiindri- to iLP, It is casior howovcr in this case to 

cal wires 

calculate the self energy of the circuit from the 
formula ^Xijyi (page 25) where i is the number of tubes of 
current embraced by and producing the flux (f). As the problem 
is one of considerable importance in electrical engineering it will 
be useful to give a direct proof of the equivalence of the two 
formulae for the self energy of a circuit. 

Suppose that the circuit can be divided up into n parts and 
that we can calculate ^%<f)i for each of those parts separately. Let 
Hi, -ffgj •••» Sn be the forces due to the n portions of the circuit, 
and let H he the resultant force. Then H equals the sum of 
the components of Hi, H^, ..., Hn, in the direction of H, Let 0i 
denote the angle between Hi and H, 02 the angle between H^ 
and H, etc. ; then 



H = HiC08 ^14-^2^08^2+ .•• 



therefore 

H^ = HiHcos 01 + H^H cos ^2 + ... . 

Now to find the volume integral of HiHco8 0i; take the tube of 
force corresponding to Hi and let dS be a section of any equi- 
potential surface by this tube. Then HidS is constant along the 
tube and equal to <f>i. Also Hco&0i is the tangential force along 
the axis of the tube, and therefore, if ds be an element of the axis 
of the tube, 

J Hcoa0id8 = Airily 
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where ii is the total current embraced by the tube. Therefore 
the volume integral of HiHcosOi for the single tube is 

22^1 jET cos 0,dSd8 = <I>1,H COS B^ds 

= 4s7r<l>iii. 

Summing for all the tubes of force, we find that the complete 
volume integral of HiH cos Oi is 47r2<^ii. Hence finally we eee 
that 

2g dt; = i2<^ii + i2<^2**a+ ... + i2<^ni«. 

The self inductance of a circuit may therefore be calculated by 
the formula 

Consider the case of two parallel hollow cylindrical wires 
(Fig. 14) and let Oi, Oa and 6i, 63 be the inner and outer radii of 
the two cylinders respectively. We will consider the value of 
2<^i for the lines of force due to the current in each wire 
separately and then add the results together. 

In the cylinder of which the centre is and radii ai, o^ (Fig. 14) 
we have first to calculate 2<^i for the lines of force in the substance 
of the conductor itself, i being the total current embraced by <^. 
We know that the lines of force due to the current in this 
cylinder are circles and that 

4>-—^ 1 [x ]dx 

ai — ai\ X J 

for a tube of thickness dx and length unity, just as in the inner 
conductor of a concentric main. Also inside the cylindrical hollow 
^is zero. The value of ^i per unit length in the conductor itself is 

. {x?-ai\ 
smce % = — \ /, 

the current being supposed to be uniform over the cross section. 
Hence the value of 2<^i in the conductor itself is 

2ai*P , ao /^ ai - Zai ,_ , 



(ai'-aiy ^Oi 2 ai-a, 
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If d be the distance between the axes of the cylinders, then the 
value of 2<^i from a? = Oa up to a? = d — 62 is 



/ 






.(2). 



O, 



Now consider the circular lines of force of radius x due to the 
current in the cylinder a, where x lies between d — 62 ai^d d + 6a- 
They will embrace all the current in the first cylinder and part of 
the current in the second. As the current in the second is flowing 
in the opposite direction to what it is in the first, the part of 2<^i 
due to it will be negative. The part of 2<^i due to values of x 
between d — 62 and rf + 62 and the current in the first cylinder is 



/ 



— . Idx = 2/' log T — r^ 



(3). 



To find the linkages with the tubes of current in the second 
cylinder, divide its section into a series of concentric rings and 
consider one of them with radius r and thickness dr (Fig. 14). 




Fig. 14. The self inductance of two parallel hollow cylinders. 

Let OP = x,0,P = r and the angle POi = ft Then 

af' = r^-^d^-2drcoa0, 
.*. xdx = rdsm0 ,d0 



when r is kept constant. The current ii in the cylinder of which 
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same as the lines of equal potential for two parallel cylinders 
maintained at potentials + V and — V respectively. Hence as we 
will see in Chapter v. the formula for the inductance with very 
high frequencies can be deduced from the corresponding formula 
for the electrostatic capacity between the two cylinders. 

When the currents are uniformly distributed over the cross 
sections and the cylinders are solid and have equal radii, then 
noting that a,* log ai is zero when Oi is zero we have 



L = lUlog.^ + l\, 



where I is the length of either cylinder, a its radius and d is the 
distance between their axes. If a is small compared to d, then 
we can write 



L = ih 



log.^-fa}, 



where a is a quantity the value of which depends on the frequency. 
For low frequencies we can take a equal to unity and for very 
high frequencies a is zero. 

In these formulae, if I is in centimetres so also is i. To 
reduce to henrys we must multiply by 10"*. If i be in statute 
miles, the following formula will be found useful in practice, 

L = I |o-00148 logio - + O-OOOieiaj henrys, 

and for low frequencies we can take a equal to unity. For 
example if d = 40 and a = 1 then the self inductance would be 
0*00253 henrys per mile at low frequencies. 

If the current be uniformly distributed over the cross sections, 
then 

i = iJ41og.^+l|, 

and the minimum value of L is obtained when d = 2a. In this case 

Z = 2-7726i + Z 
= 3-7726 /, 
where L and I are in centimetres. 



Il] THREE PHASE MAINS 61 

For very high frequencies we shall see in Chapter v. that 



L = mog^[ 2^— 

Hence when d is equal to 2a, L is zero and the currents simply 
concentrate themselves along the line of contact. 

We may now consider three mains connected at their far ends, 

and suppose that a current ij flows into No. 1 

The self induct- main, and that currents ig and i^ come back by 

ance of a circuit , , 

formed by three No. 2 and No. 3 mains respectively, so that 

equal parallel 

cylinders the axes { -- V ^ { ^ 

of which lie along 

equiufera?pri^m. Let the radius of each cylinder be a, let d 

be the distance between their axes and suppose 
that the currents are evenly distributed over their cross sections. 

Forming 2<^i as in the last problem, and equating it to j i^^ where 

I is the length of each cylinder, we get 

y t,' = 2i,» log ^ + ii.> 

+ 24« log ^ + W 
+ 2i,» log f + ii,», 

Cv 

therefore Z = i (4 log ^ + 1 Vl - ^') . 

We see that L has a maximum value Z ( 4 log — + 1 ) when either 
la or is is zero, and a minimum value |M 4 log - + l) when 

I2 — *S — 2 ^ • 

Consider the case of three hollow coaxial cylinders of negligible 
Triple concentric thickness with radii a, h and c respectively, a being 
"*""• that of the smallest. Now if a current ii flow in 

the inner, and return by the two outer cylinders, the currents in 
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which are ia and i, respectively, and if £1-23 denote the self 
inductance of the system in this case, then 

iLr^sh' = g^ If ^.2irxdx + j'^ ^S^lZJ:^ . 2irxdx\ 

= i,niog^ + «(ii-i.)Mog^. 
Also ^1 = ^2 + is. 

Therefore Lv^ = 21 log - + 2Z f ^)' log ^ . 

Similarly Z^-si = 2i (g' log ^ + 2i (g' log | , 

- J log - + 21 log T . 

The above formulae could also be calculated as follows : 
il-23 ii = 2<^i 

= Ui I — dd? + Z (i'l — io) I —dx — l (ii — ig) | — ^ cZa;. 

Thus ^ Zi.23 = 2nog ^ 4- 2Z gy log ^ , 

which is the same result as before. 

In general testing work it is often important to arrange a 
circuit so that its self inductance may be as small 

Minimum self 1 

inductance. ^^ possible. The formula y^2<^i for the self in- 
ductance shows us that we have to make S^i a minimum. If the 
flux contained in a tube of force embrace both the going and 
return current, then <\>i for this tube will be zero. Hence in order 
to make the self inductance as small as possible, it is necessary 
that the going and return currents should be very close together. 
When we consider also that the tubular filaments of current in 
the conductors themselves add an appreciable amount to the total 
sum of <f>iy we see that the conductors should be flat strips of metal 
separated from one another by the thinnest possible insulating 
material. In this case however the circuit possesses considerable 
electrostatic capacity. 
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From their equivalence to magnetic shells, we see that two 

wires carrying currents flowing in opposite direc- 
force^be^ween two tio^s repel One another. Let F be the force of 
parallel wires repulsiou between portions of lensfth I of two 

■carrying equal -"^ ^ ^ -"^ ^ o ^ 

currents in oppo- parallel wircs carrying currents i and — i respec- 
tively at a distance x apart. If the wires are 
•cylindrical, then we have shown in Chapter I. that the force 
•exerted by the tubes of flow in one of them at external points 
is the same as if the current were concentrated along its axis. 
Similarly it is easy to show that the resultant force on the other 
■cylinder is the same as if the current in the other cylinder were 
concentrated along its axis. 

Therefore F= — xil 

X 
X 

This formula was given by Ampere. 

The same result can be deduced from the formula for the self 

< 

inductance of two parallel wires forming part of one circuit. For 
suppose that we keep the current i constant while x becomes 
x-\- dxy then 

the rate of working of the E.M.F. per unit length = i j (Li) 

the rate of working against the external mechanical forces 

_pdx 

" dt' 

and the rate of increase of the magnetic energy of the system 



therefore *^§ = ^S + |a^^-0. 

hence F = ^i^j- 

X 



= IS^''^' 
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If the two wirefl fonn part of a circuit, there wiU also be a 
tension along each of them dae to the action of the magnetic 
field on the conductors which mnst close the ciicnit. If ^T denote 
the tension along each conductor, then, proceeding as above, 
we get 

^ dl 



= i'(21og?-hi). 



where a is the radius of either wire and x the distance between 
them. 

For example, suppose that i is 1000 amperes or 100 C.6.S. units, 

and that - is 10, then 
a 

T=100»(21og.l0 + 0'5) 
= 100^ X 5105 

= 51,050 dynes 

= 52 grams weight nearly. 

Hence the pull along each conductor will be only «qual to the 
weight of 26 grams. 

If the wires are surrounded by a magnetic medium, the forces 
will be much greater. 
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The frequency of the alternating currents employed in practice 
varies between 25 and 100 cycles per second. For lighting 
purposes it is probable that 50 and for power transmission 
purposes that 25 will become the standard frequency. Now the 
instruments used to measure alternating amperes and volts are 
comparatively speaking sluggish in their action, and so their 
indications do not give the instantaneoijs values. Consider for 
example a Siemens electro-dynamometer. The eflFect of a current 
i through the fixed coil acting on the movable coil which is 
traversed by the same current is to produce a couple of which 
the instantaneous values are proportional to P. The couple will 
therefore have the same sign in whichever direction the current 
passes through the dynamometer, and hence a deflection will be 
produced by an alternating current. If the periodic time of 
the fluctuations be small compared with the periodic time of the 
moving coil, then the coil is insensible to the fluctuations of 
t*, and the mean torque on the moving coil, when its plane is 
B. I. 5 
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perpendicalar to the plane of the fixed coil, can be measured by 
the tondon of the spiral spring required to bring the coil back 
to this position. This torsion is measored by the angle through 
which a pointer has to be turned Hence if £ be the reading, 

l^R s the mean value of t^, 

where A^ is a constant, determined by experiments with direct 

current When % is constant, k »JR gives us its value in amperes ; 

when % is variable, k»jR gives us the square root of its mean 

square in the same units. The instrument therefore tells us the 

square root of the mean square (which is sometimes called the 

R.M.H.), or the effective value, of the current. 

When i varies harmonically with the time, it is easy to find 

the effective value of the current in terms of its maximum value. 

For example, suppose that 

i — I sin a>f , 

whore « — 27j/and/i8 the frequency, then 

i« « /» sin" wt 
1% /a 

Now the moan value of cos 2(ii>^ over a whole period is zero, for if 

wo plot out the cosine curve, a glance will show that for every 

positive ordinate in the first and ifourth quarter periods there is 

an equal negative ordinate in the second and third quarter periods, 

and hence, if we add them all together and divide by the number 

of thorn in order to get their mean value, the result will be zero. 

1% 
Thorofore the mean value of i" is -^. If we call the effective 

value of the current A, then 

2l = -4 « 07071/. 

V2 

Therefore the effective value in this case is about 71 per cent of 
the maximum value. 

In like manner we can show that those alternating current 
voltmeters^ of which the readings depend on the expansion of a 
heated wire» or on the electromagnetic attractions and repulsions 
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of moving coils, or on the electrostatic repulsions and attractions 
of movable segments, give us the square root of the mean square 
values of the voltages which we measure with them. If the 
instantaneous value e of the potential difference between the 
voltmeter terminals be given by 

e — Esmcot, 
then, as before, its effective value V is given by 

If i do not vary harmonically, then by Fourier's Theorem it 
„^ . , may be written as follows: 

Effective values *' 

cu^^enfsand i = /, siu (a)< - «,) + -^S siu (3o,« - a,) + (1). 

Hence squaring and taking mean values, we find 
that the effective value A of the current is given by 

If R be the ohmic resistance of the conductor in which i is flowing, 
then 

where A^, -4,, A^ ,.. are the effective values of the harmonics of 

the current. We thus see that each harmonic component produces 

its own heating effect on the conductor in exactly the same way 

as if all the other harmonics were absent. 

If the alternating current i have a direct current component 

(7, then 

i = (7 + /i sin {(ot — tti) + /s sin (3g>^ — as) + . . .. 

.-. ^2=02 + ^^ + ^8'+ (2). 

Hence, to find the heating effect on a conductor produced by a 
combined direct and alternating current, we calculate the heating 
effect produced by each separately and add up the results. For 
example a complex current consisting of 10 amperes of direct 
current and 10 effective amperes of alternating current would 
only heat a conductor as much as a direct or an alternating 
current of 14*14 amperes, and an alternating current ammeter 
placed in the circuit would only read 14*14 amperes. We shall 

5—2 
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see later the importance of this result in the theory of rotary 
converters, and it is utilised in systems of polycyclic distribution. 

If the potential difference applied to the voltmeter terminals 
be given by 

e = P + JFi sin (o)^ — fli) + -ffj sin {Stot ~ as) + • • • » 

then V^ = I^+V,^+Vj' + (3), ' 

where Tx" = i^i', Vs^^^Ej" .... 

Hence if we put 100 volts direct current pressure in series with 
100 volts alternating current pressure, the reading on a voltmeter 
would be 100 V2, i.e, 141*4 volts, no matter what was the shape 
of the wave of alternating pressure. 

Although in a few cases the negative half of a wave of alter- 
nating current or pressure is not similar to the 

Mean value of an • • i i /. 

alternating cur- positive half, as for example when we have alu- 

rent or pressure. .. i.i i.* i. . ^ 

minium electrodes or electric arcs between metals 
in the circuit, yet in general they are exactly alike, so that their 
mean value over a whole period is zero. In a few cases it is 
useful to know their mean value over half a period. The mean 
value of Esintott for example, over half a period, starting from 
t equal to zero, is 

T 

^r Esm(i>tdt=-E=0'6366E; 

1 J "w 

this is less than 0*707 IjF, which is the effective value. The root 
mean square value of a variable quantity is always greater than 
its mean value. This follows at once from the algebraical theorem 
that 



^P is greater than y^ + y^+-'+y- , 



n 

except when all the n quantities are equal to one another — when 
the two expressions are equal to each other. 

In practice the readings on electrostatic, hot wire and moving 

coil instruments give us at once the square root 
method8*offind- ^^ ^^^ mean square of the alternating currents 
vafues.*" ***"*'* ^^^ pressures. We can also by oscillographs, 

ondographs, etc. find the shape of the current 



Ill] 



GRAPHICAL METHODS 



69 



and pressure waves. It is important -to test whether the root 
mean square pressure or current got from these waves agrees with 
the voltmeter or ammeter reading. There are several graphical 
methods of doing this ; the following method is particularly con- 
venient when the curve is drawn on sectional paper. 




Fig. 15. Graphical construction for finding effective values. 

2h 



r» = y (area RPED). 



In Fig. 15 suppose that OBRE is the positive part of any wave 
curve and that the negative half is exactly similar. Draw a line 
through R, the highest point of the curve, parallel to OX, and 
draw any chord BD parallel to it. Draw BM and BN perpen- 
dicular to RM and OX respectively and join Jlf JV, cutting BD in 
P. Construct RPE the curve locus of P. Then the volume of 
the solid generated by the revolution of ORE about OX 



J 



Also 



= r27ry.£2)dy, 

J 

where I is the breadth and h the height of the curve. 

.-. f y^dx^'2. \ y.BDdy. 
Jo Jo 
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Bat y.BD = h.PD. 

.-. [ fdx~2J h.PDdy 

= 2hA', 
where A' is the area of the curve RPED. If F* be the mean 
square value of y, then 



Now as the curve RPE can easily be constructed, especially when 
the given curve is drawn on sectional paper, this is a rapid and 
accurate graphical method of finding T. 

When the curve has several maxima and minima values the 
above method becomes inconvenient for we have to divide the 
curve into several portions, and this entails drawing several loci 
curves. In this case it is better to draw n lines from a point 



lines lengths OPi, 0P» ... equal in length to the value of n equi- 
distant ordinates of the given curve. Then the area A of the 
curve drawn through J*j, P, ... will be given by 






~V IT 



Therefore 

A useful formula for Fcan be found by equating the two well- 
known expressions for the volume of the solid of revolution formed 
by rotating the given curve round its time axis, 

tr I y^dx = ^iryA, 

and Y'=2y„y (4). 

F is the K.M.S. value of y, while y^ is its mean value, which equals 
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ORE above OX, which can easily be found by . the ordinary 
methods. When there is only one masimuiu point the first 
method of finding y is the most accurate in practice, but formula 
(4) is a useful one. 



Eqalvott ci 



It is instructive to draw curves the mean square values of the 
ordinates of which are all constant. In practice 
for eiample, the shape of the wave producing an 
effective voltage of 60 might be any of the curves drawn in Figs. 
16, 17, 18, 19 and 20. We shall see later on that the shape of the 
wave has a considerable bearing on the economical working of 
transformers and motors — and the following equations to famihes 
of waves all having the same effective voltage will repay study. 



Jig. 16. Bqaivolt ci 



Tkni 
Tbe effective voltftge of each ci 
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(1) The equations to the curves shown in Fig. 16 are 



e 



^®v 



from ^ « to f =* -7 

4 



.(«). 



and the negative half of the wave is supposed to be similar. 
In these equations e is the instantaneous value of the E.M.F., 
t is the time in seconds and T is the period of the alternating 
current. It follows that 

JS;=FV2nTl, 

where E is the maximum value of e and V is its effective value. 
Hence for a given V the maximum value E increases with n. 

Now in Fig. 16 three of the curves are drawn, namely those 
corresponding to n equal to ^ , 1 and 2. If n equals zero we get a 
rectangle. When n lies between and 1 we get curves similar to 
(a) in Fig. 16, namely two curves meeting at an angle and concave 
to the time axis. When n equals 1 we get the triangle (b), and 
when n is greater than 1 we get two curves (c) meeting at an 
angle and convex to the axis. We see that the mere knowledge of 
the value of V tells us nothing at all about the value of E. 

(2) Hyperbolic sine curves. 

The equation to this family is 



e^B sinh n j, 



T\ 
from ^ = to T 

4 



and 



where 



e = B sinh ^ (2 "" y) ^^^^ ^ "" 4 *^ 2 .^ 



(b\ 



5= V 



n 



smh ^ - 2 



In this case 



E=^V 



n 



n cosh ^ — w 



n 



2 sinh ^ "■ ^ 



We get the triangle (a) shown in Fig. 17 when n is and the curve 
(b) is for n equal to 10. 
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Tables of sinh and cosh are given at the end of Chapter xvi. 



(3) Ellipse and Parabola. 
The equation in this case is 



'Kf- 



where B.y) rlWl)!"' 



..(* 



Nole that r(o+ l)-mr(>.), r(l) = l and Tft)- Vir. 
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The cnrvefl id Fig. 18 are (a) fl — | an ellipse, (b) 
parabola, and (c) n — 2 a biqaadratic. 

Table* of log r (n) are given in Williamaon's Integral Cedculua. 



Fig. 13, Bqnivolt onrreB. (a) Ellipse, (b) Parabola. 

(4) Sine curves. 

The equation to the E.M.F. is 






W) 



-w 



When M — we get a rectangle, ff^ we get the curve (a) in 
Fig, 19. when n^l the sine curve (b), and ji = 2 the curve (c). 
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It will be noted that all the waves figured above are sym- 
metrical waves, i.e. those in which 



(5) Distorted waves. 

Tf e =/{*) be the equation of a symmetrical w 



7e, then 



<-f) 



from i = to T 1 



e=f 



T 
T 2" 



Tium. 
Fig, 19. Eqoivolt dne cnrrea. 

representa a distorted wave of E.M.F. which has the same maximum 
height, the same R.H.S. height, the same breadth, and the same 
area as the original wave. 
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Tbu a easily proved For ezain[rie, if K be the kms. of the 
values of e given by the above equations, then 

? 4(?'-r) ? 

-J'l/«)1'*. 

Hence T'' is independent of the values of t. Similarly we can 

prove that its area etc. are the same as that of the curve e = f(t). 

T 
Hence since t may have any value between and = there are an 

infinite number of waves which have the same maximum height. 



Fig. aa BqniTolt si 



Ill] CHOKING COIL CURRENTS 77 

the same area and the same R.M.S. height as the original sym- 
metrical wave. In Fig. 20 the middle curve shown is the sine 
curve and the others are distorted members of the same family. 

We will refer to the family of waves given by the equations 
(e) above as a family of waves of equal height. It must be borne 
in mind, however, that there is an infinite number of families of 
waves of equal height. For example (a) in Fig. 16 and the sine 
wave (b) in Fig. 19 are the symmetrical members of two families 
of waves whose maximum heights are equal. 

We have seen (page 41) that the equation connecting the 
applied P.D. and the current in an inductive coil is 

Choking coil t • 

at 

Now when It is so small that the effective value of the term Ri 

di 
is negligible compared with the eflfective value of Z -^ , the coil is 

called a choking coil, and 

T di 

This equation shows that when e is zero, i has either a maximum 
or a minimum value. 

If the equation to the P.D. wave is e — E^mcot, then 

E cos (ot 
La) 
when the current assumes its normal shape (page 43), and 

A = 01591 ^ 

where A is the eflfective value of i and /is the firequency. 

Similarly when the wave of P.D. is given by the equations (a) 
above, we can show that 

2(2n4-l) U V 



■"{(n + 



2)(2n + 3)j 4/i' 

As n increases from zero, A increases until it attains its maximum 
value, for 

n = ;^^^^ = 0-7247; 
it then diminishes for greater values of n. 
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Y 

The maximum value oi A^ 0*1589 -77 , and E is then 1-565 F. 

V 
And for a sine curve A = 01591 -Tf , and E = 1*4'14F. 

It will be seen that the sine wave of P.D. produces a larger 
choking coil current than any of the first family of waves 
considered. 

For the hyperbolic sine curves, 



^-i 



2n — 6 sinh ^ + ^ cosh ^ 
n" (2 sinh | - w J 



If K be the capacity in farads (see Chapter iv.) of a condenser 
Condenser of which the terminals have a P.D. of v volts, then 

currents. ^y, 

where q is the number of coulombs in the condenser. 
Hence if i be the current flowing into the condenser, 

da 

* dt 

-^di' 

If A be the. eflective value of the condenser current when waves 
of P.D. similar to those illustrated above are applied to the 
terminals of the condenser, then 

Minimum value. 



(6) A=n\ S_f^ fKV; 

smh ^ - 2 

(c) A = 2 ^"^-^11^^^ fKV; 6-293/ZF. 

(d) A= ,^^ fKV; 6-283/2'F (sine curve). 

v2ft — 1 
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It will be seen that the sine wave produces the least effective 
value of the condenser current of any of the waves we have con- 
sidered. It is also not difficult to show that of all E.M.F. waves of 
equal height (Fig. 20), applied to choking coils and condensers, 
the symmetrical wave produces the maximum effective current 
in^ the choking coil, and the minimum effective current in the 
condenser. 



We have seen (page 42) that the solution for the current 

in an inductive coil is 

Effect of altering 

I^cireuiro^n toe°^ • ^ ^i siu {tot + Ci ~ A) . iFs siu (3ft>^ + g,-/3,) 

(5) 

= ,- \E^ sin (oat + «! - ySi) 

+ V ie--hXH3a))' ^'^"^^^"^ + ^-^'>+'i' 

When -R is very large ySi, ^s ... are all very small, and the curve 
i is practically the same as the curve « on a diminished scale. 
The more we diminish i2, the smaller do the amplitudes of the 
higher harmonics become as compared with the amplitude of the 
fundamental harmonic. Hence by diminishing i2 in an inductive 
circuit we make i more like a simple sine curve. 

If we have resistance in series with a condenser in a circuit, 
then 

And 

. _ El sin {(ot 4- «! 4- 7i) E^ sin (Scd^ + (h 4- 7 8) ^ 



K^ (3g))« 

Hence, proceeding as before, we deduce the following working 
rule. Diminishing the resistance in a condenser circuit makes 
the current wave less like a sine wave. 
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The equation of the current in an indacti^e drcait is 

A sinplc sin* C ^ Si + X -v; . 

wavcflfE.M.F. O* 

Thus V'^IfA' + lf'^L^'di, 



maff*«*"«" cmreot 
in an iodncdve 
coil and the 

Since I zKLi-j-dt vanishes. 



Now from page 42, 
And 

V^ 3'F,' 

where ,,,i^'-fX»a.-^i^' + XW-^"' • 

1^ • •• 



Now the numerator of this fraction is greater than the de- 
nominator except when 

Heuce a has its minimum value unity when the applied E.M.F. is 
sine-shaped. 

Also ^'= p, !ro o (6), 

and the denominator has its minimum value, and therefore A has 
its maximum value, when a is unity. 

Therefore the sine wave produces the maximum effective 
cun'ent in an inductive coil. 

Similarly for a condenser circuit, 

ITS 

A^ = ^— (7), 

and /3 has its minimum value unity when the wave is sine-shaped. 
Therefore the sine-shaped wave produces the minimum effec- 
tive current in a condenser circuit. 
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When we have both inductance and capacity in the circuit 
the problem becomes of great practical importance, 

KCSOIISIIICC* « « • 

owmg to the high pressures and large currents that 
are produced in distributing systems through the effects of reso- 
nance by comparatively low e.m.f.'s. Suppose that we have an 




B 

Fig. 21. 

inductive coil (Fig. 21) in series with a condenser, and that an 
alternating P.D. is applied to the terminals A and C. Then in 
order to find the current we have to solve the equation 

iJi + i^+-^ = -&isin(a)^ + ai) + ^8sin(3ft)^ + as) + (8). 

The solution of this equation consists of two parts. 
There is first the particular integral 

^^S^ ^2n+i sip (2n + 1 a)< + a^+i - ^an+Q 

where tan ySjn+i = fi ' 

The other part of the solution — the complementary function — is 
found by solving the equation 

4i 

When B^ is greater than j^ the solution is of the form 

i = Ae-'^'^ + Be-^ (10), 

where A and B are constants, and 



R 



V 4i> Li 



'"^ ~ 2Z ■•■ V 4i> LK 



R n^ r 



R. I. 
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4i . 

When -^ is greater than R^ the solution is of the form 

i = Ai^co.y^-§-^t^a\ (11). 

where A and a are constants. The complete solution of (8) is 
thus given by adding (9) and (10), or (9) and (11) together. When 
R is large (10) shows that the initial non-oscillatory disturbance 
of the current wave rapidly subsides, and when jB is small, (11) 
shows that an oscillatory disturbance of gradually diminishing 
amplitude is superposed initially on the current. The period of 
oscillation of this disturbing eflfect is 

^" (12). 



/J__R' 

V LK ^D 



If the applied P.D. wave were absolutely constant in shape, then, in 
practice, after a second or two (9) alone would give us the value 
of the current. 

Nowif iir(2n + l)«ft)» = l (13), 

we see from (9) that /San+i = 0, and hence that the (2n + l)th 
harmonic of i is in phase with the (2n + l)th harmonic of the 

applied p.d. Its amplitude also is simply — ^^, and if iJ is small 

compared to Zcd, this term practically swamps all the other 
terms ; thus the frequency of the alternating current is practically 

^^ — - — - — , and its eflfective value only slightly greater than 
27r 

p"^\ Also in this case the effective value of the P.D. across 
Jtt 

the choking coil will be nearly equal to 



2n+i 



1 + 



and the effective value of the p.d. across the condenser is approxi- 
mately equal to 

(2„ + i).Z_- or (2^^!)^^^ . 
It will be seen that if R be very small, or if the frequency 
^ — - — - — be very high, then these voltages may attain enormous 
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values. The phase 9f the choking coil P.D. will be practically 
90 degrees in advance, and that of the condenser p.d. 90 degrees 
behind the current. Hence the two p.d/s are nearly in opposition 
to one another, and their resultant or the applied P.D. between A 
and G (Fig. 21) will be very small compared with either of them. 

We see from (13) that the lowest value of the frequency at 

which resonance can occur is ; hence if the highest 

27r y LK 

harmonic in the applied P.D. have a frequency less than this there 

will be no danger of resonance. 

It is also to be noted that the above investigation shows that 
it is quite possible to obtain resonance eflfects in direct current 
circuits. The voltage curve of a direct current dynamo is never 
an exact straight line. The voltage has an alternating component 
due to the facts that the number of bars round the commutator is 
finite, and that the slots in the armature give rise to pulsations of 
the magnetic field. By suitably adjusting the value of the induct- 
ance of a choking coil put in series with a condenser between the 
mains, it is possible to get resonance, so that a large alternating 
current component starts in the circuit, and the pressure across 
the condenser attains a very high value. Duddell has shown that if 
we put a resonant circuit across a direct current arc formed between 
hard carbons, then resonance often ensues, and a large alternating 
current flows across the arc, causing it to emit a musical note. 
This happens even when accumulators are used instead of dynamos, 
and must be due to constantly recurring irregularities in the 
burning of the arc which continually renew oscillatory waves 
of the form given by (11). 

In Fig. 22 we have supposed that the curve (/), which is 
parabolic, represents the shape of the wave of current in a circuit 
formed by a choking coil and condenser in series, and we have 
calculated the applied P.D. {E) necessary to produce this wave. 
It will be seen that it is a peaky wave very different from a sine 
curve. E2 is the wave of P.D. at the terminals of the choking coil 
and is triangular in shape. E^ gives the shape of the P.D. at the 
terminals of the condenser, and is very similar to a sine curve 
The diagram illustrates the general theorem that except when 

6—2 
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the applied p.d. wave is a sine curve, the wave of p.d. across the 
choking coil terminals is much more distorted from the sine shape 
than the wave of P.D. across the terminals of the condenser. 
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Fig. 22. Choking coil (J^^) and condenser (Ej) p-i>-'b when the 
current wave (J) is part of a parabola. 

If we have (Fig. 23) a condenser with capacity K shunted by 
Resonance of '^ choking coll of inductaucc i, then in certain cases 
currents. ^^ current in the main can be very small compared 

with that either in the choking coil or in the condenser. Let e, i^ 



v^TVfr\ 



\. 



> 



B 



Fig. 23. Resonance of currents. 

and ig be the instantaneous values of the p.d., the current in the 
condenser and the current in the choking coil respectively, then 
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Now by equations (6) and (7) the eflfective values of the currents 

are 

V 
Ai = /ScoKV and J.2 = — v, 

where a and fi are constants depending on the shape of e ; these 
constants have their minimum value unity when the wave is sine- 
shaped. If i be the cun*ent in the main, then 

1" — ^1 T" ^a> 

and hence, noting that 



dH^ 



we find that cos = — ^ , 

where ^ is the phase difference (see Chapter vi.) between A^ and 

J-a. If K and Y are fixed, then the minimum value of the main 

current is A^ sin ^, and in this case the choking coil current is 

— Ax cos ^. 

.-. i^(aa))«=l (14). 

If L and Y are fixed, then the minimum value of the current in 
the main is A^ sin 0, aud it has this value when 

LK{^uif^\ (15). 

1. For a sine wave, ^ is 180 degrees, and the main current is 

Numerical ZerO whcu 

examples. LKfO^ = 1. 

2. For a parabolic wave <^ is 173° 46', and if the condenser 
current is constant and equal to A^, the minimum value of the 
current in the main is O'lOSBJ-i, and it has this value when 

lOOliZo)' = 1. 

Similarly if the current -4 a in the choking coil be kept constant, 
the minimum value of the main current is 0'1086-4a, and it has 
this value when 

1013i^ft)« = l. 

3. For a triangular wave ^ is 155° 54'. When the condenser 
current is constant and equal to A^, then the minimum value of 
the main current is 0'4083-4i, and it has this value when 

1013i^a)«=l. 
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Wbeo the condeiiiser carrent varies and A^ is oonstant, then the 
minimum value of the main current is 0*4083^2f ^u^d ^^ have 

l'2l6LKa^ = 1. 
If a condenser shunted by a choking coil be adjusted so that 

LKae^ is unity, then -r^ equals ti/S. 

If A J were equal to A^ the applied P.D. would be sine-shaped, 
and the greater this ratio the more distorted from the sine shape 
will be the wave of p.d. Also if ^ be the current in the main, 
the smaller A becomes compared to either Aj or A^ the nearer 
does the shape of the applied wave approximate to that of a sine 
curve. Hence we can use this theorem as a rough test for the 
shape of a wave of p.d. 



The inductive effect on a circuit of a coil (R, L) can be neu- 
tralised by shuntiutr it as in Ficf. 24 with a 

Method of «/ o o 

neutraiisifii: the coudenser K in series with a resistance It, pro- 
inductive effect of r 
.ehouogcii. y^g^ ^jjj^j ^ gq^j^lg ^ Let e be the applied 

E.M.F. aod let t„ 4 be the currents in the inductive coil and 
capacity respectively, also let 

q =Jitdt. 



Then 



di 



and 



e-1 + Ri-l+R^ 



=mr^ 



+ L 



dq 



(1). 
(2) 
.(3). 




xsm^ 



aAAAa 



K 




Fig. 24. Girouits in parallel whioh act exactly like a non-inductive 

resistance R when L=iKB^, 
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Subtracting (3) from (1), and solving the equation for ij— v^, 
we get . q . f ' 

Therefore ultimately ij = ^^ . 

Hence from (2) e = R{ii + i^. 

But ii + I'a is the current in the main, and therefore the combina- 
tion acts like a non-inductive coil of resistance iJ. 

If L be not equal to KR^ the combination still acts like a 
non-inductive resistance R when the frequency is infinite. In 
this case the apparent resistance or impedance of the choking coil 
would be infinite, and the impedance of the condenser by itself 
would be zero. 

The capacity efifect of a condeuser K shunted by a resistance 

R can be neutralised by putting in series with it 

i^nff thc^'capacuy * purely inductivo coil L shunted by a resistance 
eflFect of a shunted iJ where i cquals ^'iZ*. 

condenser. \ 

The equations in this case are 



' R^^ dt 



and 



= R^ T'^^L^'^~ 






-/ 



e^dt + Ae'^^. 



Hence, proceeding as before, 

R 
L 

Thus ultimately i = ^ j^ • 

Hence the combination acts exactly like a non-inductive resist- 
ance i2. 

Suppose that we have two coils ah and cd with self induct- 
ances L and N respectively; let M be their 

Comparison of t/» i i • 

inductances by a mutual inductaucc. If WO scnd an alternating 

current whose value is i through the coil a6, then 
the P.D. at its terminals will be given by 
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and an electrostatic Toltmeter placed across ab will lead V wbere 

Now if we connect 6 and c together, and pat the Toltmeter acnnB 
a and d^ then 

^ = iJi + i J- — if J-. 

(U at • 

Therefore F,* = B*A* s-d-Mf X\ 

Similarly if we join b and d and pat the voltmeter across a and c, 

we shoald find F/, where 

F,* = ^^« + (i + if)»Z«. 
Eliminating X* and il'^' from these equations, we find that 

^_^F,«+T7:-2F^ 

Similarly we could find ^ and hence ^. 

Provided the eddy currents are negligible, these equations are 
theoretically accurate. It is easily seen, however, that in certain 
cases a small error in reading the voltmeter may introduce a 
large error into the ratio of the inductances as calculated by the 
formula. 
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CHAPTER IV. 

Coefficients of self and mutual induction for electrostatic charges. Capacity 
of a conductor. Capacity between two conductors. Capacity of a con- 
denser. Capacity of a concentric main. Ratio of electrostatic to 
electromagnetic imits. The microfarad. The capacities of a triple 
concentric main. The capacity of a condenser formed by two long 
parallel cylinders. The capacity of a condenser formed by two long 
parallel cylinders, one wholly enclosed by the other. Condenser currents 
in concentric cables and in two parallel overhead wires. Two core 
cable. Three phase cables. Numerical example. Condenser currents 
in three phase working. Two phase cables with four separate conductors. 
Twin concentric cable. Model of a polyphase cable. Three core cable. 

Suppose that we have n conductors with potentials i;i, t;a...Vn 
respectively. Let there be electrical equilibrium when the 
potential of the first conductor is Vi and all the other con- 
ductors are at zero potential. In this case the charge on 
the first conductor is proportional to Vi, and hence it may be 
written j^i.iVi, where ^i.i is a constant which is called the 
coefficient of self induction of the conductor for electrostatic 
charges. The charge on the second conductor will be negative 
and will be proportional to Vi, Let it equal K^.iVi where jfiTa.i 
is a constant and is negative. Similarly the charge on the nth 
conductor will be K^^^v^. Now consider another state of equi- 
librium, when the potentials of the conductors are 0, Vg, 0,..0. 
In this case the charge on the first conductor will be Ki,2V2 and 
on the others K^.^v^y iTs.aVa... -K'n.2^a- Similarly we can write 
down expressions for the charges on the conductors when the pih. 
is at a potential Vp and all the others are at zero pptential. Now 
if we superpose all these systems, we get another system in a 






•lAf- 



vc.- 
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9 

State of equilibrium, in which the charges on the conductors will 
1^'. ^. be given by the linear equations 

?a = i^a.iVi + ir2.2V2 + ^2.s«^s4- +J^2.n»nf ^ ^' 

It is obvious that -K'l.i, ifi.j ... depend only on the shapes and 
the relative positions of the conductors. 

Consider two conductors R and S whose coefficients of self in- 
duction are Kr,r and Kg,g respectively. Suppose that all the other 
conductors are permanently connected to the earth. Put S to earth 
and charge R to the potential Vr^ The work done during this 
process 

but qr = Kr.rVr, and hence the work done is JiT^.^ V* Now keep 
R at potential Vr and raise the potential of S to v,. The work 
done by Vr in this stage 

but qr^Kr^r'Or-^ Kr,»Vgy and therefore dqr = Kr.tdvg. Hence, 

' since Vr is constant, the work done is Kr.tV^Vg, Similarly the 

work done by Vg during this process is \Kg,gV^. Therefore the 

total work done in raising R and S to the potentials Vr and v, is 

\Kr,rVr^ + Kr,gVrVg'\-\Kg,gVg\ 

Starting with the conductor S we find in the same way that 
the work is 

i Kr.rVr^ + Kg,rVrVg + \ Kg^g Vg\ 

Hence, equating these two expressions, we find that 

We may therefore call Kr\8 or Kg^^ the coefficient of mutual 
induction between -K and S for electrostatic charges. 

If we have n conductors, the total potential energy of the 
system is 

i ^Kr^r V + IKr.gVrVg. 

From equations (1) we may write this by ordinary algebra in the 
form 
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Note the similarity of these expressions to the expressions for 
the electromagnetic energy of a system of cun'ents, 

and ^ S<^rV- 

Again we may write the self energy of a single conductor in 

the form \qV. Now by Gauss's theorem 4i7rq = '2Bd8y where we 

may suppose that dS is an element of the surface of the conductor 

itself. Also if ds be an element of the axis of the tube of force 

starting from dS, 

V = JRd8. 

Therefore the self energy of the conductor 

= ]- IBdSJRds. 

OTT 

But along cfe, RdS is constant, therefore RdSJRds = JR^dSds, Now 
dSds = dv = the element of volume of a tube of force. Hence 
RdSJRds=fR^dVy the integration being taken along the tube of 
force standing on dS, Therefore, integrating for the whole surface 
of the conductor, we see that 

1 — dv 

OTT 

is an expression for the self energy of an electrified conductor, the 
integration being taken throughout all the space occupied by tubes 
of force.! 

Compare this with the expression 

t^dv 

OTT 

for the self energy of an electric current. 

The definition of capacity given on page 9 is a particular case 
Capacity of a of the following more general definition due to 

conductor. MaXWcll. 

The capacity of a conductor is its charge when its own 
potential is unity and that of all the other conductors is zero. 
In other words, it is the coefficient of self induction of the 
conductor for electrostatic charges. It is to be noted that any 
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alteration in the position of any of the conductors generally alters 
the capacity of the conductor. In those practical cases, however, 
where we want to know this coeflScient, all the conductors are 
fixed in position. 

The capacity of a conductor is found by measuring the charge 
q which flows into it when it is connected to one terminal of an 
insulated battery whose electromotive force is v, the other terminal 
being connected to earth or to aoy of the surrounding conductors 
which are all earthed in this case as required by the definition. 
The ratio of j to t; gives us the required capacity. 

Electricians generally refer to the capacity of a conductor as 
the capacity between the conductor and all neighbouring con- 
ductors in parallel with the earth. In order to find the coefiicients 
of mutual induction for electrostatic charges between the various 
conductors we find relations between the coefficients jK^i.i, ^i.g,... 
by measuring what is called the capacity between two of the • 
conductors or between two groups of the conductors. The 
capacity between two conductors may be defined as follows. 

Let there be any number of conductors 1, 2, 3...n, and let 
Capacity between 1 ^^^ 2 be iusulatcd. Then, if, when all the 
two conductors. conductors are initially uncharged a charge q be 
given to 1 and a charge — g to 2, and if the potential of 1 now 
exceed that of 2 by Vi — Vg* then the ratio of qto Vx — v^ is constant 
and is called the capacity between the two conductors. It is to 
be noticed that any alteration in the position of any* of the 
conductors 3, 4, ... n generally alters the capacity between 1 and 2. 
Also connecting by fine wires any of the insulated conductors to 
one another or to the earth in general alters the capacity between 
1 and 2, and so it is necessary to specify which of the conductors 
3, 4, . . . n are insulated from earth and whether any are joined 
together. 

In practice the equal and opposite charges are given to the 
two conductors by connecting the terminals of an insulated battery 
to them, and the capacity between them is measured in exactly 
the same way as the capacity of an ordinary condenser. 

Maxwell's equations on page 90 enable us to find in all cases 
an expression for the capacity between two conductors in terms 
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of the coeflBcients iTi.i, iTi.a.... We shall apply them to find the 
capacity between two conductors, 1 and 2, when all other con- 
ductors in the neighbourhood are earthed. Give a charge y to 1 
and a charge —q to 2 and let their potentials be Vi and Vz 
respectively, then since v^, V4,... are all zero, 



(2). 



Solving these equations for Vi and v^ we find that 

Vi — V2 = q ^ TF-^ 77^ '- , 

-'^-i.i ^*-2.a -^ 1.2 

and J^= /';^'~^V (3), 

-"^1.1 + -0-2.2+ ^^1.2 

where K is the capacity between the two conductors. If 
i«^i.i = J^2.2,then 

ir = i(ir,.,-.ir,.,) (4). 

An important practical case arises when the conductor 1 
completely encloses the conductor 2. In this case when the 
charge on the conductor 2 is q^ the induced charge on the inside 
of 1 will be —q. By definition, the difference of potential 
between 1 and 2 is the work done against the electric forces when 
we take a unit of positive electricity from 1 to 2. Hence the 
difference of potential between 1 and 2 depends only on the 
charge on the conductor 2, since the space inside 1 is completely 
screened from electrostatic induction from the outside. Hence, 
also. Maxwell's equation for q is 

If Vi equals v^, q must be zero, therefore we must have jBTg.a equal 
to — K^.iy hence 

= -An Q = A O 



V,_„, '•»- "»•> 



Since this is true in all cases, it is true when the charge on 
the outside of the conductor 1 is zero, and hence it follows from 
our definition that the capacity between the conductors 1 and 2 

is iTa.a or -iTi.a. 

If the conductor 2 be a metal sphere the centre of which 



fM'.»V^ 



. — -w ^ — mi—WW^-V- 






'^\ 1 
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coincides with the centre of a spherical cavity in the conductor 1, 
then if K be the capacity between 1 and 2, 

ir jr __ jT- _ ^1 ^ a 

n - ^2 

where r^ is the radius of the spherical cavity and r^ is the radius 
of the metal sphere. When r^ is infinitely great K equals r^. 

If the conductors instead of being separated from one another 
by air were separated by insulating materials like india-rubber, 
paper, oil, etc., then the capacities and coefficients of induction of 
the conductors would be altered. If they were embedded in a 
homogeneous insulating mass whose dielectric coefficient (specific 
inductive capacity) was \, then the new constants would be 
XiTi.i, \^i.2, etc. In electric lighting cables the conductors are 
as a rule separated by various materials whose dielectric coefficients 
are different. This considerably increases the difficulty of calcu- 
lating the capacities between the various conductors, but as they 
are generally arranged in a symmetrical manner inside a metal 
sheath various useful formulae can be found giving all the 
capacities in terms of two or three constants. We will first 
however find an expression for the capacity of a condenser and 
calculate the capacities of concentric mains and of two parallel 
cylinders. 

A condenser consists of two equal insulated conductors 1 and 2, 
Capacity of a whosc Coefficients -STi.i, K^.^^y Ki,^ are very large 
condenser. compared with the mutual coefficients between 1 or 

2 and the earth or other conductors. For a condenser we have, 
therefore, approximately, since jBTi.i is taken to be equal to ^2.2* 

Now these equations must be true when v^ is zero and thus 
K^,x = — Ki,2 approximately. Using this relation, we at once find 
that the capacity between the two conductors, or briefly the 
capacity of the condenser, is approximately K^,x or — ^i.a- 

In the theoretical condenser we suppose that iTi.j is infinitely 
great compared with the other mutual coefficients, and hence 
^11 or — -STi.a is the capacity of the theoretical condenser. 
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Let a be the outer radius of the inner cylindrical conductor 

Capacity of a con- ^^^^ ^ ^^c inner radius of the outer conductor, 
centric main. ^^^ g^jg^ |r g^^j y^ ^^ |jj^e£p potentials, 4- q and — y 

be their charges per unit length, and let k be the capacity per unit 

length, then 

q = k{y,-V,) (5). 

Now, from symmetry, the equipotential surfaces between the two 

cylinders are coaxial cylinders no matter how small a may be. 

Also the potential inside due to the charge on the outer cylinder 

is a constant and hence, if F be the potential at a point P distant 

dV 
X from the axis, where x lies between a and 6, the force 3— on unit 

ax 

of positive electricity placed at P will be the same, by Green's 

theorem (see page 8), as if the charge q were concentrated along 

an infinitely thin conductor coincident with the axis. Hence if dz 

be an element of the axis. 



qxdz 



_dV_ f +°° qxc 
dx"] -00 (-^' + 



a^)i 



2q 



X 

This could also have been proved easily from Laplace's equation, 
which in this case gives us (page 6) V=A + Blogx; therefore 
(page 7) 

47r dx 4i7ra 

on the inner cylinder. Now q = 27raa and hence £ = — 2^. 
If \ be the dielectric coeflBcient of the insulating medium, 

_dV^2q^ 
dx \x ' 

'^dx 



'-"-?/: 



X 



X ^ a 
Comparing this result with (5), we see that 



k = 



2 log-' 
^ a 



96 ALTERNATING CURRENT THEORY [CH. 

or if K be the capacity, in electrostatic units, of a length I centi- 
metres of concentric main, then 

\l 

= 1 (6)- 

21og.^ 

The unit of capacity in either the electrostatic or the electro- 
Ratio of electro- magnetic system is defined as the capacity of a 
magnetic unST." condcuser in which unit charge produces unit 
The microfarad, difiereuce of potential between the conductors. 
Hence we may write 

Qe = K,V, and Qm^K^V^, 
where the suffix e denotes that the quantities are measured in 
electrostatic units and the suffix m denotes that the quantities are 
measured in electromagnetic units. Now we can calculate by (6) 
the capacity K^ of a concentric main in electrostatic units. Also 
by charging it to a known P.D. through a ballistic galvanometer 
we can find its capacity in absolute electromagnetic units. The 
ratio of the electromagnetic to the electrostatic unit of capacity 
is theoretically equal to '^ where v is the velocity of light. This 
quantity v has been shown experimentally by several observers to 
be 8 X 10^® centimetres per second, a number closely approximating 
to the observed speed of light. We may therefore write 



Km. = -I A«. 

if 



The c.G.S. unit of electromagnetic capacity is too great for prac- 
tical use. We therefore use two smaller units, the farad and the 
microfarad, the latter being the millionth part of the ferad. In 
practice the microfarad is always used. 

The farad is the capacity of a condenser which has a p.d. of 
one volt between its terminals when charged with one coulomb. 
Since the coulomb is the tenth of the c.G.S. unit of quantity, and 
the volt equals 10® C.G.S. units, we get 

1 farad = ^779 C.G.S. unit, 

1 microfarad = r-— - c.G.S. unit. 

10^* 



L 
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Hence if K be the capacity of a condenser in microfarads, and K^ 
be its capacity in electrostatic units. 

For example, the capacity of a concentric main of length I miles 
(160,900 1 centimetres) in microfarads is given by 

jBr = 00776 -H- (7), 

where the logarithm is to the base 10. 

If we assume that the magnetic permeability and the dielectric 
coefficient have no dimensions, then the dimensions of the ratio 
of the electromagnetic to the electrostatic unit of capacity become 
(velocity )^ By Coulomb's Law, assuming that the dielectric 
coefficient has no dimensions, we may write 



Force oc 



(distance)" ' 



thus Qe X space x Vforce. 

Also 0« . ^« X work X force x space ; 

therefore F« oc Vforce. 

Similarly, assuming that the magnetic permeability has no di- 
mensions, since the repulsion between two wires carrying equal 
currents i in opposite directions varies as i^ (page 63), 

i X Vforce ; 



and Qm x it x Vforce x time. 

Also QmYm. X work X force x space ; 

therefore V^ x Vforce x velocity ; 

thus ^x -t — X velocity, 

Q^ time ^' 

and ^ X 



Vm velocity * 
Hence ^x^^.X'x 



Ke F^'Qa (velocity)"- 



B. I. 



1* 



ji\rtfPimf^4^it<t vx^txMSir' ^^asaaax: 



r** -iH^f^y -kv tii-:4#*. -^tii*. ^I'Wtf; •<i*iu* t'; j* Tift -iiesnsmu^Msie 
.*(j*v.r-iir< *n\Uf*i^sn^ *rr4rt»a«rt^ -^iii*: iwOft^Efccaxn. ic bl ^essin- 

^ 4*Vi "Ha ;*i4Vif ^> ^<^ ;c^Af. ^ ^r.VH^ Vrj^u^OOVs: It "Sift VmXUJQlffiK if 



M^i4- wn^ rvv*4.7V^ TA***i., 'ii^tvtf^ iJttKir eaypsKirr^ '^issumsssL 






// 

'/*.# 




-(S> 



^>^/,* 



In th^ /'/ft^ //f fh,n^h4^ tfiuUlUi fjmifi m it^ulated The pres^ioe 
of U»^ immr iiylitul^r ihun iuer&n^n the capacity between the 
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Consider first the equipotential lines round two thin cylinders 

which are placed with their axes A axidB (Fig. 25) 
condenser formed perpendicular to the plane of the paper. Suppose 

IScyHnderaf"*^' *^^* ^^^V ^^^ ®^ ^^^^ *^^* ^''^^y ^^7 ^® regarded 

as lines, and that the cylinder A is charged with 

a quantity of electricity +q per unit length and that the B 

cylinder has a charge — q. Now join AB and bisect it in ; let 

Q 

A0= ^, Let Vj^ be the potential at any point P (Fig. 25) due to 

the action of the A wire alone and let Vj[ be the potential at 0. 
Then if the medium be air, 

dv^ _ 2g 









dr r 


Thus 




'^A 


-29l»g2,_ 


where ^P = ri. 








Similarly if v^ 


and 


Vb 


be potentials at P and due to the 


action of the wire 


P, 







where BP = r^. 

Now by the principle of superposition, if v be the potential at 
P due to both, then 

Also by symmetry the potential of will be zero. 

Therefore = v^' + v^'. 

ff* 
Hence v — 2q log — , 

Therefore the equation to the equipotential surface the potential of 
which is y is 

T^=23logJ' (1), 

or - = constant. 

7—2 
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Now by a well-known geometrical theorem the locus of a point P 

which moves so that the ratio of its distances from two fixed points 

A and B is constant, is a circle, and if G be its centre and r its 

radius, 

CA,CB = r^ (2). 

These points are called inverse points with regard to the circle. 

It will be seen that the equipotential surfaces are a series of 
cylinders surrounding A and B, all of which have A and B for 
inverse points. A particular case is the plane bisecting AB at 
right angles and passing through 0. Now it follows from Green's 
theorem that, if we distribute electricity over one of the equi- 
potential cylinders surrounding the wire A and if the surface 

B. 

density of the distribution at any point be j- , where R is the 

normal force at that point, then this distribution will be in 
equilibrium, the potential at external points will be unaltered, 
and the potential at all points inside this cylinder will be 
constant. Similarly we can replace the wire B by one 9f the 
equipotential cylinders surrounding it. 




Fig. 26. A and B are the inverse points of the circles. 

GA . CB = CL^ ; DA . DB=DMK 
CL=a, DM=b, CD=d, AB=c, 

Suppose then that we have a solid cylinder LL' (Fig. 26) 
surrounding A and another MM^ surrounding B. Let their 
potentials be Vi and Fa respectively, and their charges + q and 
— g per unit length as before, then from (1) 
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~k' 



where k is the capacity per unit length. 

1 



Now from Fig. 26, 



Also 



• 


. K = 


2 log 




BM 


.26, 










BL 


BL' 


2. 


,50 


BC 


AL~ 


' AL' 


2 


.CL 


~ CL 


AM 


AM' 


2. 


AD 


AD 



,(2). 



,(3). 



BM BM' 2. MB MD 

Let the radii of the two cylinders be a and 6 respectively, let 
d be the distance between their centres, and let AB be c. 
Then from (3), 

BL.AM BG.AD . 
AL.BM~ ah 

b.CB 
~a.DB' 

since DA.DB = b'. 

We also have CB (CB - c) = a", 



.•.Ofi = | + y/a' + ^. 



And DB (DB + c) = ¥, 

Also d = CB + BD 



= \/«' + f + \/^ + i' 



.•.d'd^ = (d + a + b)(d + a-b){d + b-a)(d-a-b) (4), 

an equation from which c can be rapidly found by the aid of 
logarithmic tables. 
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If X be the dielectric coefficient of the medium and I the 
length of the cylinders, we get finally for the capacity K the 
formula 

XZ 



ir= 



2 {i«g(4+v'' + Q M-M*\^)] 



^ (5). 



2|l<ig.taii(90'-|)-log.laiiJ} 



where tan ^i = — , and tan ^a = — > ^^^ c is given by equation (4). 



This equation may also be easily put in the form 

K = ^, (6), 

21og.{a + Va^^=l} ^ ' 

, d» - a« - fr» 
where a = ^r-^ . 

Formula (5) is however the most convenient one to use. If d 
be large compared with a + 6 , then approximately 



K = 



When a equals ft, the exact formula is, 



,(7). 



^%,.,.|4^| ''' 



And finally, if d be large compared to a, 

e — ^. — - (9). 

In formulae (5) to (9) if I be in miles and the logarithms are 
to the base 10, then to get K in microfarads we must multiply 
the right-hand side of the equations by 00776. 
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The cross section of the two cylinders is shown in Fig. 27. 

The capacity of a "^^^ ^^^^^ ^^® ^^ supposcd to havc a charge + q 

per unit length, and the outer one a charge — q. 
Let ^ and B be the inverse points common to the ' 
two circles, then, using the same notation as in the 
preceding example, we have 



condenser formed 
by two long^ 
parallel cylinders 
one vvrholly 
enclosed by the 
other. 




Fig. 27. A and B are the inverse points of the two circles. 

CA . CB = CL* ; DA . DB=DMK 
GL = a, DM^b, (JD = d, AB=c. 



Also 



.•.d = DB-CB 



-^/^-^/<^'+t■ 



.: cf'(P=(a + b + d)(a + b - d)(b - a-d)(b - a + d) (1). 

"^ (2) 



Hence 



K = 



2 jlog, tan ^ - log, tan -^ • 



26 2a 

where tan ^i = — , and tan 62 = — , and c is found from (1). 

c c 
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Suppose that we have three cables whose sections are shown 
in Fig. 28 and suppose that they are I miles long and that X is the 



(1) 



(2) 



(3) 



© 





Fig. 28. Capacities of (1), (2) and (3) are K, 1'05K and VSOK. 

dielectric coefficient of the insulating material used. Then the 
following table gives their constants, where K = 0*0644\i micro- 
farads. 



Condenser 


b 


a 


d 


c calc. 
from (1) 


V 


V 


Capacity in 
microfarads 


(1) 


4 


1 





• 

00 








K 


(2) 


4 


1 


1 


13-9 


30 


8-2 


V05K 


(3) 


4 


1 


2 


512 


57-4 


21-3 


1-30 JT 



Formula (2) may be put into the form 

Id 



where 



Z = 



/3 = 



2 log.(y3 + V/3» - 1) 

g' + fr'-cP 
2ab • 



(3). 



If d^ be small compared with 6* — a^ then we have the ap- 
proximate formula 

K -r^^, B— (4). 






We see that the capacity is a minimum when the axis of the 
inner cylinder coincides with the axis of the outer one. The 

potential energy ^^ is therefore a maximum and the inner 

cylinder would be in unstable equilibrium if it were free to 
move in any direction. 
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If another metal cylinder be placed symmetrically inside the 
outer cylinder whose section is shown in (3) Fig. 28, then we should 
have a two core cable. In this case we can see from elementary 
principles that the capacity between the inner cylinder and the 
outer one will be increased by the presence of the new cylinder. 
Hence this capacity will be greater than 130 K, where 

\l 



X = 00776 



2 log, I 



Manufacturers sometimes use formulae of the form 

cd 



K = 



hJ- 



to predetermine the capacity of cables of various sizes, where a is 
a constant found experimentally, and they find such formulae of 
practical use. Formulae for the capacity of polyphase cables will 
be given in the next chapter. 

In this case if K be the capacity of the cable measured in 

microfarads, then the effective value of the con- 
rVntsfn concen'tric dcuscr Current A is given by 

cables and in two . /• rr rrn n^jt 

parallel overhead A = ofK K 1 0^ amporOS, 

where / is the frequency, V the effective voltage 
between the wires, and a a constant which has its minimum value 
27r when the applied wave is sine-shaped. We have assumed that 
the potential drop due to the resistance of the cable is negligible. 

The two conductors are embedded 
in insulating material 

Two core cable. ,__. _ _ , 

(Fig. 29) and are en- 
closed in a metal sheath which is con- 
nected to earth and is therefore at 
zero potential. Let Ki,ihe the capacity 
per mile of No. 1 conductor when No. 2 
and the sheath are earthed, as defined 
on p. 91, let Vj be its potential at 
any instant, and let Ki,^ be the co- 
efficient of mutual induction per mile ^^«- ^' ^^° °°'^ °*^^^ 




1 
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between the two conductors. We will assume that Vi is constant 
throughout the whole length of the cable at any instant. Then if 
qi be the quantity of electricity on a mile of the No. 1 conductor, 

where Vj is the instantaneous value of the potential of No. 2. 
Similarly q^ = K^.^v^ + K^.iVi. 

These equations may be written : 

9i = (^1. 1 + ^i.a) (t'l - 0) - ^1., (v, - t;a), 

Now if we have two small bodies 1 and 2 (Fig. 30) which are 
connected with each other 
and with an earthed con- 
ductor through condensers of 
capacities Ko, Ki and K^ as 
in the figure, and if the 
potentials of 1 and 2 are Vi 
and V,, then the charges on 
the conductors connected 
with 1 and 2 will be equal 
to qi and ^a provided that 

-BTiss-BTi.i + ^1.2, Kq = — Ki,2 
and -BTa^iTj. 2 + ^1.2. 

We thus obtain an exact 
electrical model of a two core 
cable. 

When everything is symmetrical with respect to the two 
conductors we have ^1.1=^2.2, and thus 

If, in addition, the alternator be insulated from earth and 
everything is symmetrical with regard to the middle point of the 
external load, then 

where v is the potential difference between the terminals of the 
machine. Now the condenser current for any main is defined as 




Fig. so. Equivalent oondenserB. 
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the rate of increase of charge upon the main, and hence, in this 
case, if + i and — t be the condenser currents for the two mains. 



*~ dt 



4(ir.., 






Leaving the symmetrical case for the moment, let No. 2 main 
be earthed at the alternator terminal, so that v^ is zero. Then 
since Vi equals v, the condenser currents are 

If V is the same in magnitude and wave form in the two cases, 
then at corresponding instants 



^l 



2iri.i 



t. 



2^1., 



The currents have therefore constant ratios to one another, and if 
-4, Ai and -4a be their eflfective values we have 






A= 



-^1.1 — -^!.! 



A, 



Fig. 31 represents the section of a lead covered twin cable. 
The capacity between the two con- 
ductors is 0*345 microfarad per mile, 
and the capacity per mile between one 
conductor and the other in parallel 
with the sheathing is 0*53. 

Hence ^i.i= 053, 

i(ir,.,-ir,.,)= 0-345, 
.-. ^1.2 = -016. 

Therefore if A be the condenser 
current when both mains are insu- 
lated, then when No. 2 main is earthed 

A^ will equal 1*54^ and A^ will equal 0*46 A and the current 
in the sheathing will be (1*54 — 0*46) A, i.e, 108 A. 




Fig. 31. Two core cable. 
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We will suppose that three conductors are symmetrically 
Three phase embedded in a dielectric 
cables. g^^^ suiTounded by a metal 

sheath (Fig. 32). Then if Vq, Vi, v^ and 
Vt be the potentials of the sheath and 
of the three conductors respectively we 
have, with our usual notation, 

go = -K'o.oVo + ^0.1^1 + -K'o.jVj -f iTo.jVa, 

5i = Za.oVo + ^i.iVi+iSri.aV2 + iri.3Vs, 
Ja = i^a.^Vo + ^,.1^1 + ^a.jVa + ^2.8^8, 

g, = Kt,oVo + K^.iV^ + ^..jVj + ^8.8^8- ^^«- ^2- "^^^ ^^'^ *»^^®- 

If we make Vi^Vi^v^^Vo, then there will be no charge on 
any of the internal conductors, since in practice they are completely 
screened by the sheath from electrostatic induction from the 
outside. Hence we obtain the three equations, 

. • = -2^2.0 + -2^2.1 + -8^9.2 + -^2. 8) 

0= -Sr,.o + ^8.1 + -8^8.2 + -^8.8' 

Now from symmetry, 

Using these values we reduce the three equations to the single 

equation 

^0.1 + ^1.1 + 2^1.2 = (a). 

Hence if we know jBTi.i and Ki,^ we can find ifo.i* ^^d then we 
shall be able to calculate the capacities which can be obtained 
with various combinations of the three conductors and the sheath. 
For example, suppose that we wish to find the capacity 
between the conductors 1 and 2 when 3 and the sheath 8 are 
insulated. Putting gi = g, g2 = — g i^t the general equations, we 
have 

q=Ki,oVo + -fiTi.i Vi + Za.2 Va + ^i.aV8, 
- g = iTi.o Vo + Ki.2 Vi + ^1.1 Va + ^1.2 Vi. 

Hence 2g = (^^^ . ^ - JT^ . ,) (v, - Va), 

and therefore by definition the capacity in question is 



'f,- 



\ 



\ 



I 

' '. 
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We obviously get the same result when S and 3 are joined 
together by a fine wire or are put to earth. 

Again, suppose we require the capacity between S and the 
conductor formed by joining 1 and 2, when 3 is insulated. 

Give equal charges iq to each of the mains 1 and 2. The 
induced charge on the inside of the sheath will be —q, and if 
there is no charge on the outside of the sheath this will be the 
total charge on S. Since the conductors 1 and 2 are practically 
screened by Sy the capacity between them and S will be inde- 
pendent of the absolute value of the potential of 8, and hence it 
will simplify our equations to put Vq zero. Since Vi equals Vj, the 
first and fourth equations now become 

-gr= 2^0.1 Vi + iTo.iVs, 
and = 2Ki,zVi + K^, i v^, 

hence gr = - 2i;i Zo. i f 1 - -^^ j . 

Employing (a) we obtain for the capacity 

^=2 ^^ . 

The following is the complete list of the capacities that can be 
got from a three core cable. 

(1) Capacity between 1 and 2 

(2) Capacity between 1 and 2, 3 

= §(-^1.1 — ^1. a)- 

(3) Capacity between 1 and 8 (2 and 3 insulated) 

-^1.1 + i^i.a 

(4) Capacity between 1 and flf, 2 (3 insulated) 

(5) Capacity between 1 and 8, 2, 3 

(6) Capacity between 8 and 1, 2 (3 insulated) 

_^ (ir,.,~ir,.a)(ir,., + 2g,.a) 
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(7) Capacity between 1, S and 2, 3 

<8) Capacity between S and 1, 2, 3 

= 3(Jr,., + 2ir,.,). 

If we measure (5) in the ordinary way, by reading the throw 
on a mirror galvanometer and comparing with the throw given by 
a standard condenser, we get ^i.i. A further measurement of (7) 
or (8) will give us a simple equation to find K,_t. 

Let us take as an example the three pha^e ' clover leaf extra 
Nameric«i ^^S^ tension cable supplied to the Manchester Cor- 
aximpic. poration by the British Insulated Wire Co. 

The working pressure between the conductors is 6500 volts. 

Working pressure between any conductor and the sheathing 
- 3750 volts. 

Section of a conductor = 015 square inch = 0'97 sq. cm. 

Uinimum distance between conductor and sheathing) _ 

Minimum distance between any two conductors } 

Insulating material, specially prepared paper. Mean dielectric 
«oefficient X= 28. 

By measurement, (7) was found 

to be 0436 microfarad per mile, 
and (8) was 0488 microfarad per 
mile. 

Therefore 
2 (Z,., + £",.,) = 0-4361 
3ir,., + 6.ff,.a = 0-488i' 
hence ^,., = 0-273, 

£",.,= -00553. 

We deduce the other capacities 
by the formulae given above. The ^^^ 'ciover leaf cable, 

results are expressed in microfarads 
per mile. 

(1) Capacity between 1 and 2 = 0'164. 

(2) „ „ 1 and 2, 3 = 0219. 

(3) „ „ S and 1 = 0-245. 
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(4) Capacity between S, 1 and 2 = 0262. 



(5) 
(6) 
(7) 
(8) 



£f, 1, 2 and 3 = 0-273. 
8 and 2, 3 = 0391. 
/Sf, 1 and 2, 3 = 0436. 
£fandl, 2, 3 = 0-488. 

We also see that jE'o.i* the coefficient of electrostatic in- 
duction between the sheath and a conductor, is —0163. 



it 



» 



i> 



it 



it 



if 



a 



if 



In practical work Vq is zero, and when the load is balanced (see 
Condenser Chapter XI.) WO have 

currents in three ^ 

phase working. Vi + ^2 + Vs = 0. 



In this case our equations become 


• 


qi=^Ki.iVi-{-Kj,^(v^-{-v,) 




= K^.iVi- K^.iV^ 




= (^i.i — -2ri.a)Vi. 


Similarly 


9a = (^i.i--K'i.a)Va, 




?s = (ifi. 1-^1. 2)^3. 


Hence since 




get 

* 


-^^S' 






^-^'^ 


^ » 




>=^l' 


J 



where K = \ (-K'l.i — ^1.2) and ii, ij and i, 
are the capacity currents. Hence in 
calculating the capacity currents we can 
suppose that the conductors have no 
capacity, and are joined to the sheathing 
(Fig. 34) by three condensers each of 
capacity 2K, 

For example, in the Manchester cable 




Fig. 34. Equivalent 
condensers. 
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described above, 2K is double the capacity between any two con- 
ductors, it therefore equals 0*328 microfarad per mile. If the 
working pressure between a conductor and the sheathing be 3750 
volts, and the frequency be 50, then the minimum value of the 
condenser current in each conductor is 27r/2KlV10'~^, i.e. 0'386Z 
ampere, where I is the length of the cable in miles. 

The exact calculation of the capacity currents when the 
potential diflferences between the conductors and earth are not 
balanced is difficult, but a minimum limit can be fixed to the sum 
of the three condenser currents. 

Let ii, ii and tg be the three condenser currents, then 

Thus *i-i2 = (J^i.i-^i.2):7:(vi-V2) 



dt 



Similarly 



-<-^- 



ij — t, = 2A --i- = a2. 



And h-ii=:2K-y-^at, 

where v\ v" and v'" are the p.d.'s between adjacent conductors, 
i.e. the mesh voltages of the three phases. In general, when the 
p.D.'s to earth of the three conductors are out of balance, the 
waves of P.D. v\ v" and v'" between the three terminals of the 
machine are all of different shapes. Hence if -4i, A^ and A^ be 
the effective values of ai, Oa and a,, we must write 

-4i = aF'2ir/, A, = ^T'2Kf, A, = yV"'2Kf, 

where the values of a, y8 or 7 cannot be less than 27r, and /is the 
frequency. In these formulae K is in farads. Now we shall show 
in Chapter viii. that the above equations prove that A^^A^ and A^ 
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can be represented by the sides of a triangle ABC, They also 
prove that Ji, /a and Jj, the effective values of ii, 4 and is, can be 
represented by lines OA, OB and 0(7, where is a point which 
is not necessarily in the plane of the triangle ABC, but since 
OA + 0B+ OC is never less than 

i (AB + BC-\- CAl 

therefore /i + /g + Is is never less than J (Ai + -42 + A^) and 
a fortiori it is never less than 27r (F' + F" + F'") Kf, where -K" is 
the capacity between any two conductors. 



T^vo phase cables 
^th four separate 
conductors. 



Using the same notation as before, we have 

when the sheath is earthed. Similarly we can 
write down the three other equations. 

From symmetry (see Fig. 35) 

-^1.1 = -^2.2 ^ -^8.8 = -^4.4 
Aj.j = iLi.4 = Aj., = its. 4 

^1.8 = 1^2,4' 

Now if the system is balanced (see 

Chapter xii.), 

Vi + v, = 0, 

V2 + V4 = 0. 




Fig. 35. Four core cable. 



Hence 



dq, 
"^^ dt 

= (■^^1.1 — -K'l.s) 



dvi 
dt' 



*2 = (-K"!.! — ^1.,) -JT , 



U = {K,.,-K,.,) 



dv^ 
df' 



B. I. 



8 



f 



.* 
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Therefore when we neglect the resistance of the conductors, the 
effect of capacity can be shown by imagin- 
ing that the conductors have no capacity, 
but are joined by four condensers each of 
capacity K^^x — ^x.t connected star- wise 
between the conductors (Fig. 36). This 
capacity is double the capacity between 
two opposite conductors. 

If we measure the capacity K^ between 
1 and 2, 3, 4, 8 joined in parallel, then KgTie!^ 

K. - s jr. . Equivalent condensers. 

Similarly, if we measure the capacity K^ between 1, 3 and 2, 4, 
8, then 

2(^,.,+^,..)=jir,. 

Hence ^i. , = - (iTi - \K^. 

For example, in a lead-covered four core cable, 

^1 = 0-234 and ir, = 0-454. 

Therefore ir,.i = 0'234 and 7^1., = -0007. 

.-. ^1.1 -iri.3 = 0-241. 

If y be the effective pressure between any conductor and 
earth then the minimum value of the capacity current in a 
conductor is ^irVKf\Qr^^ where K is 0-241 microfarad per 
mile. 

It is not difficult to find expressions for all the capacities of 
the various condensers that can be made out of the four con- 
ductors and the sheath. For example, suppose we wish to find 
the capacity between 1 and 3 (Fig. 35). 

We have on giving charges + g and —c[ to 1 and 3 respec- 
tively, 

and - g = iro.it;o + ^1.8^1 + ^^1. 2 Va + ^1.1 i;, + iri.,i;4. 

Thus 2g = (ir,.,-ir,.,)(t;,-t;,) 

and therefore 9 = i (-^i . i "" -K^i . $) (Vi — Vs)- 

Hence the capacity between a pair of opposite conductors is 
^(iTi.i — -K'i.jX which is half the capacities of the condensers 
shown in Fig. 36. 
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In the twin concentric cable, a section of which is shown in Fig. 
Twin concentric 37, 1 and 4are copper 
"■'''•■ conductors and X is 

a third cylindrical copper conductor 
enclosing the other two and itself 
enclosed by a lead sheath. This 
cable is used for two phase work- 
ing ; 1 and 4 are what are 
ordinarily called the two outside 
conductors, and 2, 3 or X is 
their common return. The copper 
used in J is I'+H times the copper 

used in either 1 or 4. When ~ =., .p ■ . ,., 

..Ill "B- *'• ^"'^ oonosntno cable. 

the system is balanced, the P.D. 

between 1 and X is equal to the P.D. between 4 and X as 

regards eflFective value but differs in phase from it by 90 degrees. 

The effective value of the P.D. between 1 and 4 is 1'414 times 

the effective value of the P.D. between 1 and X or between 4 and 

X. We also know that its phase difference from either of them 

is 135 degrees (Chapter xii.). 

Let Vi, Vx and «« be the potentials from earth of 1, X and 4 

respectively, then as before 

and qt =£"(.,111 ■¥ K^,xi>3i + X,_^v^. 

From symmetry X'],i = ^4,< and Ki,x = ^t.x- 

Since one conductor surrounds the other two, we must have 
^1 and q^ equal to zero when v^, Vx and v, are all equal, therefore 

Hence ji = iTi.i (v, — v^) + Ki_, (v, — Vx), 

, . „ dv' „ dv" 

where v'^v^ — Vx and v" = v,— Vx. 

If v' and v" are similar waves, the effective values of which 
differ in phase by 90 degrees, then the effective values of the 

curves represented by -^ and -^ will also differ in phase by 
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90 degrees; if in addition the effective values of v' and v" are 
equal, the effective value of the capacity current in either 1 or 4 
is given by 

^i' = {K\,^ + K\,:) jmean value of (^) j . 

Therefore A^ = 27raF,.^ {^K\,^ + iT^.*)*/ 

where a has its minimum value uuity when the wave of P.D. 
is sine-shaped (see page 80). 

When the conductor X is earthed, since the total quantity of 
electricity inside it must be zero at every instant, we have 

9* + ?i+?4 = 0, 

and ^*^^' 

therefore i» = — (^i + i^ 



_^ (dv M\ 
"^'-'[dt'^'dt)' 

Thus ^« = - 27raF,., ^2K,,^f 

It follows from these formulae that A^ is always less thaa '/2Ai. 
As before we can show that 

(1) The capacity between 1 and 4 = ^ (-STi.i — ^1.4). 

(2) The capacity between 1 and X when 4 is insulated 

— TT hA 

(3) The capacity between 1 and X, 4 =^i.i. 

(4) The capacity between 1, 4 and X =2 (Zi.i + J^i.4). 

The following are some of the diata for a twin concentric cable 
made by the British Insulated Wire Co. for two phase work : 

Working pressure between inner conductors = 2700 volts. 

Working pressure between either inner and the outer 
conductor = 1900 volts. 
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Section of inner conductor = 0*025 sq. inch = 0161 sq. cm. 

Section of outer ring conductor = 1*414 x 0*161 sq. cm. 

= 0*228 sq. cm. 

Minimum distance between inner conductors = 0*56 cm. 
„ „ between inner and outer = 0*63 cm. 

The capacity between 1 and 4, X 

= ^^1.1 = 0*233 microfarad per mile. 
The capacity between 1, 4 and X 

= 2 (iTi.i + Z1.4) = 0*370 microfarad per mile. 
Hence Zi. 1 = 0*233 and ^1.4 = - 0*048. 

The capacity between 1 and 4 

= \ (Ki^i — ^1.4) = 0*141 microfarad per mile. 
The capacity between 1 and X 

= iTi.i — Tr^ = 0*223 microferad per mile. 
-^1.1 

In calculating the above formulae for cables it is to be noted 
that we have supposed that the conductors are arranged symme- 
trically. This is the case in practice, and it is exceptional for 
example to find appreciable discrepancies in the values of the 
capacities between any two conductors of a three phase cable. 
When such discrepancies occur the above formulae have to be 
modified. The * spiral/ that is, the twist of the cores round the 
central axis, in two and three core cables does not affect their 
symmetry. For cables with cores 01 of a square inch in section 
the spiral is in general one turn for about every eight feet of 
length. In cables made by some makers, however, the spiral is 
one turn for every four feet. 

Let us consider the case of a cable with a metal sheath enclosing 
Model of a poly- ^^ couductors 1, 2, ..., 71. If the diameter of the 
phase cable. sheath be small compared with its length, as it 

always is in practice, then the inside conductors are practically 
screened from electrostatic induction from the outside, and so the 
coefficients of mutual induction between these conductors and 
outside bodies are quite negligible when compared with the 
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mutaal coefficieots between any two conductors or between the 
mnAni:t<xn and the slieath. The equations for the charges on 
.. n are therefore 

qt- K,.tVt -i- Kt.iVi + ... + Kt.nvJ{ (o). 



the potential of each of the n conductors is equal to that of 
eath, 

values of Vg. We thus obtain the n relations 

K^., + E,.i + ... + K,.^ = o\ (by 



.tuting in (a) the values of £"1,1, ^,.„...,ir„.„ given by 
e have 
q, = - K,,,{v,-v„)- K,.t{v,-v,)~ ... - K,.„iv,-v„) 

qi = -Kt.<,(Vi~Vt)-K^,,{v^-v,)~...-K,.„(vt~v„) 

lese equations show us that we may suppose the conductors 
re no capacity, but that aoy one of them is connected to 
f the others or the sheath by a condenser whose capacity 
I the coefficient of electrostatic induction between the two 
ts sign chaoged. For example, the condenser connecting the 
ctor p to a conductor q will have a capacity equal to —Kp.q, 
le condenser connecting it to the sheath will have a capacity 

ance we can construct a model to illustrate the capacity 
) of a polyphase cable as follows. Take n small conductors 
..,n and join them to a conductor S by condensers of 

[ties — iTo.u — ^ii.a> Now join any two of them p and g 

condenser of capacity — Kp_g and do this for every pair of 
ctors. The model thus constructed would act so far as 
ity is concerned in a manner similar to the polyphase cable 
has K,.i, A",.,, ..., Kp_g, ... for its coefficients of mutual 
lion for electrostatic charges. The number of condensers 
'ed to construct the model would be 

n + J?i(n-l), that is. in(» + l). 
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Three core cable. 



In the particular case of a three core cable, the capacities 

can be represented as in Fig. 38. The capacities 
of the condensers joining the conductors to the 
sheath will be — JTi.o, —-^2.0 and — ^8.o> and the capacities of the 
condensers joining the conductors will be - -^i.a, — iTa.sand — -K's.i 
respectively. 




Fig. 38. Model of a three core cable. 



When the three core cable is symmetrical, 



and 



•^i.a — J^2.s — -^s.i* 



Hence when -K'1.0 and K^,^ are known, all the capacities of the 
cable can be found. It is an instructive exercise to find these 
capacities from Fig. 38. It will be found that they agree with 
the values which, we have found for them earlier in the chapter. 
The capacities can also be represented as in Fig. 39. 
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Fig. 89. Beoiprocal model of a three core cable. 
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CHAPTER V. 

Formulae for a three core cable. Formula for a four core cable. Cable with 
n cores. The capacity of a cylinder parallel to the earth. The capacity 
between two horizontal parallel wires when near the earth. The capacity 
between two parallel horizontal wires one vertically over the other. The 
capacity of three phase overhead wires. The inductances of parallel wires 
with surface currents. 

In Chapter iv. we have considered the mutual relations between 
the capacities of the cores and the sheathing in poljrphase cables. 
In this chapter we will investigate formulae for these capacities. 
These formulae are in some cases only approximate, but the 
approximations are sufficiently close to be practically useful, and 
the simple method employed, combined with the method of electrical 
images due to Lord Kelvin, is so powerful that it is deserving of 
attentive study. 

We will suppose that the copper conductors or cores as we 

shall call them are three parallel cylinders, and we 

Formulae for a ^iU first considcr the case when each has a charge 

three core cable. ^ 

+ ^ per unit length. The equipotential surface 
o 

whose potential is v is given by 

t; = (7 - 2 1 1 og ri - 2 1 1 og ra - 2 1 log r„ 

where (7 is a constant and ri, rg and r^ are the distances of a point 
on the surface from the axes of the three cores respectively. If 
^ be a constant this equation may be written in the form 






p .. 
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Now, if the axes of the cores are at the angular points of an 

equilateral triangle whose centre is 0, and if OP equals r, then it 

is easy to prove directly or by means of De Moivre's property of 

the circle (Loney's Trigonometry) that the last equation may be 

written 

r« - 2a»r» cos 35 + a« = riVa»r,» = ^« (1), 

where is the angle which OP makes with a line passing through 
and one of the angular points of the equilateral triangle, and a 
is the radius of the circle circumscribing it. 

When the constant in (1) is zero, the curves are simply the 
three points where the axes of the cores cut the plane of the 
paper. When the constant is small, the equipotential curves are 
ovals which are nearly circular in shape and enclose the three 
points. When the constant equals a", the curves are given by 

r» = 3a» cos 35, 

which represents three loops, each enclosing a core. Each of these 
loops has a double point and two tangents at the origin, the angle 
between the tangents being 60 degrees. 

When the constant is greater than a', we get a single curve 
enclosing the three cores and having three elevations and three 
depressions on it. For the curve passing through the point 
r = 2a, 5 = the constant equals (7a')*, and the maximum value 
of r for this curve is 2a and the minimum value is l*82a. Hence 
the radii of this curve differ from the radius of the circle r = l*91a 
by less than five per cent. 

Now, by Green's theorem, we can replace any conductor by 
another surrounding it provided that the surface of the outer con- 
ductor is an equipotential surface of the system of distribution. 
Suppose then that the three core cable has the section shown in 
Fig. 40. 

If 6 is the minimum distance of a core from the centre of the 
cable, then the equation to the boundaries of the cross sections 
of the three cores is 

r« - 2a»r» cos 35 + a« = (a» - 5»)» (2). 

This equation has equal roots when 

a* 
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If ^1 is the positive solution of this equation, 2^i is the angular 
breadth of the core as seen from the centre of the cable, and 
120° — 2^1 is the angular breadth of the space between the cores 
as seen from the centre. 




Fig. 40. Section of a three core cable, the eqaipotential sarfaces 
being given by 

r* - 2a' r* cos Sd + a^= constant, 

when the three cores are at the same potential. 

If b=^a, as in Fig. 40, then ^i = 20°-3 nearly, and hence 
2^1 = 40°-6 and 120° - 20, = 79°-4. 

If c be the maximum distance of a point on a core from the 
centre of the cable, then from (2) 

c»=-2a»-5'; 

and hence, if 6 is ^ a, c will be l*23a. 

This is the case illustrated in Fig. 40, the boundary of the 
lead sheath being supposed to coincide with the curve 

r« - 2aV cos 3^ + a* = (7a»)«, 



rr 

i,r' . ■ 



t<>. 



^Sr\ 
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80 that its maxima and minima radii are 2a and l*82a re- 
spectively. 

If Vi be the potential of each core, and v^ be the potential of 
the lead sheath, then 

t;i = C-2|logrinr, = C-2|logil«. 
Putting ^ = and r = 6 we have by (1), 

t;, = (7-2|log(a»-6') 

If i2 is a maximum radius of the lead sheath, 

t;2=0-2|log(i?-aO 



.0-2|l„g(ii.-^), 



and i^i-V2 = g?log ^—^ — ^. 

Therefore the capacity between the three cores in parallel and 
the lead sheath is 

3XZ 



2 log 



c'-b' 



where I is the length of the conductor, X the dielectric coeflBcient, 
It the maximum inner radius of the sheath and b and c are the 
minimum and maximum distances of points on the cores from 
the centre of the cable. 

The formula may also be written in the form 



a»' 



^, R 2, '^ ^ 

2 1og-4.3log_- 

since 2a' = b^ + (^. 
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h n 

Hence when - is greater than ^ , the capacity is less than that 
of a concentric main whose inner radius is a and outer radius R. 

h n 

When - equals -p the capacity equals that of this concentric main, 

and when ~ is less than ^ it is greater than it. 
a K ^ 

With our usual notation (see page 107) 

3 (-8^1.1+ 2iri.j) = jK^ — -J, 

and ir,., + 2Z,., = 2^-— (1). 

If the sections of the cores, instead of having the shapes 
shown in Fig. 40, were true circles, then we should expect that 
the equipotential surfaces would still be very similar to the curves 

TxT^T^ = constant, 

and hence that the above formulae could be used as first ap- 
proximations. The exact shapes of the equipotential curves in 
this case could be found by the well-known laboratory method of 
tracing out the equipotential lines on a circular sheet of tinfoil 
whose boundary was maintained at zero potential whilst three 
circular copper electrodes were pressed on it at sjmametrical points 
and maintained at constant equal potentials by a suitable battery. 

If, however, we make the supposition that the circular cross 
sections of the wires are small pompared with the cross section of 
the sheath we can find by the method of images approximate 
formulae to give us the values of JBTi.i and -K'l.a. 

Let (Fig. 40*) be the centre of the section of the sheath by 

a plane perpendicular to its axis. Give charges + ^ to each of 

the conductors the sections of which we suppose to be almost 
coincident with the points A, B and C, Let OA^ OB and OG be 
each equal to a and let the angles between them be each equal to 
120°. Let A\ B' and C be the inverse points (page 99) of -4, B and C 
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with respect to the circle formed by the section of the inner 
surface of the sheath. Then 
OA .OA'=OB.OB'=OC, OC'^B^ 
where R is the inner radius of the 

sheath. Let charges — ^ be given 

to fine wires passing through the 
points A\ B' and C and parallel 
to the three original wires. Then 

if n» ^a, ^»» ^i'> ^2' and ^s' are the 
distances of -4, -B, C, A\ B' and C 
from a point P where the poten- 
tial is v, we should have if the 
sheath were removed 




Now for all points on the circle, 
we have (page 101) 



Fig. 40*. The images of the 
three wires Ay B and C are at A\ B' 
and C where 

OA . OA'=OB.OB' = OG . OC = jB'. 

In finding formulae we replace the 
sheath by these images. 



Ti r^ n a . , 

— 7 = —, = —, = ^ = constant, 
ri rg rg K 

Hence, substituting these values in (2), we see that the inner 
surface of the sheath is an equipotential surface of the six charged 
wires. Therefore, by Green's theorem, we can replace the three 
outside wires by the sheath without disturbing the equipotential 
surfaces inside. Conversely, as we desire in this case, we can 
replace the sheath by the three outside wires. It is necessary to 
suppose that the section of the wires inside is very small, other- 
wise the bounding surfaces of the three wires cannot be considered 
as equipotential surfaces which are determined approximately by (2). 
When the sheath is at zero potential (2) becomes 

Now if r be the radius of the circular cross section of a wire and 
Vi be its potential, then, noting that (Fig. 40*) 

^5 = aV3, AA' = — -a 

a 

and AB'^ = OF' + OA' + OF . OA 

R^ 
■ =^ + a' + iJ'. 
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we get 

_ - 3 , \a /Va' / o» 

"'" 3'°« r.aV3.aV3 if* 

Hence since the capacity between the three conductors in parallel 
and the sheath is 3 (-^1.1+ 2-^1.2) we get 

Z^i.i + 2^1.2= ^-a'^ ^^^' 

If we put a — r for 6 in (1) and suppose that - and f -^ j are negli- 
gibly small, it is easy to see that the two formulae agree. 

To find the capacity between the wires A and B we give a 
charge + q to A and a charge — g to 5. We replace the sheath 
by wires A' and -B' having charges — q and +} respectively. 
Assuming that there is no charge on C the equipotential surfaces 
are given by the equation 

t; = a-2jlogA.^. 
Hence when the sheath is at zero potential, 

'1 ^2 

If Vi be the potential of A and v^ be the potential of 5, then 

rt , a a \/3 



a» 



J 



= -^2- 

Hence since the capacity between the two wires is J (jfiTi.i — iTj.a) 
we get 

and therefore 

2(K^^^K,,) = rr ^L^ ; (4). 
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From equations (3) and (4) iTi.i and Ki,^ can be readily deter- 
mined. 

By the help of the formulae given in Chapter IV. we can 
calculate all the capacities of a three core cable when the cores 
are of small section and not too close to one another in terms of 
these approximate values of Ki,i and jK^i.a. 

Assume that the equation to the boundaries of the sections of 
- , - the four cores is 

Formula for a four 

^°'* ^•*'**- r* - 2a*r* cos 4^ + a^ = (a* - b^y 

where a is the distance of the axes of the cores from the centre 
of the cable, and 5 is the minimum distance of a conductor from 
the centre. Also assume that the equation to the boundary of 
the lead sheath is 

r» - 2a*r* cos 4^ + a^ = (R* - a^y 

where R is the greatest value of the radius vector. Then 
proceeding in the same way as for a three core cable, we find that 
the equation to the equipotential surfaces is 

v = (7 — 2 ^ log riVir^r^. 

Hence if Vi be the potential of the four cores and v, be the 
potential of the sheath 

«i = (7-2|log(a^-6'), 
Vt = C-2^log{B*-a*). 

Thus «, - 1», = 2 1 log ^j-=^ . 

The capacity between the four cores in parallel and the sheath is 
therefore 

If iJ = ma and 6 = — , this becomes 

m 

2 log m ' 



V] POLYCORE CABLE 129 

which is the same formula as for a concentric main whose outer 
radius is vi times its inner one. 

If be the maximum distance of a point on the boundary 
of the cross section of a core from the centre of the cable, then 

And hence the formula becomes 

2\f 

When b and c are nearly equal to a, we can find approximate 
formulae for -BTn, Ki,^ and Ki,s by methods similar to that 
employed for the three core cable. 

Suppose that the n cores are all equal and parallel, and that 

they are arranged sjnnmetrically in the sheath. 

Cable with n cores. -rn Q i i i • t ^ i« 

If - be the charge per unit length on each wire, 

then the potential at any point P inside the cylinder will be 
given by 

i; = (7— 2 2 log ri — 2 -logrg— — 2 -logr^ 

= 0-2glog(nr2 rn)". 

If the axes of the cores are arranged on a circle of radius a, this 

becomes 

1 

v = C-qlog{r^'- 2a'»r'* cos n0 + a^}~ 

where is the angle which OP makes with OA, where A is one 
of the points of intersection of the axes of the conductors with a 
perpendicular plane. 

The equation to the equipotential curve passing through the 
point r = d, ^ = is 

r^ - 2a"r" cos n0 + a^ = (d~ - a**)*. 

This only meets the line = - when d is greater than 2»»a. When 

1 
d is very little greater than 2^(t, the curve is rippled symmetri- 
cally and encloses the n cores. The maximum values of the radius 

R. I. 9 
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vector are when ^ = 0, - , and the minimum values when 

n n 

d=-, — , - The maximum values are each equal to d 

n n n 

1 
and the minimum values to (d** — 2a*)*. For example, when n is 

20 and e2 is 1*2 a, the curve would differ fix)m the circle r= 1*199 a 

by less than one part in a thousand. Hence no great error is 

introduced by the assumption that the equipotential lines near 

the outer cylinder are circles. 

When d = 2*a the equipotential lines are n loops, each en- 
closing a core and each having a double point at the origin. The 
angle between the tangents at the origin to one of these loops is 

-. Hence the length of the loops is much greater than their 
breadth. 

When d is less than 2*a, there are n oval curves, one round 
each wire, and the smaller d is, the rounder these curves become. 
When d equals a, cos nO must equal unity, and therefore is 

0, — , — , that is, the curves are reduced to points which 

n n ^ 

coincide with the axes of the cores. Hence, when d is nearly equal 

to a, the equipotential curves are n small rounded curves, and we 

may suppose the sections of the n cores to coincide with them. 

Let Vi be the potential of each core whose minimum distance 

from the centre of the cable is 6, then 

• 

Vi = C -'2^\og(r^r^ ... Vn) 

= C-2^1og(a*-6*). 

Similarly, if Vg be the potential of the sheath whose maximum 
inner radius is ii, then 

V2=a-2^1og(i2*-a«), 



n 



and Vi — Va = 2 - log — 



R^'-a'' 



n ^ a'^—b^ ' 
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If c be the maximum distance of any point on a conductor 
from the centre of the cable, we have 

Hence the capacity between the n wires in parallel and the 

sheath is 

nhX 

2 log ^-j,r— ' 

This may also be written in the form 



21og- + -log 



-(.)" 



h ft 

Now - will in general be greater than p, and hence the 

capacity will be less than that of a concentric main whose inner 
and outer radii are a and K respectively. If hB» = a^, or if n is 
infinite, the capacity will be the same as that of this concentric 
main. 

The general appearance of the equipotential surfaces for the 
case of eight cores can be understood from Fig.. 11 7, Chapter xv. 
When h is greater than 1*5 times a, the equipotential surfeces are 
practically circular cylinders having the same axis as the cable. 

In the case of overhead wires which, unlike the conductors in 
cables, are not screened from outside influences by an enclosing 
metallic screen, we have to take into account the effect of the 
earth. We will first give the exact solution of the capacity of a 
single cylindrical wire parallel to the earth, and then give various 
practical approximate solutions for the case of several wires in 
parallel. 

Suppose that we have two equal cylinders parallel to one 
^^ , another, one charged with a quantity q of elec- 

cyiinder parallel to tricity per Unit of length, and the other charged 

with a quantity — q. Then, by pages 9 and 99, the 
equipotential surfaces are given by 



i;=2glogJ, 



9—2 
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where Vi and r^ are the distances of a point P from the inverse 
points A and B of the two circular sections made by a plane 
cutting the cylinders at right angles. Now, at every point on the 
plane bisecting AB at right angles, Vi equals r^, and therefore 
V equals zero, so that this plane is an equipotential surface. 
Since the earth is at zero potential, we see by Green's theorem, 
that the equation 

7* 

v = 2g log - 

gives the equipotential surfaces for a single cylinder and the 
earth. 

If a be the radius of the cylinder, Vi its potential, and h be 
the height of its axis above, the earth, then 

^i = 23log^% 

= 2<?log^, 

where is the centre of the cylinder. 

But OA.OB^ a\ 

and OA + OB^ 2A, 



thus OA^h- >Jh? - a^ 

and Vi = 2^ log 



therefore -K'i.i = 



I 



^, h + ^h^" a* 
2 loc: 



We suppose that the wires are at the same height, and we 
shall first find the capacity between the two wires 

The CApacity be- , j. ./ 

tween two hori- in parallel and the earth. Let the charge on each 

zontal parallel 

wiifes vt^hen near • i^ , Q -j. i _j.i. Ta ' x 

the earth. Wire be + | per umt length. It is ^asy to see 

by the method of images that the equipotential surfaces will be 
the same as those due to four parallel wires, the new wires being 
the images of the old wires and charged with negative elec- 
tricity. Let h be the height of the wires above the earth, then 
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the distance between a wire and its image will be 2A, and the 
equipotential surfaces will be given by 

i;=C-2|logn-2|logr2 + 2|logr3 + 2|logr4. 
It is easy to see that C is zero ; hence 

If d be the horizontal distance between the wires, and if a, 
the radius of each wire, be small compared with d and h, we get 
the following approximate equation to give Vi the potential of the 
wires, 

, 2AVdM^lF 
^. = ?log-- ^ -. 

Now if ^1.1 be the coefficient of self induction for electro- 
static charges of each wire and jK'i.s the coefficient of mutual 
induction, the capacity of the two wires in parallel is 2 (iTi.i -^K^^^y 
and thus 



21og-^H-log(l + ^) 



We shall now find the capacity between the two wires. 

Suppose that the charge on one wire is +5 per unit length 
and that the charge on the other wire is —5; then, since the 
capacity between the two wires is \ (K^^i — Ki^^, we find by the 
method of images that 

21og--log(l + ^) 

In deducing these equations we have supposed that d and h 
are large compared with a. 

Solving the equations we find 

2h 



2Zlo£r 



" a 



4(l„g2iy_|iog(l + ^"" 
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4h' 



and ^^•'- = "7 — 2!: 



-„og(:.- 



U'W^' 



,(„,^;-W(,.«)i 



Comparing this with the formula obtained for a single cylinder, 
we see that the presence of a neighbouring cylinder increases the 
value of iiTi.i. 

If we make h infinite in the above formulae, then 

J. I 

41off - 
^ a 

and iri.2 = --^— 



41og- 
^ a 



The capacity between the wires in this case is approximately 

I 

41off - 
® a 

Let d be the distance between the wires, and h the height of 

the lower wire above the ground. Let the radius 
be^eerTtwo ^f ^ach wirc be a, and suppose that it is small 

SilSJonc''4S"*** compared with either d or h. Then, if the charge 
caiiy over the on the lowcr wirc be q per unit length and that 

on the upper wire — q per unit length, the equi- 
potential surfaces are given by 



r/ ^ , r. 



v = 2g'log^-2ylog^, 

where Vi and r/ are the distances of a point on the surface from 
the axis of the lower wire and its image respectively, and rg and 
r2 are its distances from the upper wire and its image. If Vi and 
Vi be the potentials of the lower and upper wires, then 

Vi = 2q log — - 2g log — ^— 
= ^«^^Sa(d^-2A)- 
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Similarly 

Va = 2q log — ^ 2q log ^ - - 

Thus ^^-^«=2glog-,^A__ 

Therefore the capacity between the two wires is approximately 

I 



41„g^+21og{l-(,4^}- 



If (2 be small compared with 2A, this may be written 

I 

°^ a (d + 2A)» 

If the wires had been in the same horizontal plane at a height 
h above the ground, then the capacity would be 

I 



4 1og^-H21og|l-^ 



^3 ^ 

Now since ., . ^i »o is less than -^- — yt. , the capacity between 

the wires for a given distance between them is a little smaller 
when they are arranged one over the other than when they 
are placed side by side, provided that the height of the lower 
wire in the one case is the same as the height of the two wires 
in the other. If however the mean height is the same in both 
cases we see, by writing h — ^d instead of A, that the capacities 
for the two arrangementR are practically equal when d is small 
compared with 2h. 

Suppose that the three wires are parallel to, and equidistant 
from, one another, the plane throucfh the axes of 

The capacity of . 

three phase over- the 'lowcT two being parallel to the earth. We 
wires. ^^j g^j ^j^^ capacity between the lower two and 

the top wire. Let the charge on each of the lower two — (1) and 
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(3) — be 4- ? per unit length, and on the top wire — (2) — be — 5, 

then, taking images (Fig. 41), 
we find for the equation of 
the eqiiipotential surfaces 

t; = 2|log5-'-23log^' 



+ 2«--'» 



2 



log 



n 



= glog 



n'n'r^' 



.Let d be the distance be- 
tween the axes of the wires 
and h the height of the two 
lower wires above the ground. 
Let a be the radius of each 
wire, which is supposed to be 
small compared with d and h. 
Then if Vi be the potential of 
the lower wires, and v^ the 
potential of the upper one, we 
have approximately 

2hd (4A' + d^)^ 
^'~* ^^a(4A« + d« + 2Ad\/3)' 

g' (4fe» 4- cP + 2 Ad VS) 
d« {2h + d \/3> 

Thus Vi — V2^q log 

Therefore the capacity is 




/^//////////yy////, 



v^^qlog 



Fig. 41. Image of overhead 
three phase mains. 



d^2h (4^^ + d^)^ {2h -f d V3y 
a» (4A2 + d^ + 2Ad \/3> 



I 



3 loff ^ + loff 2 ^(4^^ + ^')K2A-hd V3y • 
^a ^ (4A« + d»-h2M\/3)» 

The expressions for the capacity between one of the lower 
wires and the other two, or between the three in parallel and 
the earth, can be written down similarly without much difficulty. 
They are however much more complicated. 
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In applying the above formulae it has to be remembered 
that we have made the assumption that the earth in the 
neighbourhood of the wires is a perfectly level plane of perfectly 
conducting matter. This assumption is in many cases not 
permissible. The presence of trees, rocks, buildings, etc. con- 
siderably complicates the problem ; moreover the heights of the 
wires above the earth are generally not constant. In addition the 
wires are often ' spiralled ' or * barrelled ' relatively to one another. 
For example if a, b and c be the insulators on the first pole and 
a\ V and c' be the corresponding insulators on the next, then 
No. 1 main would be connected between a and h\ No. 2 main 
between h and c' and No. 3 main between c and a\ The mains 
would then probably be slung parallel to one another for a given 
number of poles and then another twist of 120° in the same 
direction would be given to them round the central axis. On long 
transmission lines one effect of this spiralling is to make the 
capacity and inductance between any two of the mains the same. 

The capacity between an overhead wire and the earth is 
generally measured by charging the overhead wire to a given 
potential and then measuring its discharge to a good 'earth,' 
a water pipe for example, by means of the throw produced on 
a calibrated ballistic galvanometer. The ratio of the charge found 
in this manner to the potential is taken to be the capacity of the 
wire. Now after a prolonged drought the surface of the earth is 
a very bad conductor, and so it takes a considerable time to charge 
and discharge the condenser formed by the wire and the surface 
of the earth. Hence, as we should have expected from theoretical 
considerations, the capacity found in the above manner varies, 
sometimes by several hundred per cent., from day to day, 
depending on whether the ground is damp or dry. The value of 
the capacity of a main found by noting the charging current it 
takes when one pole of an alternator is connected to it and the 
other is put to earth corresponds practically with the capacity 
found by an instantaneous discharge of the main. 

The general equations of the electromagnetic field (see 
The inductances J- J. Thomsou's Elements of Electricity and Mag- 
^S wrfiw '*' netism, Chapter xi.) show that, when variable 
currents. elcctromotive forces are applied to conductors, 
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the resulting currents diffuse into the conductors from their 
surfaces in exactly the same way as heat would diffuse into 
the conductors if their surfaces were exposed to variable tem- 
peratures. There is this difference, however, that high electrical 
conductivity in the one problem corresponds to low thermal 
conductivity in the other (see Chapter xvi.). It follows also 
from the general equations that, when alternating £.M.F.'s of very 
high frequency act upon conductors, the currents are practically 
confined to very thin layers at the surfaces of the conductors, and 
it is easy to see that these surface currents must be distributed in 
such a way that they give rise to no magnetic force in the interior 
of the conductors. 

The problem of finding the distribution of alternating currents 
in solid conductors can only be solved in the very simplest cases, 
when the frequency of the alternations and the electrical con- 
ductivity of the metal are finite. But, when the conductivity is 
supposed infinite, the problem of finding the distribution of the 
current can be solved by the aid of results already obtained in the 
solution of electrostatic problems. 

When the conductivity is infinite, the currents are entirely 
confined to the surfaces of the conductors, just as the charges are 
in the case of an electrostatic distribution. 

Now the magnetic force at a point at a distance r from an 
infinite straight filament of current of strength c is 2c/r, the 
direction of the force being at right angles to the radius r in 
a plane at right angles to the filament. But, if the filament, 
instead of carrying the current c, is charged with q units of 
electricity per unit length, the electric force is 2q/r, the direction 
of the force being along r. Hence, if we have a number of 
parallel cylindrical conductors of any cross-sections but of infinite 
length, and if the currents be confined to the surfaces of the 
conductors, the magnetic force is equal in magnitude to the 
electric force which the conductors would produce if they were 
charged with electricity in such a way that the surface density of 
the charge is equal to the surface density of the current; the 
magnetic force, however, is at right angles to the electric force. 
By the surface density of the current is meant the amount of 
current which flows, in a standard direction, per unit length across 
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a line drawn on the surface of a conductor at right angles to its 
length ; the surfetce density can therefore be positive or negative. 

When any number of parallel cylindrical conductors are 
charged with electricity, the charges distribute themselves on the 
surfiax^es of the conductors in such a way that they produce no 
electric force in the interior of the conductors. Hence if currents 
flow along the conductors and have a surface density equal to that 
of the charges, the magnetic force will vanish at all points in 
the interior of the conductors. If the conductors have infinite 
conductivity, this will therefore be the distribution of current 
when alternating currents of proper magnitudes are made to flow 
along them. 

In more precise language if ii, ij, ..., be the total currents in 
the cylindrical conductors, 1, 2, ... at any instant, these currents 
distribute themselves over the sur&ce of the conductors in such 
a way that the surface density of the current is equal to that of 
the charge, when the conductors have the charges ii, 12, ..., per unit 
length. In addition, since the magnetic force at points outside 
the conductors is at right angles to the electric force, the lines of 
magnetic force are identical in form with the electric equipotential 
lines in planes perpendicular to the direction of the cylinders. 
Now the electric force R is equal to the magnetic force H. Hence 
it follows that the total flux of magnetic force which passes 
through a rectangle, which has two of its sides parallel to the 
direction of the cylinders and of unit length, is equal to the 
difierence of electrostatic potential v' — v" between these 
two sides. Therefore the total flux between two cylindrical 
conductors, per unit length in one case, is equal to the difference 
of electrostatic potential between them in the other case. 

Since H equals i?, we have 

ff'2 /J2 

X dv^l ~dv, 

SO that (page 91) the magnetic energy in the one case is equal to 
the electrostatic energy in the other. 

In order to fix our ideas, let us suppose that there are two sets 
of very long parallel conductors of the same length and that at 
one end both sets are connected with a single conducting plate 
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cutting the conductors at right angles, while at the other end the 
two sets are connected with separate plates A and B. Now if, when 
the total current flowing from ^ to JB through the system is /, 
the magnetic energy is ^LI\ the quantity L is called the self 
inductance of the system. When the conductivity of the con- 
ductors is not infinite, the distribution of current in each conductor 

at any instant depends not only upon / but also upon jr> j^v> 

and thus there is in this case no definite value of L, The problem 
becomes a little simpler when / is a simple harmonic function of 
the time, for then we can speak of the effective value of the self 
inductance. We can also calculate it, as Maxwell has done, for 
the simple case considered on page 46. In two cases only can we 
obtain definite values of L. The first case, in which the currents 
are constant and the conductivity is finite, has been sufficiently 
considered in pp. 52 — 62. The second case is that in which 
either the conductivity is infinite or the frequency is infinite. 
It is simpler to consider that the conductivity is infinite and we 
shall proceed on this assumption. 

Now the E.M.F. between the ends of all the conductors of one set 
is the same and in the same direction, and hence, since their con- 
ductivity is infinite, the total flux of force passing between any two 
conductors of the same set is constant. If initially, before the 
E.M.F. was applied between A and J5, there were no cun'ents in 
the conductors, this flux of force is always zero. Hence, by what 
we have shown above, all the conductors of one set in the electro- 
static problem are at the same potential. 

Since the total flux between any two conductors of the same 
set is zero, the total flux between any two conductors of opposite 
sets is the same, and hence also the total flux of induction which 
is linked with any conductor of either set is the same for all the 
conductors of that set. The total flux between two conductors of 
opposite sets is easily seen to be simply LI. For, by page 56, we 
have 

LP = t<f>i 

where i is the total current embraced by the tube of force in which 
the flux is <l>, and the summation takes in all the tubes of force. 
Since there is no magnetic force inside a conductor, i is constant 
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for every tube linked with that conductor, and thus we may 
write 

since 2<^ has a constant value, say ^^, for every conductor of one 
set and a constant value <1>b for every conductor of the other set. 
But the total flux between two conductors of opposite sets is 
^A +^B> JUid since 2i^ equals / and Si^ also equals /, it follows 
that the total flux between two conductors of opposite sets 
equals iJ, which proves our assertion. 

We thus see that when the conductivity is infinite the total 
flux of force between two conductors of opposite sets, when the 
total current is unity, is equal to the self inductance of the 
circuit ; this result is only true in the special case of infinite 
conductivity, though language is often used which implies that 
it is true when the conductivity is finite. The result is not 
true when the current is distributed over the sections of the 
conductors, because in this case some tubes of current are em- 
braced by more tubes of magnetic force than others. The 
calculation given on pp. 55 to 59 definitely takes account of this 
variation in the number of tubes of magnetic force embraced by 
the various current tubes. 

We can now easily express L in terms of K, the capacity 
between the two sets of cylinders, the cylinders of each set being 
connected * in parallel.' For the flux of force ^^ + <!>£ between 
two conductors of opposite sets per unit length is X//Z, where 
/ is the length of either conductor. Hence in the electrostatic 
problem if v be the difference of potential between two conductors 
of opposite sets, then since v must equal 4>^ + <E>j3, we have 

and therefore, since I equals q^ 

We can now write down the value of L for a pair of equal and 
parallel circular cylinders by the aid of the formula (8) of page 102. 
Thus 



Z = 4nog. ( ^ -^ ^^^^- ^^'^ ) 
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or when d is kxge compared with a 

'd 



'■-"'Mi-l)- 



The indnctance L ofa, ciicuit formed by two parallel 
cylinders, one wholly enclosed by the other, is given by 



where y9 = 



2ab 



The radii of the cylinders are a and 6 respectively, and d is 
the distance between their axes (page 104). When d^ is small 
compared with l^ — a* this becomes 



i-^-^a-ii^,.). 



and when d is zero (see also page 54), 

i = 2Zlog.^. 

We can write down in a similar manner approximate formulae 
for the inductances of the circuits formed by connecting in various 
ways the cores and the sheath of a polyphase cable by the aid of 
the formulae for the capacities given at the beginning of this 
chapter. For example, when the frequency of the alternating 
current is very high, the inductance of the circuit formed by the 
three cores in parallel and the sheath of the three phase cable 
illustrated in Fig. 40 can be found by the formula 

We can find in a similar way the formulae for the inductances 
of parallel wire circuits suspended above the earth and carrying 
currents of very high frequency by the help of the formula, 

i = ^. 

For example, if part of a circuit be formed by a wire of length 
I and radius a at a height h above the earth, and if the earth form 




V] POWER TRANSMISSION LINES 143 

the remainder of the circuit, the earth currents will be concen- 
trated on the surfgice of the e^rth, and we shall have by page 132 

a 
or, when a is small compared with h, 

° a 

The logarithms in this chapter are all to the base 6. 

In proving the above formulae it has been assumed that the 
total current in a conductor of either set has the same strength 
at all points on that conductor. This implies that the rates of 
variation of the charges which appear on the surfaces of the 
conductors, due to the E.M.F. between the two sets, are negligible, 
that is to say that the condenser currents are negligible. 

Now this is true when we are dealing with direct cufrents 
which have arrived at their steady values. It is also true with 
alternating currents when the wires are infinitely thin and so have 
zero capacity. In the general case it is not true. For example, 
on a single phase line for the transmission of electric power at high 
pressure, the effective values of the currents in the two conductors 
at the generating station may be as high as fifty amperes, although 
the ends of the two conductors are not joined at the distributing 
station. As we proceed along the line from the generating station 
to the distributing station, the effective value of the current con- 
tinually diminishes from fifty amperes to zero. The calculation of 
the electromagnetic energy at a given instant in this case is difficult 
even although we make the assumption that the conductivity of 
the wires is infinite. If v be the instantaneous value of the 
potential difference between the mains the electrostatic energy 
^Kt^ can however be found at once. 

Let the current at the generating end of the line when the line 
is loaded be Iq + i, where io is the capacity component of the current 
and i is the current taken by the power station. Then the electro- 
magnetic energy stored in the field round the transmission lines 
lies in value between ^L (i + io)' and ^Li\ where L is the value of 
the inductance calculated by the fonriulae given above. If the load 
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current be large compared with the charging current, then \Li* 
will be approximately equal to the total electromagnetic energy. 

When the line is very long, or when the frequency is so high 
that the distance travelled by light and therefore also the distance 
travelled by the electric disturbance during one alternation of the 
applied potential difference is comparable to the length of the 
conductors, other and more complex phenomena arise. The 
formulae given in this chapter should not be used in these cases 
without investigating whether the assumptions on which they are 
founded are permissible. 

We have also neglected the brush discharge from the wires. 
When the voltage is 20,000 or upwards, the brush discharges from 
the wires are similar to those got from ordinary frictional electrical 
machines. If a thin wire be connected with a main at a high 
potential, the air immediately around it appears to glow, and, if 
the end of the wire is pointed, a current of air comes from it. 
Pieces of cotton hung from the mains repel one another, and all 
the ordinary electrostatic phenomena are produced. It is found in 
practice that the current and power taken to maintain this brush 
discharge is appreciable, and for this reason very thin wires must 
not be used for the transmission of electric power at very high 
pressures. 
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CHAPTER VI. 



The power factor. When the power factor is unity, the volt and ampere 
waves are similar. The maximum value of the power factor is unity. 
Geometrical interpretation of the power factor. Definition of phase 
difference. Time lag. Numerical examples. Zero power factor. Watt 
E. M. F. and wattless E. M. f. Impedance. Reactance. Watt current and 
wattless current. 

If e represent the instantaneous value of the P.D. across a circuit 

and i the instantaneous value of the current in 

The power factor. .,..,. 

it, then ei gives the instantaneous value of the 
watts expended in the circuit. The mean value of ei over a 
whole period gives us the rate at which work is being done in 
the circuit, or the power ( W) being expended in it. The value of 
ei is sometimes negative for a fraction of a period and hence its 
mean value can be very small. Now the reading V of the volt- 
meter gives us the R.M.S. value of e, and A the reading of the 
ammeter gives us the R.M.S. value of i, but VA will not in general 
give us the mean value of ei. It is found convenient in practice 
to call the ratio of W to VA the power factor of the circuit, and 
we shall show that the maximum possible value of the power 
factor is unity. It may therefore be denoted by cos <f>, where <f> 
is a certain auxiliary angle of great use in graphical calculations. 
In mathematical symbols the power factor is defined by the 
equation 

^ I eidt I eidt 

B. I. 10 
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To prove this we ootice, from bhe meaDing of the uitegral 

s:.': :^'s^- i f... _ , a.- +..■+. .■ + ... + .„■ 

—-"•■'""" Tl.^'^-.h n ■ 

where e,, e„ ..., c„, are equidistant urdiaates of the p.d. wave. 

Dividing up the current wave into the eaoie number of 
ordinates, we see that, if the power factor equals unity, then 
from (I), 

{e,i, + e^h + ... + e„i„f ^ ^ . 

thuB (eiii+e,ij+ ...)* -(«]' + Cj* + ...)(ii' + ij« + ...) = 0, 

and (e,ia-et'hy+(_e,h — ej,iiy+ ... =0. 

Now since the square of a number is always positive, every 
term on the left-hand side is positive ; and since the sum of them 
is zero, every term must be zero. 

Hence eji, — Cjii = 0; Cjij — esii = 0; etc. 



re, at every instant, the ratio of the volts to the amperes 
Eint, which proves the theorem. 

in since (Siij — eji,)" + (e,]^-e8i,)'-|- ... is always greater 
than zero except when each term equals zero, it 
le power easily follows by going through the above proof 
ba<;kwards, that the power factor is less than 
zcept in the very particular case when the current and 
ves are the Bame curve drawn on different scales. It is 
ent to call these waves similar wavea Hence if the power 
f a circuit is unity, the volt and ampere waves are similar, 
ig at the same instant and attaining all their maximum 
limum values at the same instants. 

may show in a similar manner that the power factor can 
ess than — 1. When the power factor is — 1, e is negative 
is positive and vice versd, but, as before, the ratio e to t is 
b. Hence in this case also the waves are similar waves. 
re drawn however on opposite sides of the axis. 
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It will be seen that cos <^ can only be equal to its limiting 
values, +1 and— 1, in very special cases. As the angle <f> is 
mainly useful in the application of graphical methods to alter- 
nating current problems, it is convenient to make the limitation 
that lies between 0"* and 180°. 

If a simple circuit is absolutely non-inductive and has no 

capacity, then 

e = Ri, 

where R is the resistance of the circuit. Substituting this value 
o{ e in (1) we see that the power factor equals unity. This could 
be proved directly as follows. 

We have e» = iPi^ 

thus F» = R^A\ 

and V=RA. 

Also ei=Ri^, 

therefore the mean value of ei = mean value of Ri\ 
hence W = RA^ 

W 
and the power factor = -^^ = 1. 

By defining the power factor as the cosine of a certain angle <f>, 

Geometrical in- ^^ ^""^ ^^^^ ^^ many cascs to givc a geometrical 
terpretation of the interpretation to the quantities involved, and can 

easily prove many algebraical relations between 
them by the help of known theorems in algebra and trigonometry. 
We will consider a simple case. 




Fig. 42. Inductive resistance in series with non-indnctive resistances. 

Suppose that B^G (Fig. 42) is part of an alternating current 
circuit. Let the resistances between BBi and BiB^ be jBi and R^ 
respectively, and suppose them non-inductive. Let ej, e' be the 
instantaneous values of the p.d. between Bi and C and between 

10—2 
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B and C respectively, and let the instantaneous value of the 
current be i. 

Then evidently we have always 

c' = ^1 — Ri\ 

thus e'» = ei> + iJiV-2iJieit. 

Hence by taking mean values for a whole period, 

F'«=Fi» + ie,M«-2i?iTr (2) 

where F', Fi and A are the effective values of the volts and 
amperes, and W is the mean value of e^i, that is, the power being 
expended in the circuit BiC Denoting the power factor of this 
circuit by cos 0i, we have 

Tr=Fii4cos0i, 

and substituting in (2) we get 

F'2 = Fi« + R^^A^ - 2iei Fi A cos 0i . 

If we now construct a triangle GBB^ (Fig. 43) whose sides 
GB, BBi and BiG are F', RiA, and Fi respectively, we see by 
trigonometry that the angle GBiB is ^i. The cosine of GBiB 
is the power factor of the circuit GB^ (Fig. 42). 

C 




Bt B 

Fig. 43. This diagram shows graphically the magnitudes and phases of the 
potential differences in the circuit shown in Fig. 42. 

Similarly producing BB^ to B^ (Fig. 43) and making B^B^ equal 
to B^A, it is easy to show that the cosine of the angle GB2B is the 
power factor of the circuit GB^ (Fig. 42) and that GB2 (Fig. 43) is 
the effective value of the p.d. between G and B2. 



k 
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If Fa denote this p.d. and ^2 denote the angle CB^B, then by 
trigonometry, 

Fa sin <^ = Fi sin 0i. 

If we denote the angle CBK by 4>> ^hen 

Fi cos <^i — F' cos 0' = RiA, 

thus V^A cos 01 - TA cos 0' = B^A\ 

Since Fi^l cos 0i is the work done between B^ and (7, it follows 
from this equation that VA cos <f> is the work done in the circuit 
BG (Fig. 42). Hence cos 0' is the power factor of the circuit BC, 
Fig. 43, then, can be used to prove many relations between the 
volts, amperes and watts in the circuit. Thus to define the power 
factor as the cosine of an angle is a real help in understanding the 
relations of the various quantities involved. 

It is convenient to call the angle whose cosine is the power 
Definition of phase f^ctor the phasc diflFcrence between the waves of 
difference. p jj g^^^j current. Morc generally, if ei and e^ be 

two periodic functions of the same frequency, and <f> be their phase 

difference, then 

rT 

I eiB^dt 

cos0= ; .J, Tf rj (3), 

(f> being an angle between deg. and 180 deg. 

The principal advantage of determining the value of this angle 
is to enable us to employ graphical methods. 

For example, if e be the resultant of two p.d.'s ei and e^y then at 
every instant ^ 

and e^ = e^ + e^ + 2^1 e^. 

Hence, taking mean values over a whole period, 

F2=Fi«+F2» + 2FiF,cos0 (4), 

where <^ is given by equation (3). We see then that F, the 
effective p.d. of the resultant, is the diagonal of the parallelogram 
constructed on Fi and Fa as adjacent sides when the angle between 
them is ^. 
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Bj the time lag of two periodic fonctioiis of the same 

freqaency we mean the interral that elapses 
between the instants when thej pass throogh 
their zero values in the positive direction. The angle of time 
lag may be de6ned as the angle described in an interval eqaal to 
the time lag by a uniformly rotating radius which makes one 
revolution in a time equal to the period of the alternating 
current. 

H ti,t^he the epochs at which e^ and e^ pass through zero in 
the positive direction, we can write 

ati = ffi and a»^ = ot,. 

The time lag between ^ and e, is ^ — t,, and the angle of time lag 
is {0(ti — t^), that is a^ — a,. 

If Cj^Ei sin (<ot " tti) and 6^== E^ sin (tot — a,), by substituting 
in (3) we find that 

cos <f> = cos (ai — a,), 

therefore ± ^ = «i — ««• 

In this case, then, the phase difference is numerically equal to 
the angle of time lag between ei and e^, and, when ei and e^ vanish 
at the same instant, then <f} is zero or 180°. When ei and e^ are 
not similar curves, then for no value of the time lag is the phase 
difference zero or ISC'. This will be best understood by solving 
a few numerical examples. 

In order to simplify the calculations we will suppose that one 
Numerical ^^ ^^^ curves is a sine curve, and will find the phase 
exampiei. difference between it and the curves of which the 
positive halves are shown in Fig. 44. 

All the curves drawn give an effective voltage of 50, but the 
absolute value of the voltage has nothing to do with the phase 
difference, which depends only on the class of curve and its 
position relatively to the sine curve. If one of the curves 
represents a p.d. curve and the other the current curve to which 
it gives rise, then the cosine of the angle of phase difference 
between them will give the power factor. 
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The equations to the first halves of the curves shown in 
Fig. 44 are 

(a) Rectangle, 6 = F, 



(b) Parabola, 



(c) Sine Curve, 



(d) Triangle, 






(e) Inverted Parabolas, e=16V5F(^] , 

(/) Inverted Cvbics, « = 64V7F(^) . 

All these curves have the same effective voltage F. 
We shall find their phase differences with the curves 



27r 



i=/sin^ ^ and i = /sin f -^ ^ — a) . 



Curve 


Maximum 
value of e 


Height of 

CO. 


cos with 
T • 2ir^ 


in degrees 


cos <f> with 
I Bin r^ t a\ 


(a) 

{0) 

(«) 
(/) 


V 
1*370 F 
1414F 
1*732 F 
2*236 F 
2*646 F 


0*5 F 
0*5476 F 
0*5552 F 
0-5773 F 
0*6708 F 
0*7560 F 


0*9003 
0*9995 
1*0000 
0*9928 
0*9322 
0*8628 


25*8 

2*2 



6*75 

21-2 

30-4 


0-9003 cos a 
0-9995 cos a 

cos a 
0-9928 cos a 
0-9322 cos a 
0-8628 cos a 



We might also have calculated the phase difference between 
any two of the curves shown in the figure. For example, the 
phase difference ^ between the rectangle (a) and the very peaky 
curve (/) is 48*6 degrees, and the power factor (cos<^) is 0*6613. 

We have proved at the beginning of this chapter that the 
power factor can only be unity, and consequently the phase 
difference can only be zero, when the ratio of e to i is constant 
throughout the whole wave. A first essential condition for zero 
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phase difference is, thus, that e and t should both vanish at the 
same instant. This makes possible the second essential condition, 
namely, that the ratio of the ordinates of the two waves should be 
constant. 




Fig. 44. Voltage aurves, eaoh of which has au eSectiva value of 60. (a) Bactangle. 

{b] Parabola, (c) Sine curve. |d) Triaogle. {e) Inverted parabolas. 

(/) Cubic carves. 

Each of the curves shown in Fig. 44 is the first half of a 
symmetrical alternating curve. In such a curve the curve from 
( = to ^T is symmetrical about the ordinate corresponding to 
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t=^iT, and the curve from t=iT to T is the exact counterpart of 
the curve from ^ = to ^ T, except that it lies on the opposite side 
of the axis. We may express these conditions by the equations 

/(t)=f(^T-t) = -/(iiT+t) (c). 

Since the curve is a continuous one it follows that f(t) = when 
^ = and when t=T and also when t — ^T. 

We can now show that, if <^o he the phase diflference when the 
time lag is zero, and if a be the angle of lag between a symmetrical 
alternating curve and a sine curve, then 

cos <f> = cos i^oCosa (5). 

To prove this, we have 

T T 

j f {t) sin (-^-'- a jdt=j /(O sin-^ d^cosa 

T 

~ I f(0 COS -yp- dt sin CL 

T 

Putting ^ = ^ — a;, we get, from (c), 

T 

j f(t)cos-^dt = j f(^-^-xjco9-^dx 



^-^dt 






The last integral therefore vanishes. If the limits in the last 
integral had been \T to T, the integral would have vanished on 
account of the symmetry of f{t) about the ordinate corresponding 
to * = |r. We thus obtain 

j f{t) sin {-^ - aj de = cos a j f{t) sin -^ ^* W- 

Hence from (d) with the aid of (1) or (3) 

cos if> = cos <^o cos CL 

It is instructive to give a graphical interpretation to this 
formula. Let OAB and OBG (Fig. 45) be two planes at right 
angles to one another, and let the angle AOB equal <^o> ^^^ the 
angle BOG equal a, then the angle AOC will be <f>. 
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Draw BC (Fig. 45) perpendicular to OG and join AC. 
Then OA^ = 0J5« + AB^ 

= 00« + GB^ + AB^ 
:=OG^ + AG^ 
Therefore the angle OGA is a right angle. 




Fig. 45. Time lag and phase differenoe. For all positions of OC, the angle BOG 
gives the angle of time lag and the angle AOC gives the angle of phase difference 
between the two periodic quantities. The minimum value of the angle of phase 
difference is the angle AOB, 

Now OG=OA COS AOG, 

and OG = OB cos a 

= OA cos <^o cos a. 
Thus cos A OG = cos <^o cos a ; 

therefore by (5) the angle AOG is the phase diflference. 

This gives us a graphical construction for the phase difiference 
between a symmetrical wave and any sine wave. It is to be 
noted that this construction is in three dimensions. We shall 
return to this method of representing phase diflferences in 
Chapter viii. 

In practice it is the exception to have boith curves symmetrical. 
Suppose that the current is a sine curve, and that there is no 
time lag between it and the p.d. curve. Then if we consider a 
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family of P.D. curves all of the same height (see Fig. 20, Chap, ill.), 
a little consideration will show that the power factor is a maximum 
when the peak of the wave occurs at the quarter period. Suppose 
now that the current is lagging, and that the P.D. wave has its 
maximum value before the quarter period. Then it is evident that 
the power factor will be less than if the P.D. wave were sym- 
metrical. The maximum value of the power factor in this case 
occurs when the peak of the P.D. wave is in the second quarter. 

The curves considered above have only one maximum ordinate 
during the half wave ; they might however have several maxima 
and minima ordinates. Suppose for example the i^.D. and current 
were given by the curves in Fig. 46. In this case the power factor 
would be 075 and the phase diflference 41*4 degrees. It is 
fairly obvious that if the P.D. have a minimum value when the 
current has its maximum value, then the power factor will be low 
and the phase diflference large even if there be no time lag 
between the current and the P.D. 




Fig. 46. Phase difference 41*4°. Power factor 0*76. 

We shall now consider what happens when the power factor 

vanishes. We see from equation (1) that we have 



Zero power factor. . . 

in this case 



/. 



T 

eidt = 0. 
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^n practice wheo the time is increased by ^7* the values 

li become — e, and — i, respectively, we see that 

r 

I eidt = 1 eidt, 
Jo JT 

T 

re I eidt = 2 I etffo. 

suppose that the curve e only cuts the axis at points which 
listances \ T apart, and let us also make the same supposi- 
out i. 
en the time lag between e and i is zero, then ei is positive 

e half period, and therefore the integral / eidt is positive. 

the time lag between e and i is J 2", ei is negative over the 
riod and hence the integral is negative. When the time 
a leas than ^T, then from to t, ei is negative and from t 
ei is positive. We see then that, as t increases from zero 

I eidt gradually changes from positive to negative. 

Jo 

I eidt is a continuous function of r, and therefore for some 

f T the integral will vanish. It is therefore always possible 
a power factor of zero with voltage and current waves of 
ape by giving to the time lag between them a proper 

the particular case when both waves are symmetrical, the 
>f this time lag is a quarter of a period. This may be 
graphically. An analytical proof can be given aa follows. 

f{1i) and J'((+ jj be the functions which represent the 

and current waves respectively. Then, since they are 
trical, alternating curves, both /(() and F{t) satisfy (c), and 



/>)f(<+f).*-/V(f-«)f(f-<)*; 
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T 

putting ^= T- X, this = - [ / (^"2) ^^^ -iT)dx 

T 

= -fAt)F(t + ^)dt. 



Thus 



jy(t)F(t + ^)dt = 0. 



This proves that, when both the current and voltage waves are 
symmetrical, the power factor vanishes when the time lag is a 
quarter of a period. 

We have seen (page 78) that the charging current of a 
condenser is 

where e is the potential difference at the condenser terminals. 

In this case 

•^ de 



l^eidt = K f 

Jo J { 



e-j-dt 

at 

= 0, 

since e has the same value after an interval equal to the period. 

de . 
We see also that when i is zero -y- is zero, and therefore e has a 

at 

maximum or a minimum value. Assuming that e has only one 
maximum value in a period, we see that the time lag between 
e and i equals the time e takes to increase from zero to its 
maximum value. 

Now e can have its maximum value at any time during the 
half period when it is positive. Therefore the time lag between 
e and i can have any value between and ^T. In all cases 
however the power factor is zero. This proves that we can 
infer nothing concerning the value of the time lag from a mere 
knowledge that the power factor is zero. 
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If W be the wattmeter reading id an alternating current 
Watt EM. p. ana circitit, V aad A the voltmeter and ammeter 
watiieiaE.M.F. readings respectively, and if) the angle of phase 
difference between the volt and ampere waves, a quantity which 
we have seen depends only on the shapes of these waves and their 
ve positions, then 

W=VAco6^ (6). 

follows from the definitions (1) and (3) above. Now if we 
Be that V is resolved into two components whose values are 
<f> and Fsin <j> respectively, then these components are called 
'att E.M.F. and the wattless e.m.f. respectively. We see 
(6) that F'cosi^ or the watt E.M.F. multiplied by the effective 
of the current gives us the true mean power expended in the 
t. 

we have a simple inductive coil subjected to an alternating 
ihen 

e = Ri + L-jr, 

at 

■ore VAcos<f, = RA' 

the effective value of Ri is ^cos^, and the effective value 

li . . 

^ is Fsin^. Hence we can suppose the applied P.D. split 

U-J-, vuii^u uavc a phase diffe- 

of 90 degrees, and it is convenient to give names to the 
ive values of the two components. In the general case, 
'er, when iron is present, we need to be careful when 
ling about the watt and wattless components of the E.m,f. 
!y do not seem to have much physical significance. 

le impedance of a circuit is the ratio of the applied effective 
voltf^e to the effective value of the current pro- 
duced. If F be the reading of a voltmeter placed 
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across the circuit and A the reading of an ammeter in the 
circuit, then 

where Z denotes the impedance. 

When direct current is used, Z is simply the resistance R of 
the circuit. With alternating currents, Z may be a very com- 
plicated function, as it depends on the shape and frequency of 
the applied potential diflference wave, on eddy currents, the position 
of neighbouring circuits, capacity, inductance and magnetic per- 
meability. In the case of a simple coil whose self inductance is 
constant, we have (page 43), when the potential diflference wave is 

sine shaped, 

Z^ = R^ + (o^L\ 

If the wave be not sine shaped we can write (page 80) 

where a has its minimum value unity when the applied wave is 
sine shaped. 

If V be the applied p.d., A the current and cos ^ the power 

Reactance, factor of a circuit, then 7—^ is called the reactance 

A 

of the circuit. If there is no iron near the circuit and there are 



no eddy currents, then the reactance equals 



— jB*>- or acoX, 



z-'-^l 



and if in addition the applied P.D. be sine shaped, then the 
reactance is simply toL. 

The reactance may also be defined as the ratio of the wattless 
P.D. to the current. 

Instead of supposing that the E.M.F. is resolved into two 
Watt current and componcnts, WO may supposc that the current is 
wattless current. g^ rcsolvcd. In this casc A COS <f> is the watt 
current and A sin ^ is the wattless current. 

For an inductive coil 

e — Ri-\- L ^^. 
at 



r.v.-" 



S:.Hj/^•=v.■V■r■ 



|H.-:.. 

: i ■ ; -^ ♦ 
t s .■■■ ■* • 



■ -.4 ■ 



Pt-- • 
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When 6 13 of the form J? sin a>t, then 



% = 



R 



R^ + ft)'i 



^ sin ft)* — 



(oZr 



ii^ + 0)«Z 



^ cos CD^. 



The first term on the right-hand side, being in phase with e, may 
be considered as the watt component of the current, and the other 
term may be considered as the wattless component of the current. 
In this case we have 

the watt current = A cos = j^^— — rvo = —rr- > 



LV 



(oLA^ 



and the wattless current = -4 sin <i = ^^^ r^;, = — tf 

If e were the parabolic wave whose equation (h) is given above, 
then we can show that 



A cos <^ = ^ -1 1 



Hi _ 40 (f y + 1920 m- - 7««o (mt^-^\ 



RA 






V ' 



This proves that in general A cos <^ is a very complicated function 
of the quantities involved, and reasoning based on it has to be 
closely examined. 
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CHAPTER VII. 

Argand's method of representing a complex variable. Vectors. Addition of 
vectors. Polygon law for compounding vectors. Multiplication of a 
vector by a complex number. Division of a vector by a complex numbei*. 
Application to the theory of alternating currents. The currents in a 
divided circuit. Inductive coil in series with choking coil shunted 
by a non-inductive resistance. The apparent resistance and inductance 
of branched circuits. The currents in a branched circuit when mutual 
inductance is taken into account. Condition that the energy expended 
should have a stationary value. Important consequences in this case. 
Graphical solution. References. 

It is convenient in Algebra and Trigonometry to introduce the 
conception of the square root of negative unity, and to make the 
convention that it must obey all the ordinary algebraical laws. 

An expression of the form x-h yJ — 1 is called a complex number, 
and has many properties which make it a great aid in calculation. 

The expression x — y^—l is said to be conjugate to a? + y V — 1, 

and Va^ + 3/*, the square root of the product of the two, is called the 
modulus of either. The following three fundamental theorems are 
proved in text-books on algebra. 

1. If a, 6, c and d are real quantities and 

a + 6 V — 1 = c + dV — 1, 
then a=^c and b = d. 

2. ?_= = _? ^V^n. 

a + tV-l a' + 6« a^ + ft* 

^ c + dV — 1 ac + bd ad — be / — r- 
a-h6v-l a' + 6' a'* + 6^ 

R. I. 11 



i^T:^^^yj'f--:i '' 



^.r'iy 



i>-v 
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If we agree that the abscissa represents the real part of the 

complex vari- 

Affifand's method ^ 

ofreprMcotiaca able and the 

complex Tftriable. «. ^« 

ordinate the 
imaginary part, then a line 
OP (Fig. 47) can be repre- 

MCDted by x + yJ^l. The 

length of OP, V^Ty*, is the 
modulus of the complex vari- 
able and its inclination to the 

axis of a; is tan"' - . If r and 

X 













P 








r^'^^ 




jr 






.y^^ 








X' 


o 




X 


M X 



6 be the polar coordinates of 
P, then 



v 

Fig. 47. OP is the graphical representa- 
tion of the complex Tariable x + yJ -\, 



and 



tan^ = 



^y 



X 



If OP rotate about the point P with uniform angular velocity 
vectort. a> and if OX be the initial position of OP, then 

OM = r cos cot, 

PM =r sin wt, 

where t is the time in seconds since OP coincided with OX. 
The line OP is called a vector and may be represented by 

r cos ft)^ + V — 1 r sin wt 

By trigonometry this expression may be written in the form 
^.g«^N/-"i where € is the base of Neperian logarithms. 

Two vectors OP and OQ are compounded by the paral- 
Additionof l^log^am law. To prove this, suppose that OP 
vectprt. represents aji + yiV — 1, and that OQ represents 

Now, if OR (Fig. 48) represents X -\- Ysl — 1, we see at once 
by projections that 

X — x^-^-x^ and F=yi+y2- 
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Hence OR represents 

a?i + aj2 + (yi + y2)V^-l, 

and may be called the resul- 
tant of the addition of the 
vectors represented by OP 
and OQ. If -B be the mag- 
nitude of the resultant and 
its inclination to the axis 
of X, then 

R = {(x, + x^y + (y, + y,y}^, 
and tan^ = ^^^^ 

Xi + X2 




Pig. 48. 



Proceeding in exactly the same way as in the last paragraph, 
Polygon law for ^^ ^^^ ^how that the cquatious 

R = {(txY + (%)f 



compounding 
vectors. 



and 



tan = J^ 

zx 



give the magnitude and the inclination of the resultant of any 
number of vectors. 



! 



Suppose that the vector is represented by a? + y V — 1 and that 

Muiti licationof ^^® numbcr is a-h 6V — 1. Then by ordinary 
a vector by a multiplication WO find that the result of the 

complex number. . . i i i • 

operation is a vector whose length is 



and its inclination to the axis 

^bx + ay ^ 

tan-^ ,^=0 + a, 

ax — by 



where 



tan ^ = ^ and tan a = - . 
X a 



The result of the operation is therefore to multiply the length 
of the vector by Va'* -h b^ and to advance the vector through an 

angle a, where tan a = - . 
® a 

11—2 
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This theorem can be proved more simply trigonometrically 
as follows: 

where A is Va* + 6». This obviously proves the theorem. 

Wehave .: + y V^l ^ iV>^ 

a + ftV - 1 ile'V^i 

Division of a 

vector by a T v / 

complex number. ^ — - g (•"«)>/ - 1^ 

A 

Hence the length of the vector is diminished in the ratio of 

1 to V a* + fc*, and the vector is turned back through an angle 

h 
tan*^ - . 
a 

We have seen (page 41) that the equation for the current in a 

simple inductive circuit is 

Application to the 

theory of alter- ^ ^i 

nating currenta. e = Ri -\- L^r » 

at 
This may be written in the form 

where D is an operator. If i be an harmonic function / sin (ot, 
then 

D . / sin (ot = — (ol cos cot, 

and i> . /sin ©^ = — w* /sin cw^. 

Thus i> = - ft)2, 



and D = (osJ — 1, 

Similarly, if i were /coso)^, D would have the same value. Now 
if we suppose that both e and i are complex quantities and can 
be represented by vectors, then by the preceding theorems the 
operations of multiplying or dividing by the complex number 

R + Xw V — 1 can easily be performed and the real part of the 
result will give the required solution. Although at first sight 
it may appear , clumsy to introduce an imaginary term in the 
expression for i, seeing that we ultimately reject the coeflBcient 

of V — 1 in our result, yet it will be found that this artifice 
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introduces trigonometrical symmetry, and in some cases greatly 
simplifies the calculation. We will use square brackets to denote 
a vector quantity so that if i = / cos tot, then 

[i] = /cos ft)^ + V — 1 /sin (jjt 

Denoting the operator R + Lay's/ — I by [p], the equation in 
alternating current theory corresponding to Ohm's law in direct 
current theory will be 

W = WW (1). 

To prove this it is sufficient to notice that since, by hypothesis, i 
and therefore also e is an harmonic function of the time, we have 

E cos ((ot + a) = [p] I cos (wt + ^), 

V-l 
therefore, by diflferentiating and multiplying by , we get 

V^l E sin (cjt + a) = [p] V^l / sin (ayt + /9). 

By adding these equations we arrive at (1). We can use this 
equation to find e. 

We have 

[e] = (J? + /ft) V^) (/ cos (ot + ^Z-^il sin cjf) 

= Vi? + /«©»/ {cos (o)^ + a) + V ^ sin (cot + a)}, 

therefore e = Vi2« + /'©^ / cos (©^ + a). 

Similarly if 

[e] = Eco& cot 4-V — l^sin ©^, 



then W = r 1 



E 



ViJ2 + i^a)^ 



.(«<-a)>/-l 



Thus 



where 



. _ -B sin (cot — a) 
tan a = -^ . 



?5.» 



v<* 






■V 



v^^ 



^A' 



166 



ALTERNATING CURRENT THEORY 



[CH. 



It will be noted that this method only gives us the particular 
integral of the equation 

e^Ri + Lj^, 

in the special case when 6 is a simple harmonic function. To get 

the complete integral we have to add on the term Be ^ . This 
term however is as a rule only important for a fraction of a second 
after switching on (see page 42). 









If the current in each branch be ii and 4 (Fig. 49), and the 

The currenu in « resistances be r, 
divided circuit. and ra, then for 

direct currents, 



h = 



n+^2 



^, 



ri 
*8 = r-T-:r *» 



and 



ie= 



ri + rj 




Fig. 49. Calculation of harmonic 
currents in a divided circuit. 



n + ra 

where i is the current in the main and R the resistance of the two 
branches in parallel. 

With alternating currents, if we denote the impedance of the 

branches by Zi^ Z^, and if Zi equals ViJi^ + Li^co^ and tan aj equals 



n. 



, then 



w-b™-» 



Z,e'^-i 



Z'e''-^-^ 
where Z' = {(R, + B^f + to" (L, + X,)'}* and tan o' = '"^'"'jf '^ 



and 



{i2i2 + a)2V}*7 



{(R,+ R,y + a)'(L, + L^y}^ 



cos (<t)t + «! — a ). 



r- 
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If -^ = f,- , then «! = otg = a', and, ii and ^ are in phase with 

i. If p is greater than ^, then ai is greater than a^, and a' 

is greater than Og, but less than «!. Hence the current i^ lags 
behind i, but the phase of the current ig is in advance of i. 

Again, since [e] = [pj [ii] = [pa] M. we have 
and i2 + io)\^:ri=:^V-^+««-«W-'i 

z z 

= -L, " {cos (ofi + 02 - a) + V- 1 sin (tti + aa - a')}. 



Thus 



and 



ifc = —y, COS (fli + 02 — a )> 
io) = -^ * sin (oi H- Oa — a'), 



and ^ = %f% 

where ii is the equivalent resistance, L the equivalent inductance, 
and Z the equivalent impedance of the two branches in parallel. 
We see that i lags behind e by an angle Oi + Oa — o'. 

The above formulae for the eflfective resistance and inductance 
of the branched circuit may be written in the form 

Iti'\- R2 J?i + iJa Z^' 

J. _ L,R,' -\- L^R,' _ (XA - L^RiY ( 1 1^ 

^" (R, + R,y L,-\-L, l(«i4-iJay Z'^r 

where Z' = {(R^ + R^f + to' (A + A)'}*. 

Hence, as the frequency increases, the apparent resistance 

« R1R2 '. ' • 1 X L^Ri-\- L1R2 .. 

increases irom ^ ^ , its minimum value, to — yt TTr~ > ^^^ 

111 + ^2 V-'^i + ^2/ 

maximum value, and the apparent self inductance diminishes from 

~ 7» p >,„ , its maximum value, to 7^ f ,its minimum value. 

(ill + -^Y -^1 + -^2 

It is also worth noting that when the time constants of the 
circuits are equal, R and L are independent of the frequency. 






B. 



Uf+*r',*. 



ixed the positive sign to 
valne of x makes Z a 
>ugh the inductile coil a 
oil with a non-inductive 
at resistance of a circoit, 
al work. 

ices and self inductances 
f we neglect mutual in- 
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If i be the current in the main, then 
H = W + W + +W 



1 1 



[Pl] W 
1 



w 



4- 



.jRl + XiwV - 1 J?2 + L2(D\/ - 1 

Ri Li 



+ 



w 






w 



i2 + ift)V-l' 

where R is the equivalent resistance and L the equivalent induct- 
ance of the n branches in parallel. 
Therefore 



R 



= 2 



R. 



And 



Thus 



Hence 



and 



La) __ ^ iift) 1 



1 1 ]^ 

L.-l/(k^h. 



.a" 



6^> 



We also see that the current in the main lags behind the 
applied P.D. by an angle where 



tan =: J- , 





Let (jRi, ii), (iJg, -^2) b© the resistances and inductances of 

the two branches, and let M be their mutual 
inductance, then with the usual notation 

e = (Ri-¥L,D)H + MDi,; 



The currents in a 
branched circuit 
when mutual in- 
ductance is taken 
into account. 



(«)• 



v^fyj 









swj'iS'* 






tr\ 



f 

i.. 
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Assuming that the functions are simple harmonic, we may write 
©V — i for D, and solving the equations we find 

i, {R^B^ + (lf» - L,L^)<^ + (L^R, + i,!?,)© V^^} 

Hence since i the current in the main equals ii + t'a, we get 

c + dV- 1 . 
a + b'J - 1 

ac + bd ad — be 



a:' + 6^ "^ cC' + 6^ 



V^^ 



' I 



where a = fii + iJ2, c = JSiii2 + (J^'- A^)®^ 

Hence 

^ R,R,(R, + R,) + ft)' {(Z, - MyR, + (L, - if yj?^} 
{R, + iia)' + o)' (L, + ia - 2ilf )2 

^ ^ L,R^^ + L^R^^ + 2MR ,R^ + (AX^ - ilf ') {L, + Z^ - 2if ) 6)' 

(iii + iJs)' + 0)2 (A + ia - 2ilf )« 

Hence, as the frequency increases, the eflfective resistance increases 
from 

R.'hR] {L, + L^^2MY 

It is to be noted that in the above equations M may be either 
positive or negative, depending on how the coils are connected 
with the mains. When the frequency is zero 

If, for example, we measured the self inductance of the two coils 
in parallel by Maxwell's method, the self inductance L found 
would be the L given by this formula. A strict proof of this 







VII] HIGH FREQUENCY CURRENTS 171 

particular formula can be given by other methods. As the 
frequency increases the effective inductance L diminishes, and it 
has its least possible value 

when the frequency is infinite. We have shown on page 24 that 
LiLz" M^ is zero or positive. The case when it is zero need not 
be considered, as it is impossible in practice to arrange two circuits 
so as to satisfy this condition. In practice, L^Lz — M^ is positive, 

and therefore, since M is less than slL^L^, Li-{- L^ — ^M is 
positive. 

The equations (a) may be written in the form 

If i denote the current in the main, we must have, at every 
instant, i equal to the sum of ij and ij. Substituting i — ii for i^ 
in the above equation we get 

( JKi + L,D) i, + MD (i - I'O = (iia + L,D) (i - %,) + MD'h 

and thus 

{R^ + R^)i^-\-{L,JtL^-2M)D^ = R,i-V{L^-M)Di (6). 

If 1*1 and ta are harmonic functions we get 

When the frequency is very high 

J _ L^ — M . 



±^a= . \ ^.. A, 



Li-fL^-2M 

We choose the signs in these formulae so that Ai and A2 are 
positive. Suppose that M is less than Li and is* then the positive 
signs must be chosen and we have 

Ai + A^= A, 

Thus the phase difference ^ between the vectors representing 
^1 and A2 is zero. 
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^•^w the average value of the electromagnetic energy stored in 
Id is 

^ L,A,' + ^LtA^ + MAtA, cos ^. 

ice cos^ is unity and A, equals A —A,, this becomes 
^L,A,' + kL,(A-A,y + MA,(A-A,). 

luppose that ^ ia a constant, then this equation is a function 
md attains its minimum value when 

L,-M 
' L, + i,-2J/ 
, with very high frequencies, we see that in this case the 

of the currents are such that the average value of the 
' stored in the field is a minimum, 
ien M is greater than L3 but less than L„ then 

-A^-\-A, = A. 
the phase difference ^ between the vectors of Ai and A^ is 

Proceeding as before we find that the average value of the 
' stored in the field is again a minimum. Therefore since M 
> be greater than X, and L^ we see that this theorem is true 
i^aes. 

e above theorems may also be deduced from the foUowing 
general theorem. In the particular case of high frequency 
ts the terms (ii, + it,)ii and R^i in equation (6) can be 
ted in comparison with the other terms, we thus get 

.tegrating 

(A + i> - 230 ii = {Li-~M)i + constant. 
le constant must vanish, for i, and i are periodic functions of 
ne the mean values of which are zero, and thus 

{Lt + L,-tM)i, = {L^- M)i 
milarly (i, + Zj - 2*0 »! = (^i - ^) »■ 

o be noted that in proving these equations we have made no 
ption ss to the shape of the applied wave of electromotive 
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Now the value of the energy stored in the field, at the instant 
when the currents are ii and i^ respectively, is 

or i L,i,' + i A {i - iiY + Mi, (i - ii), 

where i is the current in the main. For a given value of i this 
has its minimum value when 

Since this is the actual value of i, we see that with high 
frequency currents, the main current splits up in such a manner 
that the energy stored in the field is a minimurp. 

Let U denote the energy expended in heating the branches, 
Condition that the from the momont of closing the switch to the 
hat^^asta^onaor ^^™® ^> together with the energy stored in the 
^®*"** field at this instant. Then %ve have 

tr = i Ai,« + Mi, (i - t\) + iZ, (i - i,y 

f{R,ii^ + R,{i^i,y}dt. 
Jo 

Now if S [7 be the increment of U due to an alteration in the 
distribution of the current in the two branches, we have 

8U= LiiiSii H- Mi^iii — MiiBi, — L^i^^ii 

\ {2R,i,Si, - 2RJ^Sii} dt 
Jo 

By the calculus of variations the condition for a maximum or a 
minimum value of U is that the coefficients of Si, inside and 
outside of the integral sign must vanish simultaneously, and 
hence we get 

(ii — M) ii = (La — M) i^ and R^i, = R^i^ 

as the required conditions. We see therefore that when 

L,-M ^ L^-M 
Ri R2 

U has a maximum or a minimum value. 
It is interesting to note that 

XVjlrJ ^— XL2V2 



't 
'0 



+ 
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condition that the heatiDg effect at a given instant on the 
conductord is a minimum, and that 

xindition that the energy stored in the field is a minimum. 

practice, when M is less than Li and L^, it is easy to 
adjust the ratio of the resistances of the arms so that 
n.« R, _ L,-M 

all now prove that in this case, from the moment of closing 
itch, the current waves in the branches are similar to one 
r and are therefore also similar to the current in the main. 
;he equations (a) we see that 

ie,i, + (A - i/)i)h = fl,r, + (i, - M) Di,, 

srefore ii,ii - iJ,r, = '-^— j^ {R,i, - R,i,). 

ving this equation we get 

A is & constant. Now at the instant when ( is zero both 
', must be zero, otherwise we should have a finite amount of 

stored in the field in an infinitely short time. Thus A is 
d so 

R,i, -R^% = 0. 

therefore that i, and i^ are similar waves whatever may be 
ipe of the applied potential difference wave. We see also 



and 



vident that ii, i^ and i vanish simultaneously, but the 
potential difference e does not vanish at this instant. 
I be noted that for a given effective value of the applied 
al difference, the values of A,, A, and A depend on the 
ii the wave and the frequency, but their ratios are always 
b. This theorem may be usefully applied in the design 
Hating current ammeters. 
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The formulae given above for the eflfective values of R, L, A^ 

Graphical ^^^ -^2 ^^V ^^^^ ^^ derived from the following 
solution. graphical constructions. 




Fig. 51. Currents in a divided circuit. 
M is less than L^ or L^, 

The equations (a) given above show that the vector of the 
effective value of the applied potential diflference V is the 
resultant of the component vectors RiAu coL^Ai and aoMA^ and 
also, that it. is the resultant of B^A^, (oL^A^ and cdMAi, The 
vectors odL^A^ and cdMA^ are each perpendicular to RiA^ and the 
vectors (oL^A^ and toMA^ are each perpendicular to R^A^. 

In Fig. 51 Jf is less than either L^ or L^. 

0^ = the applied P. D. = F, 

OR = R,A, OS = R,A,, 

RL = (oLiAi SN = (oL^A^y 

LE = wMA^ NE = toMA^. 

Now PN and LE are parallel, and so also are NE and PL, 
Therefore NPLE is a parallelogram and thus PL equals (oMA^ 
and PN equals (oMA^. Hence PR is (o{Li — M)At^ and PS is 
0) (Za — M) A2. Since the angles at jR and 8 are right angles, the 
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circle described on OP as diameter passes through R and 8, 
Hence 

(R,A,y + {6>(A - M)A,Y = (Ii,A,y + {a>(L, - M) A,Y 

= 01^. 

To construct the diagram when the values of iZi, iZg, Xi,Za, Jlf, 
/, and F are given, we proceed as follows. 

Draw any line OR and, choosing a convenient scale, make its 
length equal to Ri. Draw RL at right angles to OR and equal to 
a)Li where © equals 27r/! Make LP equal to coM so that RP 
equals (m)(L^ — M). Join OP and describe a circle on OP as 
diameter. Make the angle POS equal to the angle whose tangent 

is j^ '-. 

Produce SP to i\r so that SN equals 

L, 



L,-M 



.SP. 



'2 



Through N and L draw lines NE and LE parallel to RL and SN" 

respectively. Then OE will be the effective value of the applied 

potential difference which produces unit current in the branch 

(i2, , ij). Now the phase differences and the relative magnitudes of 

the various vectors are independent of the absolute value of the 

applied potential difference provided that the frequency does not 

alter. Hence if we choose the scale of the diagram so that OE 

represents F, then, on this scale, OR will represent RiAi and 08 

will represent R^A^ in magnitude and phase, and thus, by dividing 

these lengths by iJ, and R^ respectively, we get A^ and Az. 

If be the phase difference between A^ and A^ and tana and 

tan 13 be equal to 

L^-M , L^-M 
(o f, — and ft> — ^ — 

respectively, we have 

tan <^ = tan (a — ^) 



CO FS w 



Ri R^ 



.(c). 
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We can see at once from equation (c) that when the frequency is 
very low the angle of phase diflference between A^ and A^ is very 
small. When the frequency is very high, the phase difference is 
again very small. It is easy to show that it is a maximum when 

-B1-R2 



©2 = 



.(d). 



{L,-^M){L,^M) 

If we divide the lengths of the lines NE, LE and PE by wM 
we get the magnitudes of the currents A^, A^ and A. If we draw 
EV (Fig. 51) perpendicular to OE, then the angles NE, LE and 
PE make with EV are the respective phase differences between 
the currents and the applied p.d. 




Fig. 62. Ourrents in a divided circuit. 

OE = applied P.D. ; OR = R^A^', 0S=B^A2, 
M is greater than I/^ and less than L^ . 

Fig. 52 gives the graphical construction when M is greater than Li 
and less than ig* Ii^ ^his case Ai and A^ are in quadrature when 

^ "(L.-MXU-M) 
and the phase difference increases as the frequency increases. 
When the frequency is high, the currents are nearly in opposition 
in phase, and hence the current in the main is nearly equal to their 
difference. If Li be approximately equal to L2 then the current in 

B. I. 12 



,'T>j £.:-Ttaa^/nKt- crrvBEy^ t^kvpt ^rsBL 



i^isr I***; vfuet ui»*^u It 4i:>?ruatiii«: nirrtrin woct. 

«(;a<A^, (/i^ i^ *?*JU<^ U/ J^J i^X ^UUUlt Tit' ailL 1^ ^OU&tr 1(1. 

Xdjfc «n^A^ *^'ii^*t t&ii^**uT 1* (f*4 and *^jr ^jT^an- 4 ^^. TSit 
}ittf'^'.A('i</^i^u. fUEL i* *uij*5ii '^',»u:pi*ri*rc and L jET it iofmsd. 

Jf ¥^<r ^i*>i V/ tiiC 111*: <^urr»5L:* and xiHr iiiuMit dififerRnneg "visL 
vt»^ ^yyit*yO yfAiis'^ikiu 0:2'*:5r*?ii<?t it ODfe uiiomcaud xL»r2E. -i^t tdiMHE* 
41 iu^rw *faau<? ^^ Uti«t (//^ JJt J '//> 1 'xUi. Ol t.V if seshk- <J'i if ionnd 
V> i.^ </il5 «Aid <//> it 'V^i, 7^1* ut j4- evTuJ*- ^■'STi aiiix«r^ one J.^ 

iaiA ix ^JKt^k^ %>i"^}. y\jh kuh'^xi^ E06 eaitait lihe iag cd -i- 
*juiwtteur^ b/ 4^ yt*fjnoif:^^H it i* traud V> tj-jual ^ degrees. 

Ai • I'il attip^iT**^ «g = 4s5'% 

l*b»iit tl^ }fti^^$r% A, iuA At awj at rig^ht angles to one aiioiifa- 

^ . V^,* ^ A} 
»3'10 amperea 

It (olhwH from U) Umt 4> ^ 22^0 when i» is 2»o and again 

y\iH iiUff\^ if> ham \tM maximum value when the frequency 

U AaUifmiWiA by id). Thft diagram in Fig. 53 is worked out 

for iUii (umt of two (un\» (m, 29), (111, 18) and M equal to 

-O'il Tha {rii({ixfincy hm been taken equal to 80 so that m is 

tu*Air\y is({iml Ui 600, W<; dud by measuring the lines and angles 

that 

A I «• 0'3 ampercH, ctj « 40'', 

il, ■• 10'2 amperes, a, « 18", 

A "i 19'2 amperes, Impedance == 52 ohms. 



' 
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It is to be noted that all the theorems and formulae in 
this Chapter, deduced by the method of the complex variable, 
are proved on the assump- 
tion of a sine wave of E. M. F. 
Moreover they only give the 
particular integrals of the 
differential equations in- 
volved, and hence it is best 
to regard them merely as 
giving a first approximate 
solution of the general 
problem. As a rule, it is 
better for engineers to solve 
problems graphically, as the 
graphical method is quite ac- 
curate enough and far more 
instructive than the mere 
algebraical manipulation of 
complex quantities in which 
the physical laws are not 

so apparent. In the next Fig. 63. Currents in a divided circuit. 

Chapter we will consider 0E= applied p.p.; 

the graphical method and os=E^A^l 

its limitations. m is negative. 
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CHAPTER VIII. 

Parallelogram of vectors. Extension of theorem. Condition that three 
vectors lie in a plane. Vector of a constant quantity. Vectors in 
space. Resultant of three vectors. Condition that four vectors can 
be represented graphically. Failure of graphical methods. Numerical 
example. References. 

When we are dealing with harmonically varying quantities, we 
Parallelogram of ^^^ represent them graphically by lines drawn in 
vectors. a plane. For example, if we have two E.M.F.*s 

E^ sin 2irft and E^sm {^irft + a) we see that their values are the 
projections of two lines OP^ and 0P2y which are inclined to one 
another at an angle a and rotate round '/' times per second, 
upon a fixed line OA drawn at right angles to the initial position 
of OPi. The resultant got by adding the two e.m.f.*s together, 
El sin ^irft + E2 sin {2irft + a), is easily shown to be the projection 
upon OA of the diagonal OR of the parallelogram constructed 
with OP I and OP^ for adjacent sides. Since in practice we are 
generally only concerned with the R.M.S. values of the e.m.f.s and 
their phase differences, and since the R.M.S. value of a simple 
harmonic quantity bears a constant ratio to its maximum value, 
it is usual to represent the e.m.f.'s by lines OPi, OP^ and OR 
equal to their R.M.S. values and inclined to one another at angles 
equal to their phase differences. These lines are called vectors 
and the above theorem is the parallelogram of vectors. It can 
obviously be generalised into the polygon of vectors. 

In alternating current work we seldom have to do with 

Extension of ^i^rmonic wavcs of P. D. and current, but still graphi- 

theorem. cal methods are found to be convenient in many 

cases. We have therefore to investigate the limits of accuracy of 
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these methods. Let us first consider the case of two periodic 
quantities, for example alternating electromotive forces. Let ei 
and 62 be the instantaneous values of the two e.m.f/s and let e be 
their resultant, then 

B '^^ 0\ ^ 62* 

Now Bi and 62 may be dissimilar curves and e may be dissimilar to 
both of them, hence their B.M.S. values do not bear a constant 
ratio to their maximum values. 
In all cases however we have 

and thus V^ = F^^ +7,2 + 2 V^ F^ cos a^,2, 

where 



77T 77 n 



'T 
COSgi.a= f .f f} ^m .1 (1). 



Hence the parallelogram construction will still hold good for 
compounding lines representing the effective values of two periodic 
quantities if we define phase difference by equation (1). This 
definition we have already given in Chapter VI. It is customary 
to call the lines representing Fj, Fa and F vectors. The two 
vectors and their resultant are lines in one plane and the angles 
between the various vectors will give their phase diflferences in 
accordance with definition (1). 

In general if a linear relation hold between the instantaneous 
Condition that valucs of three periodic alternating functions e^, 

three vectors lie in ^ ^ud 63, cach of which has the same period, then 

a plane. . . 

their R.M.S. values can be represented by lines 
drawn in one plane, the angles between the lines being the phase 
differences. For example, suppose that at every instant 

hi + 7062 + ne^ = 0, 

where Z, m and n are constants and 6^ 63 and e^ are periodic 
functions of the time, then 

Pe^ = w?e^ + wV + 2mn«aes, 

thus i«Fi« = Tri^V^ + n'Fs^ + 2mnFaF, cos ai.,. 
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H«tK« IV, i» *^]tial ID naagniTade Ui ibe rcsnluct gvii br eom- 

fMiAitiff two liiK« ibcliued to one aooiher at ao angle a^-i *n<l the 

'"""*^- of which are »»F, and nF, respectiTdT, b*- the paiallelo- 

fiMtmctioii. The line representing /F, most however be 

1 the oppoHite directum to their resaliant, sioce 

have «,,,+ a,,, + !!,,, = 3w 

t att in xtaticM, 

IVj ^ mV, ^ nV, 
iana,,t sin dj.i ^d £^.i ' 
m lines 2F,, inF't and nF, are called vectors in engineering 
, but the instantaneoos values of e,,e, and e, can no longer 
Merited by the projections of lines rotating with constant 
velocity. 

illowB from the definition of phase difference given in (1) 
leon- that the cosine of the phase difference between a 
'*'*>'' conetant and a periodic quantity is always zero, 
ice the phase difference is ninety degrees. Hence the 
ahie of the sum of an alternating and direct current, 
mpic, is represented in magnitude and phase by the 
1 of the rectangle constructed with the R.H.S. values of 
ct and alternating compouents as adjacent sides. If how- 
have two alternatiDg current compooents which are not 
amc phase, theu the line representing the direct current 
!!nt must be drawn at right angles to the plane containing 
liites representing the alternating current components so 
i at right angles to the three lines representing the two 
ing components and their resultant. We must therefore, 
a going to use graphical methods in this case, have recourse 
geometry, 

eneral, when we have three periodic functions and there is 
no lineui' relation connecting them, we can repre- 
sent their R.M.3. values graphically by three lines 
in space, the angles between the lines being the phase 
C08 as determined by equation (1). In order to prove this 



f 
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we have to show that a, /S and 7, the angles of phase diflference, 
can always form a solid angle. We have to prove therefore that 
a + ^ + 7 can never be greater than 47r, and also that no two of 
the angles can be greater than the third. 

Let X, y and z be the three periodic functions and let a be 
the phase difference between y and z, y8 between z and x and 7 
between x and y respectively. 

From the definition of phase difference we have 

yzdt 

cos a = r pf ' i^rp \^ ' 

\ I y^dt, zHt\ 
\j a .'0 

Divide the period T into a large number (n) of equal intervals, 
and let x^, X2, ,,.Xn', 3/1, 2/2, •.. yn ; ^i> -stj, ... Zn be the values of the 
functions at the end of successive intervals. 

Then from the meaning of integration we have, when n is 
infinitely large, 

with corresponding values for cos* yS and cos^ 7. 

Let X = xi^-\'X2^+ ,,, -hXn^y ^=^1-2^1 + 2/8^2+ ...+yn'2^n, 
Y = yi+y^^ ••. +yn', B=^Z^X^-\-Z2X^ -{-... -\-ZnXn, 

Z = z^ + z^-\- ... + V, C^x^y^-^rx^y^^- ,..+Xnyn' 
Then 1 — cos' a — cos* /8 — cos' 7 + 2 cos a cos ^ cos 7 

XYZ ^^>- 

Now X{XYZ- XA^ ^TB^-ZO + 2ABC) 

= (ZF- 0){XZ-m-{XA - (7J5)«. 
Also XY-O^ (x,y, -x^yO' + (x,y, - ^32/1)' + (&X 

XZ-B'^ (X^Z^ - aJa^i)* + (oJiiTg - iTg^ri)" + (c), 

Z^ -CB=^ {x^y^ - aj22/i) (^1-^2 - ^a-s^i) 

+ (^l2/8 - ^83/l) (^1-2^3 - ^i^l) + • • '(d)' 

Now it is easy to show that 

(P* + (?+...)(2>* + g* + ...) 



Xi-f, xz--^ ~ xj.-:!-' 

I — vV*— vVi— ^Ji'7 — ±sjt»=:* i sit-; 

,t**; yirfif^m in tr.L* ca«« are iiKTtfi^t ia oce pUiK. 
i/Mjr ftU</ ^^ irr,tt«D io th^ &>na 

'" 2 " ^— ="» g ^ "^ J-^-'"^ 

' fUtfiiikUrti, a, and 7 lie b«tw«en deg. and 180 6eg. As 
yT'muni («) vt ymUic, at) the terms may be poaOTe, «" two 
FN rfMj' U; n«^ative, or all Ibar of them mav be negative 

th';/ are all prmitm, then a + j9 + 7 is leas than four li^t 
>, awl alff; an; two of the angles are together greater than 
'm\. Hiippow;, n<^W, that the lintt two terme of (e) are negative. 
'i + fii-y w ffttaUiT than 2ir, and a —& - 7 is greater than 

'rimmfiiTK a in greater than tr, which is contrary to the 
'ioM, Hirnilarly, no other two terms can be negative and 
V/n' tliK wholv four cannot be negative. In all cases, therefore, 
[) that the Mum of the three angles is not greater than four 
nngloH, and that the sum of two of them La never greater 
>ho third. Hence the three angles can always form a solid 



i> Hhiill apply the above theorem to iind graphically the 
itintor off'cctivo value of the sum of three alternating 
*•"*"•' periodic functions. Let Ca, e, and e, be the three 
iiriH, imd let 0, be their resultant, then 
•i-ei + »t + «4. 

01* — 010, + 010,4-0,64, 

r,'- 7,7.0080,.,+ F.y,co8o,.a+ 7,y,cosa,... 



VIIl] 



RESULTANT OF THREE VECTORS 



185 



)■ (a). 



Hence Fj = V^ cos ai.a + V^ cos ai.8 + F4 cos ai.4^ 

similarly Vi cos ai.a = Fg +V3 cos 02.3+^4 cos 02.4 

Vi cos ai.s = Fa cos Oa.s + Fg + F4 cos as.4 j 

Fi cos ai.4 = Fa cos 03.4 + Fg cos 03.4 -f F4 ) 

And Fi2= Fa2+ F82+ F42 + 2F8F4Cosa3.4 + 2F4FaCosaa.4 

+ 2F2F3Cosaa., (6). 

In these equations F^ is the effective value of Cn and o^.m is 
the phase difference between e„ and e^. 

Construct the solid angle at (see Fig. 54), so that the angles 
POQ, QOR and ROP equal p 

«2.sj 03.4 and a4.a respectively. 
Complete the parallelopiped 
0PQR8 and let OS be the 
diagonal. Then jfrom (6) we 
see that OS equals Fi. Hence 
from the equations (a) we see 
that the angles P08, QOS 
and ROS equal ai.a, ai.j and 
ai. 4 respectively. We can thus 
extend graphical methods to 
solid geometry for the case of 
three periodic quantities. 

In this case we can show from equations (a) that 

F, ^ Fa 

sin(aa.3, 08.4, 03.4) 8in(ai.3, ai.4, a,.4) 

F3 

sin (ai.a, ai.4, 03.4) 

F4 

sin (ai.a, Oi.8» Oa.s) 

where sin (a, 13, 7) = {1 — cos'a — cos^/S — cos^y + 2 cos a cos /8 cos 7}^ 



^ 




^ 







s 


X 


v. 


^/^ 


R 







Q 



Fig. 54. 05 is the resaltant of OB., OP 

and OQ. 



In general when four periodic quantities of the same frequency 

are connected by a linear relation, 

le^ + me^ + ne^ + ^^4 = ; 

then their R.M.S. values can be represented in 
magnitude and phase by lines drawn from a point in space. 



Condition that 
four vectors can 
be represented 
g^raphically. 
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In statics these lines would represent a system of four forces in 
equilibrium, and we shall see later on that many statical theorems 
have their counterpart in electrical theory. 



If no linear relation connects the four periodic quantities then. 
Failure of graphi- as «• Tule, wc cannot represent them graphically by 
cai methods. lincs drawn in space. For example, suppose that 

one of them is constant, then it would have to be represented by 
a line drawn at right angles to the other three, which is impossi- 
ble when they form a solid angle. If however we replace two of 
the vectors by their resultant, we can represent this resultant and 
the other two vectors graphically. 



r<I)-^Tur^ 





Fig. 55. Resonance of currents. 



A variable condenser (Fig. 55) was used to shunt a choking coil 
Numerical ^^ ^ 2000 volt circuit ; the power factor of the choking 
example. ^oil was 0*041 and of the condenser 0-124. The current 
in the choking coil was 6 amperes, and the current in the main was 
1*6 amperes when the condenser was adjusted so that the current 
in its circuit was 6 amperes. From these data let us find the 
minimum possible power factor of the shunted choking coil. 

Let OV (Fig. 56) represent the p.d. across the terminals 
of the choking coil and the condenser. Now if a and 13 be 
the phase diflferences between the choking coil current and 
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Fig. 56. 



the P.D. and between the condenser current and the P.D., then 
(Chapter vi) 

cos a = 0-041, cos y3 = 0-124. 

Thus a is 87" 39' and y3 is 82° 53'. 

In Fig. 56 OF represents the ap- 
plied voltage, OG the choking coil 
current and OK the condenser 
current. The angle VOG is a 
and the angle VOK is ^. Now 
at every instant 

i = ij + ig 

where i is the current in the 

main and ij, i^ are the currents in 

the branches. Hence a linear relation connects the three currents 

and the three current vectors will be in one plane. Let 7 be the 

phase difference between ij and ia, then, since their effective values 

are each equal to 6, 

(1-6)* = 6^ + 6^ + 2 . 6^ cos 7, 

therefore 7 = 164° 26'. 

Since a + /3 equals 170° 32' it follows that OV, OG and OK are 
not in one plane. But OR, which represents the current in the 
main, is always in the plane GOK, 

The diagram (Fig. 56) shows us exactly what happens when we 
increase or diminish OK, since R always lies on GR which is a 
line drawn parallel to OK. We suppose that the phase differences 
between the applied potential difference, the condenser current 
and the choking coil current remain constant for all values of the 
condenser current. Hence the angles forming the solid angle at 
remain constant. The power factor of the combined circuit is 
cos <\> where ^ is the angle VOR. Now the minimum value of <^ 
is got when the planes VOR and GOK are at right angles to 
one another. In this case, by the formulae of spherical trigono- 
metry, we get 



sinc^ = 



smo) 



sin7 



where sin co = 2 Vsin a sin (<r — a) sin (<r — fi) sin (o- — 7) 
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and a is half the sum of the angles a, /3 and 7. Substituting the 
above values of a, ^ and 7 in this equation, we find that ^ is 52° 24' 
and therefore the maximum possible value of the power Victor is 
We have assumed that the shape of the wave of the applied 
)es not alter as the capacity of the condenser is altered. 
«ration in its shape would alter the power ^tors and 
differences, and hence the angles a, j3 and 7 would vary 
le shape of the wave. The diagram (Fig. 56) shows why it 
general impossible to make the power factor of a choking 
ity by shunting it with a condenser. If it were unity the 
VOR would be zero, and the vectors representing the two 
ts and the applied f.d. would lie in one plane. 
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The measurement of power. The quadrant electrometer. The electrostatic 
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meter method. The three ammeter method. Transformer methods. 
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We have seen in Chapter vi that if W be the mean power in 
The measurement watts expended in an alternating current circuit, 
of power. Y g^jj^j ^ ^{jg efifective volts and amperes, and 

cos a the power factor, then 

W = VA cos a. 

The maximum possible value of the power is VA, and it has 
this value only when the phase diflference a is zero, and this can 
only occur when the ratio of the instantaneous volts to the 

instantaneous amperes (-) is always constant (Chapter vi). If, 

as is generally the case, a is not zero, then in order to find W we 
should need to know the shapes of the volt and ampere curves 
and their time lag relatively to one another. This could be done 
by means of an oscillograph, as it is not diflScult to find the mean 
value of ei, that is W, from the curves. In practice, however, this is 
best done by means of some form of wattmeter, or by some of the 
methods described below. Before describing the electrostatic 
wattmeter, we will give the theory of the quadrant electrometer 
as the principle of the two instruments is the same. 
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In the qaadiant dectrometer, mvented by Jjord Keliin, use is 
made of electrostatic attractiins and repoMons in 
order to measure potential differaioe& In the 
ordinaiy form of this instrument there is an alomininm disc 
nbaped like the figure 8 placed inside an insulated cylindrical 
metal box which is completely divided into four quadrants 
(Fig, 57> This flat disc 3 is suspended by a toision fibe per- 
pendicular to its plane, and its position of equilibrium when 
the quadrants are at the same potential is shown in Fig. 57. 




Fig. 57. The Kelvin Quadrant Electrometer. 



The opposite quadrants 1 and 1' are permanently connected by 
wires, so that they are always at the same potential, and so also 
are the quadrants 2 and 2'. 

Let the potential of the quadrants 1 and V be Fi, of the 
quadrants 2 and 2' be V^ and of the disc be Fj. There will 
evidently be repulsion between 3 and 1 and attraction between 
8 and 2, hence there will be a torque in the direction of the 
arrowhead. Now if Qi, Qs) Qs and Qo be respectively the quantities 
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of electricity on the two pairs of quadrants, on the disc and on 
the inside of the earthed screen, which in the case of an electro- 
static wattmeter is a metal cover practically enclosing the 

quadrants, then 

Qi + Qa + Q3 + Qo = (1). 

By Chapter iv, we have, since Vq is zero 

V2= -^2.1 ^l + -^2.2 ^2 + -^2.8 ^^8> 
Ws^^ -^8.1 '1 + -^8.2 ''^2+ -^8.8 ''^S* 

Now (1) must be satisfied for all values of Fj, Fj and V^, 

Therefore Ko.i + K,,, + K,,,-^ Ks.^^0 (2)] 

and ^0.2 + ^1.2 + ^2.2 + ^8.2 = (3)^ 

Now let the disc turn through an angle 0, and let K\,i, K'l^^y ••• 
be the new values of the coeflBcients. These coefficients must still 
satisfy equations (2) and (3). Now, owing to the shape of the 
disc, we see, since the gaps between the quadrants are very 
narrow, that so long as the edges of 1 and 3 or 1' and 3' are 
not brought too close together 

K\^ J = Ks, 8 = constant, 

for the motion merely brings a diflferent part of 3 opposite the 
gaps between 1 and 2 and between 1' and 2'. Also since the 
motion of the disc does not appreciably alter the coefficients of 
mutual induction for electrostatic charges between 1 and 2, and 
1, and and 2, we have 

■^1.2 = -^!. 2i -^ 0.1 = -^O.lJ -^ 0.2 = •**^0.2» 

Hence from (2) 

-fi^'l.l + -^L8 = — -2^ 0.1 "" -^1.2 

= constant 

= K,,, + K,,, (4). 

Similarly jK"2.a + ^'2.8 = ^^2.2 + ^2.8 (5). 

As increases, the parts of the quadrants 1 and 1' opposed to 
the disc 3 diminish uniformly, and hence we may write 

K\.,^K,.,-\e (6) 
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where X is a constant. For the same reason 

K\,^^K^,, + \0 (7). 

From (4) and (6) K\,^ = K,,, + \0, 
and from (5) and (7) K\, s = -S'a. » - ^' 

The electrical energy W of the system in the new position is 
given by (see p. 90) 

Now the work done by the electrical forces on the disc when it 
turns through an angle d0 

= The moment of the forces about its axis x dd, 

therefore dTr = Torque x dd. 

Hence, Torque = -^^ . 

If therefore Fi, Fa and V^ are kept constant, we see that the 
torque equals 

= -iXF,» + jXF,^-\FaF3 + \F3F, 

If the needle be put in metallic connection with the quadrants, 
1 and 1', then Fg equals Fj and the formula becomes 

Torque = I (F>-F,)». 

Used in this manner the electrometer becomes a voltmeter. 
Equilibrium is attained when the torsional couple is equal to the 
electrical couple. With direct currents the reading is propor- 
tional to the square of the P.D. between its terminals, and with 
alternating currents it is proportional to the mean value of 
the square of the P.D. The most satisfactory way of reading 
the deflection is by means of a ray of light reflected on to a 
scale from a light mirror fixed to the axis of the disc. If the 
scale is direct reading, then the divisions on the upper part of 
the scale will be much larger than those lower down as the de- 
flections increase as the square of the applied voltage. 
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This instrument, shown diagrammatically in Fig. 58, is 
practically a slight modification of the quadrant 
electrometer described above. 

In the figure, Qi represents one pair of the quadrants, Qa 
another pair, and N the needle or disc. The disc is generally 



The electrostatic 
•wBttmeter. 



A' 



B' 





Fig. 58. Conneotions of the Eleotrostatic Wattmeter. 



connected to an insulated terminal on the case of the instrument 
by means of a phosphor bronze suspension strip which replaces 
the torsion fibre in the electrometer. Suppose that we wish to 
measure the electric power being expended in the coil AB, Place 
a small resistance R {DO) in the main BR and connect the disc 
N of the instrument to A. Let Vj be the instantaneous value of 
the potential of -4, Va the potential of jB, and v^ the potential of Z). 
Then, by what we have shown above, the torque g acting on the 
disc will be given by 

where \ is a constant depending on the instrument. 

If DC be non-inductive, then Vi — v^^Ri, where i is the 
instantaneous value of the current. Hence 

g = \Ri {vi - i (Va + Vg)}. 
Now, if E be the middle point of DG, its potential is ^ (vg + v^) 



B. I. 



13 
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■4(ti, + w,) 18 the P.D. between A and E. Therefore, if ff 
mean value of the torque g, 

6 = \R X watts expended va AE 

W is the true value of the watta expended in AB and 

le effective value of the current. 

7,itBhe the deflection of the disc, we can write 

; is a constant, hence 

^^ M 1 ,.„ 



..(1). 



nation will give us the true value of the watts. 
'e replace R hy another resistance R', we have 



e can increase the range of the loads that the wattmeter can 
e by making a suitable set of resistances to put in series 
e mains. In practice it is not desirable that the potential 
: full load across the series resistance should be more than 
' cent, of the potential difference between the mains. 
: constant k can be found by using the instrument to 
e the power expended in a non-inductive circuit. For 
e, if V be the effective voltage across AB and 6^ be 
Hection in this case, then 

k = j{VA-\-iiA^R). 

practice it is not convenient to have a P.D. of more than 
200 volts between the disc and the quadrants. Hence for 
ing power in high tension circuits the instrument has to 
1 with a shunt. 
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The connections for this case are shown in Fig. 59. A'B' 

A' A 




B' 0\/ \/ \/ \/ \/ C B 

Fig. 59. Electrostatic Wattmeter with shunt. 

represents a non-inductive shunt which is put across 

Electrostatic . _ '■*■ 

wattmeter the mains and the disc is connected to a point L 
in the shunt. Let the resistance of ^'i be R^ and 
of LB be B^, Let v^ and v/ be the potentials of A' and L 
respectively, then since the shunt is non-inductive, 

^1 - % v/ - ^3 



thus 



where 



vi -'y8'=^(vi-vs), 



As formerly, 



Thus 



and 



= the multiplying power of the shunt, 
jr = \ (Va - Va) {t;/ - i (Vg -f- Va)} 
= \Ri [v-i - Vs - i(^2 - ^s)} 

"X 7? 1 

= ^ (w + Ri^) - i \B?i\ 



therefore 






(2). 

13—2 



ALTEENATINO CURRENT THEORY [CH. 

this formula for W, k has the same value as wheo the 
iter is unshunted. 

interestiug case arises when we use the wattmeter with a 
Qultiplier of 2. The formula then hecomes 



..(3) 



. correction has to be applied for the series resistance, 
strument used in this way is a very accurate one for 
ing power. Even if the shunt be inductive, formula (3) 
Bct provided that the two divisions of the shunt are 
trical. 

practice, when using a shunt for which N is greater than 
possible to get a zero or even a negative deflection of the 
lent with low power factors. Mr Addenbrooke, who first 
rhe author's attention to this interesting fact, showed him 
. electrostatic wattmeter with a shunt for which N is equal 
ave a large negative deflection when measuring the power 
•A by a condenser load. It is easy to see that when W its 

Jf—2 
Oi — s — RA' we must get a negative reading on the in- 

Qt. 

en the deflection is zero, then 

ir--^i!4- (4). 

ice the instrument could be used to measure power by 
of a null method, if, could easily be made variable so 
could be adjusted until the deflection were zero. Then 

V= — i-^ — ^ w could be found from (4) and the reading 

immeter in the circuit. 

;he general form of electromagnetic wattmeter we have two 
roniBE- coils, of which one is fixed and carries the main 
tmetir. current while the other, which is movable and in 
b'ith a high nearly non-inductive resistance, is placed as a 
icross the circuit. The coils are placed with their axes at 
agles, so that when currents are passing through both there 
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is a force tending to turn them so as to make their axes coincide. 
The torque on the movable coil is proportional to the product of 
the two currents so long as that coil is kept in the same position. 
The movable coil is brought back to its initial position by means 
of a torsion head connected to it by a spiral spring so that the 
angle turned round by the head to which the pointer is attached 
is proportional to the torque acting on the coil. If ^r be the torque, 
we may write 

where i and ij are the currents in the series and shunt coils 

respectively. With direct currents, if be the angle turned 

through by the torsion head, then g equals k'XO, where k' is a 

constant, hence 

i/\0 = \iii. 



Ml 



M, 




KlSiSU- 



W 
Fig. 60. Electromagnetio Wattmeter. 

Now if S be the total resistance of the shunt circuit (Fig. 60) and 
e the P.D. applied at its terminals, 



^ = ^'^' 



Therefore 

and thus W=^kd (1) 

where k equals Skf and is constant. The watts then will be 
proportional to the reading of the instrument, and, since in this 



■wr 



f: 



v>.wr- 



■:*x^-* ^ 



r^ 
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eaie they are equal to the prodact of the Tolts and the amperes, 
k can easily be determined. 

With alternating corrente we still have 

where jr, t and t| suie the instantaneous valnes of the tnqae and 

amperea respectively. Therefore the mean Taloe of g (G) is 

given by 

(r = X X the mean valne of it, 

=^\AAiCo»a (2) 

where a is the phase difference between the periodic functions 
i and ii and A and Ai are their r.m.8. values. Now if there is no 
iron in the shunt coil, no mutual inductance between the coils, and 
the eddy currents in the instrument itself are negligible, we have 

i8f^i«=F4iC0S7, 

and thus SA^ = Fcosy (3) 

where V is the effective value of the applied p.d. and 7 is the 
angle of phase difference between V and A^. Also if TF be the 
true power in the load, together with the power RA* expended 
in beating the series coil the resistance of which is R, 

Tf =F4cos/8 (4) 

where is the phase difference between V and A. 
Substituting from (3) and (4) in (2), we get 

^_\ TT- cos a cos 7 

^'8 cos/3 ' 

Now equals \k'0, where is the mean value of the deflection. 
With the frequencies used in practice, is constant, hence finally 

W^k0x "^^^^ (5). 

cos a cos 7 

Now the wattmeter is calibrated with direct currents, and 
therefore indicates k0 watts. We see that, when the wattmeter 
is used on an alternating current circuit, the readings of the 
instrument must be multiplied by 

cos/8 
cos a cos 7 * 
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In Fig. 61, where F, A and A^ are represented graphically, it 
must be remembered that we 
cannot assume that their 
vectors are in one plane. In 
general therefore yS will be 
less than a -h 7. If there were 
no phase diflference between 
the applied P.D. and the 
current in the shunt coil, then 
7 would be zero, and y8 would 
be equal to a. In this case 
the instrument would indi- 
cate alternating current power 
correctly. In practice however, 
7, although small, cannot be 
neglected, as it may introduce 
a large error when measuring 
the electric power in circuits with a low power factor. 

Let a = /8 — 7 + a?, 

then from the geometry of Fig. 61 we see that yS + 7 cannot be less 
than a, and therefore the maximum possible value of x is 27. 
Hence if 7 is small x also is small. Therefore, if these angles be 
expressed in circular measure, we may write 

cos 7 = cos (7 — a?) = 1, sin 7 = 7 and sin (7 — a?) = 7 ^ a; 

very approximately. The correcting factor becomes 

cos /8 cos yS 




Fig. 61. Currents in shunt and series 
coils of wattmeter. Vectors are in dif- 
ferent planes. 



cos a cos 7 cos {yS — (7 — x)] 

cosyS 



,(6). 



COS yS + (7 — a?) sin )S 

For very low power factors, when 13 is nearly ninety degrees, (6) 
may have almost any value, as it depends chiefly on the value of 
7 — a?. If the potential difference and current waves are sine 
shaped, F, OA and OA^ will be in the same plane, and if the 
inductance of the shunt coil be greater than its capacity, as it 
generally is in practice, OA and OAi will lie on the same side of 
OV for inductive loads and x will be zero. If the waves are 
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approximately sine shaped, the vectors will be nearly in one plane 
and a: will be small. It will be seen from (6) that if 7 is appreci- 
able, then in this case the wattmeter generally reads too high in 
alternating current measurements. The electromagnetic wattmeter 
inarily constructed cannot be used when the power factor of 
rouit is very low. 

1 a condenser load the phase difference a between A and A^ 
[e. With sine waves, OA and OAi would lie in one plane 
e on opposite sides of OV. Id this case we may therefore 

a = y3 + 7 — iB, 

iroceeding as before we find that the correcting factor is 

limately 

^-^ (7) 

cos^-(7-ic)sin^ ^ '' 

. y — X = cot /? we see that the wattmeter reads zero, and 
7 — a; is greater than cot/3 we get a negative deflection. 

when cos/3 is very small so also is cot^. The wattmeter 

ore does not give trustworthy readings on a condenser load 
the power factor is low. The errors of this instrument are 

rule greater the higher the frequency, as 7 is practically 

rtioual to the frequency. 

I the theory of the electromagnetic wattmeter discussed 
msKDetie above we have assumed that the shunt and series 
*ndu<^ coils are so situated that the mutual inductance 
between them is zero. We shall now consider the 
fhen the mutual inductance can not be neglected. Let the 
mts of the shunt coil be (S, Lj), of the series coil (R, L) and 
be the mutual inductance between the coils. Then if e and 
the instantaneous values of the potential differences across 
lunt coil and across the load respectively, our equations are 

..ffi + , + i| + Jlf§ (8) 

«-*>^| + «i (9). 
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Multiplying both sides of equations (8) and (9) by i and taking 
mean values we get 

rAcoQJ3=W+^ri^dt 

and VA cos ^ = SAA-^^ Go^a-\--^ \ i-Adt 

Thus eliminating the integral we have 

W = ~j^ AAiCosa-^—^ — VA eos^ 

^^ ]c0 + ^^L^r A cos ^ (10). 

When M is zero this reduces to the formula (4) which we have 
discussed above. In the particular case when M equals Li the 
formula (10) becomes 

and therefore, when the self inductance of the shunt coil equals 
the mutual inductance between the coils, the instrument reads 
correctly. 

The above theorem suggests the following method of con- 
structing an electromagnetic wattmeter. Suspend the shunt coil 
so that its self inductance equals the mutual inductance between 
the coils, and adjust the controlling spring till the pointer reads 
zero in this position. When it is used to measure power, and 
currents are passing through both coils, the shunt coil is brought 
back to its initial position by means of a torsion head and the 
pointer reads the power. The scale is evenly divided, and one 
reading with direct current is suflSicient to find the constant of the 
instrument. In order that M may be equal to Li it is necessary 
that the self inductance of the series coil should be greater than 
the self inductance of the shunt coil. 



Various kinds of watt-hour meters are used in practice to 
Watt-hour measure the total energy expended in a given time in 
meters. ^^^ installation. If the meter be theoretically correct, 

the number of revolutions of the spindle in a given time must 
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portioDal to the watt-seconds confiumed. If r be the rate 
meter, theo 

Revolutions 
Watt-Seconds 

" Wf 

nee ]r=". 

rt 

ore if r be known W can be found. 

at watt-hour meters cannot, however, be trusted to read 

be!y when the power factor of the circuit is low unless very 

precautions are taken in their manufacture. Consider for 
le the well-known Elihu Thomson watt-hour meter. In this 
the shunt circuit consists of a drum wound armature, the 
" which is the spindle. The armature is in series with a 
early non-inductive resistance. This is placed in the field 

the series coils, and rotates for the same reason that the 
ire of a motor rotates. Now, if At be the current in the 
circuit, then, since the field due to the series coils is pro- 
lal to the current in them, that is to the main current A, 
'. that the mean value of the driving torque is proportional 
licosa. The retarding torque when the spindle rotates 

to the eddy currents induced by permanent magnets 
isc of copper fixed to the spindle. Owing to the induct- 
)f the circuits in which the eddy currents flow, they do 
me instantaneously into existeuce, neither do they die away 
•aneously. By Lenz's law they retard the motion of the 
d, since the field due to the permanent magnets is constant, 
'alues are proportional to the angular velocity (Sim) of the 
:. Therefore, neglecting friction, the retarding torque is 
tional to n, and the driving torque to AAj cos a. Proceeding 
he case of the electromagnetic wattmeter, and assuming that 
jtual inductance between the shunt and series circuits is 
hie, we find that 

^n coaff 
rt cos a cos 7 
r is the rate found by direct currents. Hence we see that 
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unless 7 is zero, i,e. unless the shunt circuit is absolutely non- 
inductive, the reading on an inductive load will in general be 
too high. Also on a condenser load if y — x is greater than 
cot)8, the meter will run backwards. In actual meters a few 
extra windings of the shunt circuit are arranged so as to help the 
field due to the main current and thus enable the meter to start 
on a small load. It is found that the friction of the spindle in 
its bearings is very nearly constant, and, if the extra windings 
be arranged to compensate for this, then AAjCosa will be very 
approximately proportional to n. 

For this method we require an electrostatic voltmeter, an 
ammeter and two high non-inductive resistances 

Reisz' 8 method -n i t\ -r r-k a r>i /-n* new -L 

of power of knowu values itj and B^, Let BAG (Fig. 62) be 

measurement. .•• . •,• i*i -i. .i 

the circuit in which we wish to measure the power. 




Ax 




Fig. 62. Beisz's method. 

Place an ammeter Ai in the main circuit, and place R^ as a 
shunt across the circuit BAG, Then if ij be the main current, 
e the P.D. across BG and i the current in BAGy we have 

e 

Hence ^ '^ '^RT^'^W 

where w = ei = the instantaneous watts expended in BAG, 
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nation 






y 








W-b(A,'-A,-)-aV' 


(1) 


infinite, then (1) becomes 






r.fw-^fl-S, 


(2). 



)ower &ctor were zero, W would be zero, and we see from 
I b{Ai* — Ai*) would then have its minimum value aV^. 
power factors, therefore, W is the difference of two large 
es and a very small error in the ammeter or voltmeter 
I may introduce a large error in the value of W calculated 
). It is also to be noted that we make the assumption 
I shape of the wave of the applied potential difference is 
ired by shunting the circuit by the high non-inductive 



his method a non-inductive resistance R (Fig. 63) is put 
volt- in aeries with the load BC. Let e, e, and e^ be the 
*"^- instantaneous values of the P.D.'a across AG, AB 
respectively, then if i be the current in the circuit, we 
ive at every instant 

c = ei-f-ej. 
re 6' = e,' + ej' + 2e,ej 



'A/WWVMlMMil^° 

Fig. 63. Three Voltmeter method. 
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If, therefore, W be the average value of the power tea expended 
in BC we have by summation 

and thus ^ = ^ ^ ^° ~ ^'^ ~ ^^^^ 

= ^^iV^-Vi'-V^) (1) 

where A is the effective value of the current measured by an am- 
meter and V, Vi and Fg are the readings of voltmeters placed across 
ACy AB and BG respectively. If the supply voltage is sufficiently 
steady, one voltmeter can be used to read F, V^ and V^. 

Suppose that three voltmeters are used and that ± a, +6, +c 
are the percentage errors of the readings F, Fj and Fg and that 
the ammeter reads correctly, then it can be shown that the 
maximum possible error in the value of W given by (1) is a 
minimum when 



^y Ja + c 
'^W a + 6' 



and in this case the maximum percentage error in W is 

2 / 

2a + 6+ T v(a-f-6)(a + c) 

cos <^ ^ ^ ^ ^ 

where cos<^ is the power factor of the circuit. Suppose that 
the three voltmeters are all equally trustworthy, then the 
maximum percentage error is • 

3a + T. 

cos 9 

If the voltmeters could be trusted to read correctly to within 
± ()'2 per cent., then for a power factor of unity the maximum error 
would be 1*4 per cent, and for a power factor of 0*01 it would be 
80*6 per cent. Owing to the unavoidable errors of observation, 
with ordinary commercial instruments and on circuits where the 
voltage is unsteady, formula (1) often gives negative values for 
W when cos ^ is small. 

The practical objection to this method is that the testing 
pressure applied between A and C has to be nearly double the 
working pressure applied between B and (7, and this increased 
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pressure is not always available. Another difficulty is that the 
shape of the wave of the applied potential difference is generally 
altered wheti we put a Qon-inductive resistance in series with the 
load. The first of these difficulties can be met by using the three 
ammeter method. 



this method a non-inductive resistance R (Fig. 64) is placed 

ammeter ^ & shuut across the load, and ammeters are 

placed in the branch circuits and in the main. 

the instantaneous value of the current in the main, then 

i-ii + if 
>re i' = ij' + i,* + 2i,it 



= V + tj'+ p«>, 



i is the applied p.d. Hence by summation 






© 



ig. 64. Three Ammeter method. 
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Thus W = jiA^-Ai'-Ai') 

= ^^(A'-A,^-A,^) (1) 

where Vis the applied p.d. and A^ the current in the non-inductive 
resistance. When the power factor is very small, W is small and 
hence, from (1), A^ is nearly equal to Ai^ + A2^. Therefore in this 
case a small error in measuring any of the currents may introduce 
a large error into the value of W calculated from (1). 

There are several methods of measuring power by means of 
Transformer transformers. These are in general based on the fact 
methods. ^jjg^^ ^^le phasc difference between the primary and 

secondary voltage of a transformer on a light load is almost exactly 
180 degrees. Let ei and 62 be the primary and secondary voltages, 
ii and 4, Vi and 7\, Wi and n^ be the currents, resistances and turns 
respectively ; then if ^ be the flux in the core and there is no 
magnetic leakage, 

ei = rjZi + Til 



62 I ^2^2 ^ ^2 



dt ' 

d^ 

dt ' 



therefore ^i + -— 63 = rjii — ^ rgig (1). 

Now, in a modern closed iron circuit commercial transformer 
on open secondary, the maximum value of e^ is about ten thousand 
times greater than the maximum value of r^\ and therefore, in this 
case, we can write 

Tfh 

This equation shows that e^ and e^ are similar curves and differ in 
phase by 180 degrees. 

The method shown in Fig. 65 is due to Albert Campbell. 
A small non-inductive resistance R is placed in series with the 
load, and the primary of a suitable transformer is placed across it. 
By means of a reversing switch 8 the secondary voltage 62 of this 
transformer can be added or subtracted from the P.D. e applied 
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across the load, and the resultant measured by an electrostatic 
voltmeter. Let v, and v, be the two resultant volt^es, then 



'B.', 



?■ is the current in R. 



CWfT] 



t^iyw^ 



Fig. 65. Campbell's method. 

V, if the magnetising current of the transformer be very 
ompared with the current i in the load, then *' is approxi- 
equal to i and 

Vi = e — if J, 



V,* = V^+'^,S?A^-2-'RW. 
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Similarly V^ = V^ + %Ii^A'' + 2^ RW. 

Hence F = ^ ^W^' (1) 

= A;(F,-F,)(F, + FO (2) 

where A; is a constant. 

This method, like the three voltmeter method, fails when W is 
very small ; but as a series of values of Fa and V^ can rapidly be 
taken it is practically convenient in other cases. 

Elihu Thomson, Aron and other watt-hour meters for high 
tension circuits are often provided with a transformer for the volt 
coil and make use of the fact that for light loads the primary and 
secondary volt waves are in opposition in phase. 

The series coils of meters also are sometimes connected across 
the secondaries of transformers the primaries of which are in series 
with high tension mains. In this case the magnetising current of 
the transformer must be small, as it is assumed that the primary 
and secondary currents are in a constant ratio to one another and 
that they are in opposition in phase. 

For measuring the dielectric losses in condensers, Rosa and 
Resonance Smith make use of the principle of resonance. A 
methods. jj^^ q£ flexible cable AD (Fig. 66) is put in series 
with the condenser Ky which, for example, may be a concentric or 
a polyphase cable on open circuit. A and B are connected to 
low pressure supply mains, and a wattmeter W is placed in the 
circuit so that it measures the power taken by both the inductive 
coil and the condenser. If the core of the cable be made of 
many strands of very fine wire and there be no iron or metal near 
and the frequency be not too high, then the power consumed by 
the coil will be very nearly A^R where A is the current in the 
circuit and R is the resistance of the coil. Now if the inductance 
of the coil be adjusted by unwinding some of the cable, then, for a 
certain inductance, resonance of the first harmonic will ensue and 
the voltage V across the condenser may be 20 or 30 times greater 
than the P.D. applied across AB. In this case the power factor 
of the resonant circuit may be nearly unity and the wattmeter 
will read the load W accurately. Therefore, subtracting the power 

R. I. \i 
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expended in the inductive coil, we find W— A^R as the condenser 
loss. In this case, although the power factor may be as small as 
0*01, the loss could be measured with fair accuracy. 



nwr^ 



W^ 



nnmnn 



B 




Fig. 66. Besonance method. 
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CHAPTER X. 

The air core transformer. Equivalent net-work. Variable secondary load. 
Secondary load inductive. Condenser in secondary load. Circle diagram 
for a leaky transformer. Transformer with no leakage. Maxwell's 
formula. Rimington's theorem. Leading primary current with con- 
denser load. Transformer with constant primary current. 

If we have two neighbouring electric circuits and an alternating 
The air core currcnt be flowiug in one of them, then, owing to 
transformer. their mutual inductiou, an alternating E.M.F. will be 
induced in the other, and if this be a closed circuit an alternating 
current will be set up in it. The magnitude of this induced 
current will depend on the relative position of the two circuits and 
the permeability of the medium in which they are placed. We 
shall for the present consider that there are no magnetic materials 
near the circuits, so that we may take the permeability of the 
medium to be unity ; the two circuits will then have a constant 
mutual inductance. This is the problem of the air-core transformer 
and, as its solution is of fundamental importance in alternating 
current theory, we will first of all attempt to solve it without 
making any assumption as to the shape of the wave of the 
applied p.D. 

Let e be the instantaneous value of the P.D. applied to the 
Equivalent primary circuit, whose resistance and inductance are 

net- work. ^ ohms and L henrys respectively, and let 8 and N 

be the resistance and inductance of the secondary circuit, and M 
the mutual inductance of the two circuits. If i^ and i^ be the 

14—2 
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instantaneous values of the currents in the primary and secondary 
circuits we have 

.=izi.+if-Hif§ (d; 

O^Si, + N^I + M^J^- (2). 

These equations may be written in the forms 

e = Ri, + L^ (3),^ 



where / = ii 4- -^ ^2 



and o- = 1 



L 
LN' 



The quantity a is called the leakage factor of the transformer. 
We shall see in Volume ii that a knowledge of its value is of 
fundainental importance in the theory of transformers. 

Eliminating -^ between (3) and (4) we get 

^^{e^Ri,)^8i, + Na^ (5), 

and thus ^ " -^^'^W^^' '^W^'^dt ^^^' 

M 
where i' = — — i^ (7). 

Hence finally 

ii = / + i' (8),^ 

«-^^4>^"+£^4' <^H 

e-Ri^ = L^^ (10). 

These three equations (8) (9) and (10) show us that the 
problem of finding ii is the same as that of finding the current in 
the coil AB in Fig. 67, where the resistance of AB is jB, the 
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resistance and inductance of BCE are t^^ S and ^ Na respectively, 

and the inductance of the choking coil BDE is L, 

The solution of the transformer problem is therefore identical 
with the solution of the problem of finding the currents in the 
comparatively simple (seeing that there is no mutual induction) 
net- work shown in Fig. 67, where the primary P.D. (e) is supposed 
to be applied between A and E, By (7) we see that the current 
in the secondary circuit is in exact opposition in phase to the 



AAAAa 



AAAAAAA^Ar-^jnn^n 



B 



mmmmj 



Fig. 67. Equivalent net-work of a transformer. Besistance of AB is R ; resist- 
ance and inductance of BCE are -rj^ S and v?2 •^•c which is equal to 

zjrr^Nil- Yj^ ) ' Inductance of BDE is L. Current in the primary is the 
same as the current in AB, 



current in BCE and its magnitude is ^ times this current. Again, 

if there is a non-inductive resistance across the secondary terminals, 
the P.D. between the terminals will be in phase with the secondary 
current and therefore in opposition to the phase of the current 
in BCE. 



This construction still applies when /S is a variable resistance, 
Variable ^s for example a spark gap. Hence we should expect 

secondary load, ^j^g^^^ when a transformer is supplying an electric arc, 

the peculiar shape of the P.D. wave at the terminals of the arc 
would be transmitted through the transformer into the primary 
circuit. This has been proved experimentally by Duddell and 
Marchant. 
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Again, if we put an inductive load on the secondary, then, from 
Secondary load equation (2), we alter the value of N and therefore 
inductive. j^igQ ^jjg value of o". Suppose that the inductance 

of the secondary load is iV'. Then the inductance of the imagi- 
nary coil BCU (Fig. 67) is 

Therefore the leakage factor becomes «■ + -5^ . Thus the eflfect 

of adding inductance to the secondary is exactly the same as 
the eflfect of increasing the magnetic leakage. If (oN' be great 
compared with S we see that the primary of the transformer will 
act like a choking coil, its power factor being very low. 



If we put a condenser of capacity K across the secondary 
Condenser in terminals, then equation (2) becomes 

secondary load. 



o = s^; + i\^^ + J^f^^^-M^ 



Hence from (6) 
e 



Therefore to get the diagram for this case we have to put 
a condenser of capacity -j^^ ^^ series with an inductive coil 

of resistance -^rji S and inductance -^„ Na. 

if* if* 



AAAA^ 



WW-S^-^^nr^ 



B 



SMKMMM^ 



Fig. 68. Equivalent net-work of transformer with a condenser load. The circuit 

JJi JJi Jj£2 

BCE has resistance ^ S, inductance r^ Na and capacity y^^ JST. Inductance 
of BDE equals L, Current in the primary equals the current in AB, 
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When studying formulae connected with transformers it will 
often be found convenient to employ diagrams similar to Figs. 67 
and 68. Then, merely by inspection, we can see what the efifect, 
for example, will be of diminishing the leakage factor or putting 
inductance in the secondary circuit. 



In the particular case when the resistance R of the primary 
_. , ,. , circuit is zero, we see that the current / in the 

Circle diagram for 

a leaky trans- chokiug coil BDE VOL the equivalent net- work is 

always the same whatever may be the load on 
the secondary of the transformer. 

If we denote its value by i©, then by (8) 



Lii + Mi^ = LIq, 

Therefore there is a linear relation connecting ii, ij and Iq, and 
their vectors can be represented by lines which form a triangle. 




Fig. 69. The oirde ABC is the locus of the extremity of the primary current vector 
of a leaky transformer on certain assumptions. AC=Aq . 



In Fig. 69 let OA, OB and BA represent the effective values 

M 
of io, ii and -ji^in magnitude and phase respectively, and let OV 

represent Fthe p.d. across the primary terminals. OF will be at 
right angles to OA but it will only be in the same plane as the 
triangle OAB in particular cases. We will however make this 
assumption in order to simplify the diagram. Draw BG perpen- 
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dicular to AB. Now if ^ be the angle between OV and AB, 
then 

8in = wm 

aw Yr NaAn 
M 



r — ' 

where ^r- is the frequency and a is a quantity that depends on 

the shape of the current wave in the secondary, but cannot be 
less than unity. 

Similarly V = a'w LAq, 

Now if we describe a circle on ^C7 as diameter, it will pass 
through B, li AG equals J9, then by trigonometry 

M 
D L 

-4.0 Aq sin BOA 

^ a!M^ sin 
" oLNa sin BOA 

^ oLNa ' 
If e follows the harmonic law, a = a' = 1, 



-^A, 



thus 



A, " LNa 



LN-M^ 
1-0- 



<7 

In the elementary theory of the induction motor this ratio is 
important. 

In the particular case when there is no leakage, <r equals zero 
Transformer with ^^^ D is infinite. It foUows that AB is perpen- 
no leakage, dicular to OA. This can also be seen at once, as 

Fig. 67 in this ease simplifies down to a perfect choking coil 
shunted by a non-inductive resistance. 
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When the applied p.d. wave is sine-shaped, we can apply the 
Maxwell's method of the complex variable (Chapter vii) to 

formula. solvc the problem corresponding to Fig. 67. It 

easily follows that the effective resistance of the primary is 

R + m^8 and its inductance is L — m^N where m* is ^r^ — Tfr—c^' 

These results were proved by Clerk Maxwell in his paper on ' A 
dynamical theory of the electromagnetic field/ published in the 
Philosophical Transdctions for 1865, p. 475. 

If the magnetic leakage be negligible, then in the equivalent 
Rimington's nct-work (Fig. 67) we have a non-inductive resist- 
theorcm. BxiQQ R in scries with a choking coil of inductance L 

shunted by a non-inductive resistance irr^S. In this case it is 

known (Chapter vii) that there is a certain value of S which 
will make the current in i2 a minimum. Hence putting a non- 
inductive load on the secondary sometimes makes the primary 
current smaller. From page 168 we see that the particular 
value of 8 that makes the primary current a minimum is given 
by the equation 

M'^ 2R ^2R^'^^ +*itj. 

This theorem is due to E. C. Rimington. 

A most interesting and important case arises when we put 

a condenser across the secondary terminals of 

Leading pnmary ^ *' 

current with con- the transformer. We can see from the diagram 

(Fig. 68) that, when the condenser is small, it 
will supply some of the current required to magnetise the 
choking coil, and hence the primary current will be diminished. 
As we increase the capacity of the condenser the primary current 
attains a minimum value and then begins to increase again. When 
the primary current is a minimum, the phase difference between it 
and the applied p.d. is small, but it is only zero when the P.D. 
wave is sine-shaped. As we increase the capacity the angle of 
lead of the current attains a maximum value and then begins to 
diminish again. Finally, since a very large condenser acts simply 
like a short circuit, the current in the primary ends by lagging 
nearly ninety degrees in phase behind the P.D. If there were no 
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magnetic leakage, it would be possible to obtain leading primary 
currents of any magnitude. 

If the resistance of the primary circuit be negligible and A 
_ , . ^ is the effective value of the primary current, it 

Transformer wnth . 

constant primary easily foUows, by applying the method of the 
''""'"'• complex variable to Fig. 68, that 






K« Day" L 



If we make K = 



then A = 



r 



whatever be the value of S. 

If <^ be the angle of phase difference between the primary 
current and the applied p.d., then we have in this case 

^"""f" mz — ■ 

Hence as S diminishes from infinity to zero, the Jag of the 
primary current changes from + 90 degrees to — 90 degrees, 
although the current itself remains constant all the time. 

Such an air core transformer would be useful as a phase 
regulator for testing whether a wattmeter reads correctly on loads 
of various power factors. On open circuit it would read nearly 
zero ; as we diminished the resistance in the secondary circuit, the 
readings would increase to a maximum value AV and then 
gradually diminish, attaining a minimum value when the re- 
sistance in the secondary was zero. We should have to make 
sure however that the harmonics in the applied P.D. wave were 
negligible. 
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CHAPTER XT. 

Three phase alternators. The magnitudes and the phase differences of the 
voltages between the mains in three phase systems. The graphical 
representation of the voltages across the three arms of the load (star 
connected). Rule for finding the voltages across a star load when the 
resistances of the arms are given. Algebraical formula for finding the 
angles of the voltage triangle. Example. The voltages in a star load 
adjust themselves so that the power expended in it is a minimum. 
Algebraical relations between the various voltages. The potentials to 
earth of the mains. To find the potential of the centre of a star load 
which is insulated from earth. The capacity currents in the sheath. 
Diagram of the currents in a mesh load. Algebraical formulae for the 
currents in a mesh load. The form of the wave of p. D. in three phase 
systems. Examples. The p. d. waves between the mains can only be 
similar curves when their effective values are all equal. To find the 
frequency of the alternating current in the fourth wire of a balanced 
three phase system. Value of load on a three phase alternator at every 
instant. The measurement of power in three phase circuits. Watt- 
hour meters. Minimum value of the sum of the three voltages in a 
star load. To find the resistances of the arms of a star load in order 
to get symmetrical three phase currents. To find the ratio of the 
resistances in a star load in order that the voltages to the centre may 
be equal. References. 

The fundamental principle of the commonest type of three phase 
Three phase alternator is illustrated in Fig. 70. Insulated wire 
alternators. jg wound evenly round a laminated iron ring and 

connections are made on three points on the wire at equal 
angular distances apart, with the three terminals of the 
machine. A powerful magnet NS rotates inside this ring, 
and as the magnetic circuit is completed through the two halves 
of the ring it will be seen that the flux inside the coils will 
change in direction every half revolution, and hence an E.M.F. 
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e set up ia each coiL If everything is symmetrical, 
fective P.D.'s between any two of the three terminals 
:>e equal The riog represents the armature of the three 
alternator and the magnet the revolving field mt^ets. In 
se the armature is said to be mesh wound and the three 
igB are in series with one another. Any want of balance 
St the E.U.F.'s generated in the three windings of the 




Fig. TO. Three phase machine with meBh-coDtieeted armataie. 



ire will cause alternating currents to flow in the windings 
t no load, and will thua lower the efficiency of the machine. 
iherefore important to make the armature as symmetrical 
sible. 

e mains are connected with the three terminals of the 
ne and the load can be placed across two of the mains or 
d symmetrically between the three of them either in mesh 
1 like the windings of the armature or in star fashion like 
mature shown in Fig. 71. 






XI] THREE PHASE MACHINES 221 

The principle of three phase motors can be understood from 
Fig. 70. If we were to connect A, B and C to three phase supply 
mains then currents would flow round the three windings of the 
armature, and we shall see in Chapter xiv that a rotating magnetic 
field will be produced which will cause the magnet to make / 
revolutions per second, where f is the frequency of the alter- 
nating current, 

B 




A 

Fig. 71. Three phase machine with star-connected armature. 

A diagrammatic sketch of a three phase alternator with its 
armature star wound is shown in Fig. 71. A, B and C are the 
terminals of the machine, and a, h and c, the other ends of the 
three windings, are joined together. In this case there is ob- 
viously no current flowing in the coils when the machine is on 
open circuit. 

When the three P.D.'s across the terminals of a three phase 
alternator are all equal then the load is said to be balanced. In 
practice it is not always possible to obtain a balance, and so 
we will first consider the relations that hold between the eflfective 
p.D.'s and their phase differences in the general case. 



/' 
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t II] be the potential of No. 1 main, v, the poteatial of No. 2 

main and tp, the potential of No. 3 main. 
^nitudn Let aigo 

phSH 

="""••* i;,., = ri — Va = the P.D, hetween mains 1 and 2. 

'w^mlT'" iJj,, = v, — v, = the P.D. between mains 2 and 3. 

"1.1 = "1 — 111 = the P.D. between mains 3 and 1. 

len obviously "i.i + »».i + Wi. i = (1). 

iDce a linear relation connects the instantaneous values of 
hree p.d.'s, and therefore 

effective values can be 
ented by lines drawn in 
ane (Chapter vm). Since 
oe of them is equal and 
te to the resultant of the 
two we see that they form 
ngle (Fig. 72). This also Fig. 72. The wltage triangle for 

»^ '^ % ',, . three phase maiiiB. 

) at once irom (I), since 

V\^= F',., + F%., + 2F,.,F,., cos a, 

a is the phase difference between the vectors Fj.i and F,.,. 

I the formulae for the trigonometry of a triangle can now be 

d. For example, 

K^ F,., F,., 



t 1, 2 and 3 be the three mains, and let be the centre 
of the star load. If p, q and r be the re- 
lation of sistauces of the three arms (non-inductive) and 
fama"" ^1. ^ ^^^ ^» ^ ^^^ P.D.'s across the arms, then, 
,<?*" if is earthed and the capacity currents in the 

sheath can be neglected, since by Kirchhoff's law 
^ebraical sum of the instantaneous values of the currents 
must be zero, we have 

'-' + S + S-0. 
p , r 
!nce, as before, 

Bj^ E^ E^ aE^Et „ 

— . =— ^ H — T + 2— — cos B^ ■ (1) 

^ ^ ■r' qr ' ^ ' 
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and two similar equations, where E^ is the voltage across the arm 
10, and ^a.3 is the angle of phase difference between e^ and e^. 



v.^ 



V 




6 

2 
Fig. 73. Star load. 

We see, as in the last theorem, that E^jp, EJq and Es/r form 
a triangle whose exterior angles are $2.9, 0s,i and ^i.a respectively. 
These angles can therefore easily be found when Ei, E^, E^, p, q 
and r are known. 

It follows by geometry that 

^1.2 + ^2.3 + ^8.1 = 360° (2). 

It also follows by the ' rule of sines ' that 

psin^a.s g^sin^a.i rsin^^.j ^ ^' 

From any point (Fig. 74) draw OL equal to Ei. Make the 
angle LON equal to ^j.i ai^d make 
ON equal to E^. Make the angle 
NOM equal to ^a.s and OM equal 
to E.2, Then by (2) the angle LOM 
equals ^1.2 

Now, 

^^1.2 = Vi-V2=ei- ea, Fig. 74. is the c. of q. of 

,\r\,, = Ei' + E2^-2E,E2CO8 0,,, (4) masses -,- and i at L. M and 

p q r 

= LM^ in Fig. 74. N respectively. 
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Therefore LM equals y^j. Similarly, MN and NL equal F2.3 
and F,.i respectively. Hence the triangle LMN is the voltage 
triangle already found (Fig. 72). 

Produce XO, MO and NO to cut the sides of the triangle in P, 
Q and R respectively.. 

MP OM sin MOP 



Then 



Similarly 



PN "" ON sin NOP 

"" £"3 sin ^j. 1 

= ? from (3). 
r 

NQ'^r 
QL p' 



, LR p 

and -i>]i>f=-- 

It follows from these relations that is the centre of gravity 
of three particles of masses 1/p, 1/q and l/r placed at L, If and N 
respectively. 

Construct a triangle LMN the lengths of whose sides represent 
Rule for finding *^® voltagcs between the mains. Find the centre 
the voitases across of fiTavitv of masscs l/o, l/o and l/r placed at 

a star load when ° "^ ^J i r^ i 

the resistances of i, j(f and N, Then Oi equals El, the voltage 
rms are given. j^^j.Qgg ^y^^ terminals of the resistance p (Fig. 73), 

OM equals E^y and ON equals JS^j,. The angles LOMy MON and 
iVOi give the angles of phase difference between the various 
voltages and also, since the arms are non-inductive, between the 
currents in the arms. The supplements of the angles of the 
triangle LMN give the angles of phase difference between the 
voltages represented by the sides of the triangle. 

In practice the voltages between the mains are nearly equal. 
Algebraical for- In this casc, if the voltagcs be V, V+xV and 
re^gi'e^oftSie V + yV, we Can find the angles of the triangle in 
voltage triangle, degrees by the approximate formulae 

60-33(a: + y); 60 + 33 (2y - a?) ; 60 + 33 (2a? - y). 
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Suppose that the p.d/s between the mains are 2000, 2060 and 
2140 volts respectively. By the formulae the angles of 
the voltage triangle are 56*7, 597 and 63*6 degrees. 
Their true values are 56*6, 59*6 and 63*8 degrees. The supple- 
ments of these angles will give the phase differences between the 
three voltages. 

Since (Fig. 74) is the centre of gravity of masses 1/p, 1/q 

and 1/r placed at i, M and N, it follows that 
star Toad adjust * the momeut of inertia of these masses about an ' 
thc'^^crex?**'** axis through perpendicular to the plane of the 
pendcd in it is a paper is Icss than their moment of inertia ^hgwt 

any other parallel axis, hence 



.anifin: 



OL^ OM^ ON^ ; , 

par ■ , 

IS a mipimum. '- ' 

Since p, q and r are non-inductive, this expression 'l*feplf^seiiife 

the power being expended in the star load. 

Since -i + _?4- J' = 0:*'i"^'>^ ^i* vjniI'>'>')oiM 

' DOT 

Algebraical rela- .-i i -• . «. i * 'an 

wriJuIr™".^*; we have e,(- + ^ + ^) i^ffa^L,^;..-, j .,y,,;>l../ 
Hence, squaring and taking mean value&^il^ "-ir; ^//..{Ini )1 

But 2 F,. , F,. I COS /8 = F%. , - F>,. , - F»,. ,. 
Hence ^,^ fl +1 +1)^ (Z!-^'4i^-F'^^¥flf iY-fe ■..'(b). 



•jfi.* Jj.'ifi oT 



We can write down , two* simiktr equations by ^^^fej^fcrt|trt^t¥y. 
Similarly V '\ • ^'' '^-"^•''•' ^^-'-^ 

pqs=, \-^ 4 o /.-Vw'/i.^i^f'^iir' 
and two other similar equations. Hence, also, , , / 

Vp ? rj\p q r) pq qriu\i:iirp^i'r'^^rAi\i> 

R. I. 15 
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It follows that i{p, q and r are all equal, then 

V\.,+ V\,,+ V\,^3{E,'-^E,' + E^) (8). 

If in addition Fi.j= ¥2.3= F,.i, 

then Fi.g = \/affi (9). 

This can also easily be proved from Fig. 74, since in this case 
LMN is an equilateral triangle. It is to be noted that no 
assumption is made as to the shape of the p.d. waves. 

Let Viy v^ and t;, be the potentials of the three mains, and let 
/i» yi ai^d /i be their fault resistances to earth. 

The potentials to 'V* , « , 

earth of the By the fault resistance of a main we mean the 

resistance of all those leakage paths from it to 
earth which do not pass through the other mains. Then since if 
the capacity currents in the sheath can be neglected, the sum of 
the leakage currents to earth must be zero, 

!!? + *> + !!» = o 
/. /^ /. • 

Proceeding as before, we see that if is the centre of gravity of 
masses I//1, \jf% and l//, placed at the angles i, M, N of the 
voltage triangle, then OL, OM and ON represent Fi, Fg and F, 
respectively in magnitude and phase. 

It follows also that, if the fault resistances of the mains vary, 
then their potentials adjust themselves so that the power ex- 
pended in leakage currents is a minimum. An analogous theorem 
holds true for the case of three wire direct current systems. 

Let p, q and r be the resistances of the arms of the star load, 
and let x be the potential of the centre. Then 

To find the *■ 

potential of the 71 — -r w — r ?; — r 

centre of a star ^2 f 4. * f + _! Z. = Q 

load v\^hich is „ ' ^ "■ .. > 

insulated from 

earth. 



p 



therefore ^.f 1 +1 + 1] =^' + ^' + '!?. 

\p q rj p q r 

Now as the p.d. waves have dififerent shapes, a little consideration 
will show that the frequency of the alternating potential is an 
unknown quantity. 
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If V denote the effective value of a?, then 

i+i+iy=^+... +2^008.^,.,+ (1). 

K'P q r) p^ qr ^ ^ ^ 

Also, if /i,/2 and /s be the fault resistances of the mains to earth, 
and if the capacity currents in the sheath can be neglected, then 

TTa ITS Fa YV 

and two similar equations. 

By means of these equations we can eliminate the cosines from 
(1) and we get finally 

\p q rj f^ \p qj \p \ 

U V? r)\q p, 



^ fi\r p)\r qJ' 



Hence if fl^fl^f^^ 

p q r 

we see that V is zero and x also is zero. 

Let us now consider the case of a three core cable with a lead 
sheath. In practice the sheath is earthed and so, 

The capacity . ^ 

currents in the approximately at least, it is at zero potential. We 

saw in Chapter iv that, so far as capacity effects 
are concerned, we can, in theoretical diagrams, replace a three core 
cable by three small conductors joined by six condensers (see 
Fig. 39). The eflfects of leakage can be shown on this diagram by 
joining fif 1, fif 2 and /S3 with non-inductive resistances/i,/2and/8. 
Since by KirchhoflF's law, the sum of the currents flowing to and 
from the sheath must be zero, we have 

t'l , ^2 ^ t;s ^ dvi j^ dv2 .j^ d^s_f. 

andthus 5 + 5 + 5^^0^^^ 

where q^ is the total charge on the sheath at the time t We may 

call -^ the capacity current in the sheath. It is to be noted that 

it is the sum of a number of small leakage currents taking place 

15—2 
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fiths which may be at considentble distances from each 
]d therefore the value of the capacity curreDt ia the sheath 
ry largely at different points along its length. A formula 
1 he fdnnd as follows. We have 



effective value C 


of 


"* 


dt 


=M 


-1 


C,' 




+ 


..+ 



refore C„* = 



- fr--^ 14. ■"•••• . 

re, if we know the star and mesh volt^^s and the fault 
ces of the mains, we can calculate C,. 

O], Og and a, be the instantaneous values of the currents 

in the mains and let I'l, tj 
OB and % be the currents in 
the mesh windings. The 
iads are drawn pointing round 
ne way so as to gqt algebraical 
try in our equations. At any 

however either one or two of the 
ies t], t2 and i, must be negative, 
m the figure we see that 




a. = h-i, (1). 

ice, a, + Oa + a, = 0. 

proceeding as before, we see that A^ 
i (Fig. 76), the exterior angles of 
give the phase differences be- 
the three vectors, 
lin, if r,, r, and r, be the resist- 
)f the arms UN, NL and L. 
. 75, and if they are non-in- 
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We have supposed the three arms of the load non-inductive, but 
equation (2) is also true in other cases. Suppose, for example, 
that the three arms of the load are the primary coils of a three 
phase transformer (see Volume II), each coil being wound with n 
turns of wire, then 

riii + n-^ = V2-Vsy etc., 

where <^i is the magnetic flux in the first limb of the transformer. 
Thus d 

If there is no magnetic leakage, </>! -f <^a + <^s must equal 
zero, since the lines of induction are closed curves, and therefore, 
as before, 

nil + r^i^ + r^H — 0. 
Hence as formerly 

(3), 



^l-'l ^2 -'2 ^8-^8 



sin ^2. 8 sin^s.i sin ^1.2 

where ^2.3 is the phase difference between I 2 and I^, If rj/i, 
rj/a and r^I^ represent forces acting at a point 0, equations (3) 
show that they will be in equilibrium. 

Now it is known from statics that is the centre of gravity 
of three equal masses placed at the extremities of r^Ii, r^I^ and 
rg/j respectively. Hence will also be the centre of gravity of 
masses proportional to ri, Tg and r^ placed at the extremities of 
lines equal in length to /j, I^ and /g respectively. 

Now from (1) 

Ai^ = /s^ + 1^^ - 2/3/2 cos ^2.8. 

If we draw therefore from (Fig. 77) lines proportional to /i, 
I2 and /g and inclined to one another 
at angles ^2.8> ^8.1 and ^1.2, we see 
that the lines joining the extremities 
of these lines give us J-i, A^ and A^ 
respectively. Hence the triangle is 
the same triangle as in Fig. 76. 

Knowing the currents in the mains 

and the resistances of the arms of the „. . „„ . . ., 

. Fig. 77. The currents in the 

mesh, we can find the currents m the ^^j^^ ^„^ .^ ^^^^ ^^^ ^j the 
arms by the following construction. mesh load. 




M "A, N 
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' Make a triangle LMN (see Fig. 77) whose sides are equal to 
Ai, Ai and -4, respectively. Find the centre of gravity of 
masses rj, r^ and r, placed at i, Jlf and -AT. Then OL will give 
/i, OM will give /a, and ON will give /j- 

Again, if in Fig. 77 we produce OL to L\ etc. so that 
OL'=r,,OL, OM'^r^,OM, and ON' = r,,ON, then if the re- 
sistances are non-inductive, UM'N' is the triangle giving the 
voltages between the mains and 0L\ OM' and ON' give the 
voltages between the mains and the centre of the star load. 

We can prove the following algebraical relations between the 
currents in the same way as we proved the relations 

formulae for the between the P. D.'s. 
currents in a 

me.h load. T^V^A^^ = (vj^^ + vj^^) (v^ + Tg) - V.^^ (4) 

and two similar equations. Similarly, 

(n + ra -h r^y /i* = (r^As^ + r^A^^) (r^ + r^) - r^r^A^^ . . .(5) 

and two similar equations. Hence, also 

(/jVi + /jVa -h /sV,) (r, + r, + n) 

= A^^r^Vs + A^^r^r^ + AJ'TiV^ (6). 

The case when ri, ra and r^ are all equal is important. 
(Fig. 78) is now the centre of gravity 
of the triangle LMN, 

Hence, from geometry or from equa- 
tions (4) and (5) above, 

^,»=2(/a^-h/,«)-/,^ (7), 

, 9A«=2(^a* + ^»)-^,^ (8), 

and four similar equations. 
Also from (6) 

Ai' + A^^ + A,^ = S/i^ + 3/a^ -h 3/s* . . .(9), 

and the curious theorem is also true that 

A,' + A,* + A,* = (ST,J+{fiI,'y + (SI,J (10). 

When the currents in the mains are all equal, 

il=V3/.'. (11). 

It is to be noted that these formulae are perfectly general, no 
assumptions having been made as to the shape of the wave. 




M A« N 

Fig. 78. The relations be- 
tween the cnrrents. 
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When we have a star winding, the currents in the branches 
are of course equal to the currents in the mains. Their phase 
differences can be got by constructing a triangle whose sides are 
proportional to the currents. The exterior angles of this triangle 
are the phase differences required. 

If we have both a star and mesh winding, the graphical 
representation of all the currents by a figure drawn in one plane 
is rarely possible. 

We will first suppose that the effective P.D.'s between the mains 

are all equal to one another. Let Vf{t) represent the 

waveofp.D. in iustantancous value of one of these P.D.'s, where V 

three phase £g ^jj^ effective voltaffc and t is the time in seconds 

systems. ° ^ 

from the era of reckoning. Then the other two will 

be represented by F/ f < + ^ ] and Yf ( t + -^ j where T is the 

period of the alternating current. Since the sum of the instan- 
taneous values of the p.d.'s must always be zero, we must have 

/(<)+/(<+|)+/(«+^) = o (1). 

I 

This functional equation limits the possible forms of /(O* 
Solving it by Laplace's method we get 

/27re 



/(0 = Zsin(^+F), 



where X and Y are constants or functions of t whose values do 

T 2T 

not alter when ^ + « or t+ — is substituted for t 

Since, however, /(^) is an alternating periodic function, we have 
another equation to satisfy, namely 



/•(()= -/(<+!). 



This adds the condition that X and Y do not change when 

T . . 

^ + ^ is written for t in them. Hence X and Y are functions 

T T 2T 

of t that do not alter when t + -^yt+-^, or ^+-Q^is written for t 
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■ ^^^^ ^^^^ ^^^^ MM^M« MMM.^ l^i^^B ^MW. 
^ I i 



Fig. 79. 3/ = 8m^— + -sin6^j. 

Possible form of p. d. wave in balanced three phase system. 

Positive half only shown. 
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Fig. 80. y=('l+i8in6-^-^8i 
Another possible form. 
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In Fig. 79, X has been taken equal to 1, and F equal to 

1 ^frt 

Examples. - sin 6 -^ , SO that the equation to the curve is 



y = sin [-^ + 2 sm 6 -jrj . 

In Fig. 80 the equation to the curve is 

/, 1 . ^27rA . 27rt 
y = 1^1 + 2 sm 6 -y-jsm^- . 



The equation (1) can also be solved by Fourier's method. The 
Fourier series in this case may be written 



/(0=S^encfciSin 



(6n±l)^-ha^^^ (2). 

. /27rt 



As a rule it will be found that the expression Xsinf-^+Fj 
is more convenient to work with than the series given by (2). 

If it is possible for the potential diflference waves between 
»,.„_, the mains to be similar curves when their 

The P. D. ^vaves 

between the mains effective valucs are diflFcrent, let the p.d/s 

can only be similar . i-iTr/-/\ 

curves when their bctwcen the mains be represented by Vi/{tX 
equa . Fg/ ( ^ -f « ) and y^f\t. + "o- ) respectively, where 

Fi, Fa and F, are positive. Then, 
at time t, VJ{f) + Vj(t + 1) + Vj(t + ^) = 0, 

at time ^ + | , VJify + yj{t + |) + Vj(t + ^) = 0, 

at time t^^ , V,f(t) + VJ (^ + f ) + Vj(t + y ) = 0. 
Eliminating the functions by determinants or otherwise, we get 

and therefore Fj = V^—V^y. 

since Fi + Fg 4- Fj must be positive. 

Hence, if we make the assumption that the P.D. waves 
between the terminals of a three phase alternator are all similar, 
we also make the assumption that their values are all equal. 



V 









4 



'^. 



-po 



% 



%.. 




(r./ffmrr,^ ov// 



fmr wmmmmmrm»»m4r* 




l^tUt Mi ' i^tf^ummy ttt i\ut mrtmii in the foarih wire equals 3 (2n+ 1)/. 

Im* Um* IriMUnUrMiouN valuoH of the currents in the mains and let 
f^'tfi(t) h« I/Imi ournint in th(5 fourth wire. Then 

(i'4> (0 - {/(o +/(< + J) +f(t + ^)} . 

iM«l \\\m ^ / M jj ) - - ^ (*^. 
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It follows that, if the frequency of the currents in the mains 
be/, the frequency of the current in the fourth wire is of the form 
3 (2n + 1)/, where n is a positive integer. Its lowest value is 
therefore 3/*. 

It is easy to show that, if the current waves in the mains be 
triangular or parabolic in shape, then the current wave in the 
fourth wire is also triangular or parabolic, and, since its frequency 
is three times as great as that of the wave in any main, its 
effective value is one-third that of the current in each main. If 
the currents in the mains were sine curves, its value would be 
zero. Since a sine curve and a parabola differ very little in shape 
from one another (see Fig. 44), this shows how important a small 
modification in the shape of the wave may be. In the general 
case the shape of the resultant wave is quite different from the 
shape of the component waves. 

The above results prove that in practical three phase working 
slight^ causes may considerably alter the shape of the E.M.F. and 
current waves. For example, a slight variation in the resistance 
or, a fortiori, in the inductance of the fourth wire, will alter the 
shapes of the current waves in the other three wires. 

We have shown that, when everything is symmetrical in a 

three phase system, the potentials of the mains 

Value of load on /^ i , f . n y n 

a three phase can be expressed by functions of the form 

alternator at /O / \ 

every inafnt. X sin (^ + FJ , where X and Y are periodic 

functions of t whose frequency is ^ or 6/. If the mesh load 

between the mains be three non-inductive resistances each equal 
to jR, and the star load arms be each equal to r, then the power at 
any instant is 



27rt ^\ ^ . f^irt . ^ ttV 

+ ^+3J. 



1 [^ . (Iirt tA XT • /27ri 
^jZsm(^ + F)-Zsm(^ 



2 



"T* • • • I* • • • 
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where X is a function of t whose frequency is 6/. Hence the 
instantaneous value of the power is only constant in special cases. 





Fig. 82. The measurement of power. 

Suppose that there is both a mesh and a star load as in 
, Fig. 82. Let ai, a^ and a^; ii, i^ and %: 4, L and L 

The measurement ° . xj ^ «» 17 ^ 9j wt y z 

of power in three be the instantaueous values of the currents in the 

mains, in the arms of the mesh load and in the 
arms of the star load respectively. 



Then 



■ ' , » 

^1 — "^3 "~ ^2 "•* ^{Bj 

• • • 

Ctg ^ ^l ~" "is T 2iy , 

« • • 

0^3 = Ij — 'h. I ^Z* 



Thus tti + aa + ag = 4 + iy + 4 = 0, 

if the three phase machine is insulated from the earth and the 

leakage currents to the mains are inappreciable. 

Let w be the instantaneous value of the watts, then 

+ Viix + Viiy + v^iz. 



Now 
and 
Thus 

by symmetry 
and 

Similarly 



V 



3.1 



= — Vi o — V. 



1.2 



'2.8> 



%y — 1x *«• 

W = '^1.2 (*3 -4 + 4) + i^8.2(4 -4+4) 

= 'yi.a<^ + V3.2«8 

= t^2.S«2 + Vi.8ai 
= V8.1«8 + ^2.102. 



(1). 



.(2>. 
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Let US next consider the case when the point is not main- 
tained at zero potential and let v^ be its potential. Then thi 
power being expended in all the paths of the current a^ from the 
point 1 where the potential is v^ to the point or points where the 
potential is v^ is (vj — i/a?) Oj. Similarly {v^ — v^) (h and {Vs — Va-) a^ 
will be the values of the power in the paths of the two other main 
currents respectively. Thus the total power w in the load is 
given by 

W = {Vi- -y^) ai + (^2 - Va;) ^2 + (Vs - Va;) as (3). 

If we make the supposition that is insulated from the earth, 
then, ttj + da + as must be zero and we get 

w = Viai-\- v^a^i + t^gas. 

Similarly i^ = Vi .3 ai + Va . s ag 

and two similar equations. Therefore equations (1) and (2) still 
hold in this case. 

When is connected with the earth by a wire and the leakage 
currents from the mains are appreciable, or when the centre 0' of 
the star winding of the armature is also connected with the earth, 
or when and 0' are joined by a fourth wire, then aj + aa 4- Og is 
not necessarily zero. Let % be the current in the wire joining 
to the earth, then we must always have 

ai + aa 4- Os + io = 0, 
and thus by (3) 

W = ViOi + Vaaa 4- Vsas + Va-io. 

Therefore Viai + i;2a2 + v^a^ is not equal to the power in the load in 
this case. We also have 

t^ = ^1.3 aj + Va.s aa - (Vs — Vx)io. 

When Iq is zero these formulae simplify to (2) and (1) given above. 
The formulae (1) and (3) give the methods of measuring 
power in three phase circuits The first method is to use two 
wattmeters. The ampere coil of one of them is put in No. 1 main 
and the volt coil is connected across 1 and 2. The ampere coil 
of the other is put in No. 2 main and the volt coil is connected 
across 3 and 2. Suppose that Wi is the reading on one meter and 
that W2 is the reading on the other, and suppose that Wi is greater 
than W2. Then the power given to the circuit is Wj±W2, If the 



m: ■ 



t . 
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phase difference between a, and t;,.a is less than 90 degrees, w^ is 
positive, but if greater, w, is negative. We must be careful, when 
measuring, to note whether we have to reverse the shunt con- 
nections or not in order that the needle may deflect the right way. 
If we have to reverse, then w^ is negative. 

The second method is to use three wattmeters, their ampere 
coils being put in the main circuits and their volt coils across 
and 1, and 2 and and 3 respectively. 

It will be seen that the three wattmeter method is applicable 
to three phase systems which use a fourth wire. In this case the 
two wattmeter method cannot be used. 

These methods also apply when the load is arranged in any 
manner between the mains. For example, it may be arranged as 
in Fig. 83, where 1, 2 and 3 are the terminals for the mains. 




Fig. 83. Possible connections. 

An algebraical proof may be given as follows. 
Let 61, «a and e, denote the P.D.'s between 1 and i, 2 and M 
and 3 and N respectively, and let be insulated from earth. 
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Then * w = e^a^ + e^a^ + BzOz 4- v^j^Oi + Vj^]^a^ 

= (ei - ^2 + Vlm) «! + («3 - ^2 + V2fM) (h 
= ^1.2^^1 + ^3. 2<^3 as before. 

Similarly w = e^a^ + ^attg + ^s^s + ^xo^ + ^itfo<*2 + v^o^ 

It is to be noted that, if all the mains are equally loaded and 
the loads are non-inductive, one meter is sufficient. If the volt 
coil be connected across two of the mains we multiply the reading 
by 2. If it be connected from one main to the centre of the 
system, then the multiplying factor is 3. This latter method is 
also true for balanced inductive loads. 

An important case arises when the volt coil of the meter forms 
one of the arms of a star load, made up of two equal high resist- 
ances connected with the volt coil. An arrangement of this kind 
is generally called a star-box. If the three arms are of equal! 
resistance, the multiplying factor is 3. If, however, as is often 
the case in practice, the resistance of the volt coil be diflferent 
from that of the other two arms, then the multiplying factor for 

balanced loads is 2 + -p , where jR is the resistance of the volt coil 

and r that of either of the other arms of the box. 

Let (Fig. 84) be the centre of gravity of masses \jR, 1/r 
and 1/r placed at ^, i? and G re- 
spectively. Then OA, OB and 00 will 
be the three p.d.'s to the centrie of the 
star-box. 



Also 



OA 



./I 1 1 

»+- + - 



')• 



OA^ AB'\ yl 1 



+ 



r r 



r 




Thus 0A^[2^jA = 3 . 4i?^ = 9 . GA\ 



Fig. 84. Voltages in star-box. 



where G is the centre of gravity of the triangle ABG\ 



therefore 



^ OA^^-^R' 
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Now if the arms had been equal, QA would have been the p.d. 
across the volt coil. Hence the required multiplying factor is ^ j- , 

and this we have shown equals 2 + ^ . 

In Fig. 85, is the generator and M is the motor. If we 
Watt-hour assumo that the three arms are equally loaded, then 
meters. ^j^^ energy expended can be measured by means of 

an ordinary single phase watt-hour meter W and a star-box {S in 

w 



Ai 



xJIJLqXO 





Fig. 85. Connections of watt-honr meter to measure balanced loads. 

the figure). The ampere coil A^A^ (see Chapter ix) is put in 
one of the mains 22' and the volt coil A^V^ is connected to 22' 
and the centre of the star-box. The units registered by the 
meter multiplied by three will give the total energy expended 
on the motor. If the arms are unequally loaded, a watt-hour 
meter has to be put in each arm and the volt coils connected 
to 0. The sum of the three readings will then give the energy 
consumed in the given time. It will be seen that the three 
wattmeters can easily be made into a single one containing a 
star-box and having six ampere terminals J-i, ^2» etc., three being 
connected with the supply mains and three being connected with 
the mains for the load, the volt connections being permanently 
made inside the meter. 

If we connect two single phase watt-hour meters, as in Fig. 86, 
then by the formulae given above the sum of their readings will 
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give the energy expended. If one of them runs backwards^ then 
its reading has to h6 subtracted from the reading of the other, 



Aif 



W 




lA. 




/7\ 



V_^' 



V 



nyir(JTf^, 



A'lL _^_^ .^_^ I 

w 

Fig. 86. Connections of Watt-hour Meters to measure all loads. 

The ampere coils of the two meters are put in two of the mains and the 
volt coils are connected with the third main. 

which will always be the greater. A true three phase meter can 
be made by combining the two meters (see Chapter xili). It will 
have four ampere terminals and one volt terminal. If the load be 
balanced and non-inductive, the reading on either instrument shown 
in Fig. 86 multiplied by two will give the true units expended. 

It can be shown mathematically that if we take a point 
within a triangle LMN 
(Fig. 87) then 

OL-¥OM+ON 

is a minimum when the angles LOM, 
MON and NOL are each equal to 120 
degrees, provided, of course, that no 
angle of the triangle is equal to or 
greater than 120 degrees. If one angle 
of the triangle is equal to 120 degrees, 
then, to make OL + OM-^-ON a mini- 

R. I. 



Minimum value 
of the sum of the 
three voltages in 
a star load. 




W . N 

Fig. 87. In a triangle 
OL+OM+ON 

is a minimum when the angles 
at are all equal. 
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with this aogle. It follows therefore from 
if the three voltages across the arms of a 
1 when their phase differences are each 
In this case the currents in the arms are 



ge triangle LMN. On each side of it 
3 a segment of a circle which will contain 
e of 120 degrees. These ivill intersect in 
1 point 0. Produce LO to cut MN in P, 
e ratio of MP to PN will be the ratio of 
stances q and r in the desired load.' 

J = Ei and is therefore the centre of the 
cribiog circle. Let A, B and C be the 
at the voltage triangle, then 
^2,3 = 2.4, etc. 



^sin(^,.3 gsin^s.i rsinfi,.g' 
J.4 = 5sin2S = rsin2C. 

three phase problems, considered graphi- 
themselves into problems connected with 
riangle. When the arms of the load are 
le, only approximate solutions can be got 
ra can no longer be accurately represented 
ber viii). 
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CHAPTER XII. 

Two phase systems. The magnitudes and the phase differences of the p. d/s 
between the mains. The voltage tetrahedron. The graphical representa- 
tion of the voltages in the four arms of a star load. Bule for finding the 
voltages across the arms of a star load when the resistances of the 
arms are given. The voltages to the centre of the load so adjust 
themselves that the power expended on it is a minimum. The 
potentials to earth of the mains. The currents in a mesh load. 
The conditions under which it is possible for the p.d. waves between 
the four mains and earth to be similar curves. The p.d. waves between 
the mains are only similar in a special case. To find the phase differ- 
ences between the opposite voltages and between the diagonal voltages 
in a two phase system. The measurement of power in two phase circuits. 
Two phase meters. When the currents in a star load are equal the sum 
of the voltages to the centre is a minimum. 

Diagrams 70 and 71 in the last chapter illustrate the funda- 
Two phase mental principle of three phase machines with mesh 

systems. ^^^ ^^^ wound armaturcs respectively. The prin- 

ciple of two phase machines is the same, but instead of the 
armature being wound in three sections it is wound in four. 
There is, however, in this case a third method of winding, which 
is illustrated in Fig. 88. Ay B, G and D are the four terminals of 
the machine. A and are the terminals of one winding of the 
armature and B and D are the terminals of the other. From 
symmetry the P.D.'s generated between A and G and between B 
and D when the field magnet revolves will diflfer in phase by 
ninety degrees. The currents flowing in circuits connected across 
the mains to A and G and in similar circuits connected across 
the mains to B and D will also differ in phase by a right angle and 
we shall see later on that it is easy to produce a rotary magnetic 
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of these currents, and hence two phase motors are 
tract. 

instead of having four mains connected to A, B, C 
lively it is customarj' to have only three, one of 
ected to two adjacent terminals, as for example A 




Phase Machine with two separate windings on armfttnre. 



is case the p.d.'s between A and C and between B 
ill still differ in phase by a right angle, and they 
metry be equal to one another. Now with our 



VcD =Vc — Vj) 

= -Vac-i'da- 

VCD + «DB + ^CA = 0. 
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Therefore V^cd = 1^' 

since F^^ and V^c ^^^ ^^ quad- 
rature. They are also equal, and 
thus 

The main connected to A and 
B is generally referred to as the 
'common return' and the other 
mains are sometimes referred to 
as the * outers/ In Fig. 89, OX 
and OY represent the p.d/s be- 
tween the outers and the common 
return and OZ represents the p.d. 
between the two outers in mag- 
nitude and phase. 

In the general case, that is, 

The magnitudes ^^^^^^ f^"^ ^^^^S 
and the phase qj.q USCd, it is im- 

difterences of the 

P. D.'s between poSsiblc tO reprc- 
the mains. 



4-F2 



ACi 




Fig. 89. Potential Differences in two 
phase three wire system with 
balanced load. 



sent the P. D.'s by 
vectors drawn in one plane. They 
can, however, be represented by vectors drawn in space. 

Let Vi, ^2, Vs and v^ be the potentials of the four mains. 
Let Vi.2, V2,9y Vs. 4 and ^4.1 be the p. D.'s between the mains 1 
and 2, 2 and 3, 3 and 4, and 4 and 1, respectively. 

Then ^i. 2 = ^1 — ^2, 

'^2.8 ~ ^2 '^'oj 
t'3.4 = V3-V4, 

Hence Vi.a + V2.8 + ^3.4 + t^4.i = 0. 

A linear relation therefore connects the four instantaneous 
values, and hence by Chapter viii their effective values can be 
represented by lines drawn in space. In Fig. 54, page 185, 
if we produce 80 backwards to T making OT equal to 08, then 
OT will represent Vi in this case, and the relations between the 
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liffereDces can be written down by the 
,t chapter. 

I corner of the parallelogram ORQ (Fig. 54, 
and we join 




bb^-'^-'f^'v 
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where t;i.2 = the P.D. between the mains 1 and 2 

^ ^1 "~" oj. 

Now by the voltage tetrahedron (Fig. 90) we see that Fj.g, F2.3 
and F3.1 form a triangle. Hence if a be the angle of phase difference 
between F1.2 and F1.3 we find by trigonometry, that 

FV3 = FV2 + F\.8-2F,.2F,.3Cosa, 

, ,, o F,. 2F,.3Cosa F^.2 + F^.3-FV3 

and thus 2 — = . 

r2r3 r2r3 

Hence, squaring (2), taking mean values and substituting for 
the cosines of the phase dififerences, we get 

T7'2 Tr2 Tr2 F2 -4- F2 — F2 

►^ 1.2 , ^ 1.8 , ^ 1.4 . ^ 1.2T^ ' 1.8 ^ 2.3 



^ \n ^2 ^3 rj r} ^3' r^ 



^2^3 



. F^.3 + F^.4-FV, . FV, + F^.2-FV 
_l_ - — |- 



Tzn nr^ 



={ 



Tr2 V2 17-2 >! 

'^ 1.2 , ^ 1.3 , '^ 1. 4 

ra ^3 7-4 

TTa F2 F2 

'^ 2.3 ' 3.4 '^ 4.2 
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(3). 



r^Tz nr^ nra 

The other three equations giving E^y E^ and E4, in terms of the 
six P.D.'s between the mains can easily be written down by 
symmetry. By adding up these four equations and cancelling 
out the common factor we deduce 



V n ra rg ^4 / Vn ^2 ^'3 n> 



Tr2 F2 F2 F2 F2 F2 

" 1.2 . *^ 1.3 . '^ 1.4 , ' 2.3 , '^ 2.4 , ^ a 



+ ' ^'^ + -^i^^ + --- + — ^V '•' (4). 

^^2 n^S n^4 ^2^3 ^2^4 ^3^4 

If the resistances are all equal 

= FV2 + FV8 + FV4 + FV3 + FV4 + FV4 (5). 

If, in addition, the voltages between adjacent mains are all 
equal and the diagonal voltages, namely F1.3 and F2.4, are also 
equal, then from (3) 

El = E^ = J&3 = E^. 
And from (5) 8£^.»=2F^.2+ V\,^ (6). 
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ir. llnKlly. K,., mid K^.h nro in quadrature 

U.^uvv NilA\«lV, (7). 

\u ^vhiuu Uu» onUrttivM\ (^7) wo have made no assumption as 
!\v M\\^ filu^v^^ wt tlu^ \viivo«i v^f t*.ix but the shapes are restricted 

\ vs^Ky^v^ Iv^v K Ht K\^i\ ^4^ jvA^ lv^\ we see that if OPy OQ, 

^W M\x\ \V \\\\ys\\\\ \\\\\^\ M\A v^pjHx<4to to IV?^ represent forces 

V- Ai -^t x' 0^> \ \\\U W u\ v\^uxl;l>rvx;n\. Xow. if G be the centre 

N^* C^\'V> \^< xNiU'^i ^v^\nx\xV!!t jVvVwi Ai ^\ v^. ^ *Dd T»the resultant 

^ •^v ^-'^^^v X " . V ^ ' >V ^^^^^^ > r % ; be 4 . v> : bet since they are 

'* \\'- \.x-^v •^^^'t xvv;'%^^^: ^' :'>i< S" r<-r.v *;r»i liser^^xe G mnst 
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Let Ly My N and R be the angular points of the tetrahedron 

representing the voltages between the mains, and 

The voltages to we suppose that the dynamo maintains these 

the centre of the ,^ mi i n i i 

load so adjust voltages Constant. Ihen, by a well-known theorem 

themselves that • , ,• t r\ \. • j. • 

the power ex- m statics, it be any point m space 

-\ H + 



n ^2 ^3 n 

111 

is a minimum when is the centre of gravity of masses — , — , — 

n ^2 ^3 

and - placed at i, M, N and R respectively. But since the 

resistances are non-inductive, this expression represents the power 
expended on the load, and hence the theorem follows. 

Let /i, /a, /s and f^ be the fault resistances of the four mains ; 
then, by Kirchhoflf's law when the condenser currents 
u»^ea?th^of the ^^ ^^^ shcath are negligible, we have 



mains. 



/l J2 Jz J A 

Proceeding as above, we see that, if G be the centre of gravity 

1111 
of masses 7,7,7 ai^d ^ placed at the vertices of the voltage 

tetrahedron LMNR, then OL, GM, GN and GR represent Fi, Fa, 
Fg and F4 respectively in magnitude and phase. 

It follows that if the fault resistances of the mains vary, then 
their potentials adjust themselves so that the power lost in 
leakage currents is a minimum. 

Let tti, ttg, Os and a^ (Fig. 92) be the currents in the mains. 
The currents in ^^^ ^^^ h.y h> h a^d {4 be the Currents in the 

a mesh load. mCSh load. 

Then ai = *i--i4, 02 = 12 — ii] /|\ 

Therefore 01 + 02 + 03 + ^4= 0. 

This also follows at once since there is no accumulation of 
current in the load. 
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tages, A,,Aj, A^ and A, can be represented 
point in space, and this point is the centre 




. The CmreDtE in a Mesh Losd. 

ual particles placed at their extremities, 
be represented by a skew quadrilateral, the 
the supplements of the angles of phase 
i four currents. 

and 7-4 be the resistances of the arms LM, 
Fig. 92, then 



,-i-rih + r,i,+ r,i, = (2). 

I3 and r,/4 be represented by lines drawn 
point will be the centre of gravity of equal 
itremities of these lines. The lines joining 
the voltage tetrahedron of the p.d.'s between 
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Again, if we draw /i, /a, Iz and I^ (Fig. 93) from the point 0, 
it can easily be proved that is 
the centre of gravity of particles, 
whose masses are proportional to 
^i> ^2, ^3 and r4, placed at the 
extremities of /i, /j, I^ and Z,. 
Equations (1) show us that the 
lines joining the extremities of 
/i and /4, /a and /j, I^ and /a and 
/4 and /s represent J-i, ^2, -^s 
and -44. 

Let (Fig. 93) -4 5 be equal to 
the length of the line joining 1 to 3 ^^8* ^^' ^^^ ^^"^"^^ Tetrahedron, 
and let ^g be the length of the line joining 2 to 4, then 

and ilg^ = A^ + ^2^ + 2A^A,, cos ^1.2. 

An inspection of Fig. 93 will show that there are several other 
expressions for A^ and A^. 
From (2) 

(n + ra 4" ^3 + r4) ii = rai'i.a + rgii. 3 + 7-4^1.4, 

where ii . a = *i — *2 = "" «2> ^tc. 

Proceeding in exactly the same way as we did with the 
corresponding voltage equation, we find 

Ii' (n + r-a + r3 + r,y = (ra^a' + r^A,^ + r,A^^) (r^ + rs + r4) 

~rar3^-^-r3r4^4'-r4raAe^ (3), 

and three similar equations. 
Hence also 

(Zi^i + /aVa + /3V3 + I^'r^) (r, + ra + rg + r,) 

= rira^a' + n^8^5^ + nn^i' + raT-s^s^ + r2r4i4e> + nr^A^\ . .(4). 

If the resistances are all equal, then 

4i(Ii^-\-I^^ + I,^ + I,^)==Ai^+A^^ + A^ + A,^ + A,^ + A,\,.(5). 

If, in addition, the currents in the mains are all equal and the 
phases are such that A^ equals A^, then from (3) 

Il = J2 = J-s^^^ ■*4* 

Hence SI^^ = 2Ai' + A,^ (6). 
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are in quadrature, then (Fig, 93) 
+ ,4,' = 2,4,'. 

h (7). 

. which is used in practical work, 




Fig. 94. The caireuts io a balanced load, 
t resistances of the mains and let 



we get four equations from which 
ninated by determinants and we 



^5)"-(^^^°• 
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Hence either L^L^Yj+L (2), 

n Vs n r^ 



or 



and 



''^ ""n ' (S) 

^2 rj 



In what precedes the only assumption we have made is that 
f(t) is a periodic function. If we make the additional assumption 
that it is an alternating function, i.e. that 



/(o =-/(«+!) 



and •^(* + D f(* + ~^ 



we get from (1) that 

(^^/«-(^^•)/(-D-«■ 

As this has to be true for all values of t, we must have 

Il^^L and ij=^^ (3). 

Now Fi, Fa, Vs and F4 are determined by finding the centre 

1111 

of gravity of masses — , — , — and — placed at the angular points 

Ti r^ T2 T4 

of the voltage tetrahedron and joining this point to the angular 

points, hence (3) can only be true in very special cases. We 

are therefore not justified in assuming that the potential waves 

between the mains and earth are similar curves. 

Suppose that the p.d. waves between the mains are 
l^^.ni^ZZs yjit). ^'f(t + ^' V(< + f) and VjU + ^f 

arc only similar in \ / \ / \ 

a special case. Then siuco the sum of them must be zero and 



we get (F, - V,)f(t) + {V,- V,)f{t + ^=0. 

Hence Vi must equal Fg and Fa must equal F4. 
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l,B, 



EF 
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We have 

2LN. MR cos 4> = 'i. 2AB . BC cos ABC 

= 2 (AO - BD>) 

= 2{AC + EF'- {Biy + EF')} 

= 4 {AE' + EG'- {ER + Elfi)] 

= MN^ + LIP- (LM^ + NB^), 

and therefore cos <t> = Vtt V" '" '" (!)• 

Similarly if </>' be the angle of phase difference between the 
opposite voltages F1.2 and F3.4, then 

«^« JL' ^ 1.3^ »^ 2.4 V '^ 2.3^ ^ 4.1/ /o\ 

cos^ =— ^y — p. ......(2). 

^ ' 1.2 ^ 3.4 

The phase differences between the other voltages can easily be got 
from the triangular faces of the voltage tetrahedron (Fig. 95). 
If the diagonal voltages be in quadrature 

FV3 + FVi = n.,+ FV4 (3). 

Conversely, if (3) be true, then from (1), the phase difference of 
' the diagonal voltages is 90 degrees. 

If F1.2 and F8.4 (LM and NR in the figure)" be in opposition 
in phase, then from (2) 

»^ 1.3 + 4^2.4 == ^ 2.8"+" ^ 4.1"^~^^1.2 '^3.4 (4). 

In this case, since LM and NR are parallel, the four points 

i, M, N anc^ R are in one plane, and (4) could easily be proved 

otherwise. 

If F1.2 and F8.4 and also F2.3 and F4.1 be in opposite phases, 

then Fi.2= F3.4 and Fa. 3= F4.1. If, in addition, F1.3 and F2.4 be 

in quadrature, then 

F F 

. »'l.2-»^2.3->^3.4-K4.i-^- - ^-. 

Let 1, 2, 3 and 4 (Fig. 96) be the mains and suppose that 

there is both a mesh winding and a star winding, 

The measurement • t -i • ^^ 

of power in two the Centre of the star wmdmg bemg 0. 

ph..e circuits. ^^^ ^^ ^^ ^ ^^^ ^^ ^ ^^^ ^^^^^^ ^ ^j^^ 

mains, ii.a the current in the mesh winding joining 1 and 2, 
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be the current in the star winding from 1 to 0. 




The Measurement of Fover. 



e the P.D, from 1 to 0, Vi,, the p.d. from 1 to 2, and w 
expended in the windings. Then 
Vtii + Ualj + v,i, 
(-(Oi -v.) »,., + («,-«,) ia., + <V,-Vj)v4 + K-f.)Vi 

■ViOi + Vtat + Vtat (1), 

+ Vi,,<h + v,,t(h (2). 
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Formulae (1) and (2) give the two methods of measuring power 
in two phase circuits. For the first method we require four 
wattmeters, the ampere coils being put in series with the mains, 
and the volt coils being connected from the mains to the centre 
of the star system. For the second method we require three 
wattmeters. The ampere coils are put in any three of the mains 
and the volt coils of the three wattmeters are connected from 
these mains with the other main. Care must be taken to find out 
whether any of the wattmeters are reading negatively. 
If the system is symmetrical, then 

w = 4iViai (3), 

and w = 2vi,^ai'\- Vfi,4CUi (4). 

Hence one wattmeter is required for the first method, the 
multiplying factor being 4, and for the second two wattmeters are 
required. Their ampere coils are put in adjacent mains. No. 1 
and No. 2 for example, and their volt coils are connected between 
No. 1 and No. 4 and No. 2 and No. 4 respectively. Twice the 
reading of the first wattmeter added to the reading of the second 
will give us the watts expended in the circuit. The first of these 
methods is obviously the preferable one. 

When part of the load is in series with the mains as in Fig. 83 
Chapter xi, the formulae still apply. The proof is practically the 
same as for the three phase case. 

Just as in the case of three phase circuits, if we have an 
Two phase Ordinary watt-hour meter and the arms are equally 
meters. loaded, we can measure the energy consumed by 

connecting up as in Fig. 97, where £» is a star-box connected 
with the four mains. The energy recorded multiplied by four 
will give the total energy expended in the given time. If the 
arms are unequally loaded, we should require a watt-hour meter 
in each arm and the sum of the meter readings would give the 
required energy. 

If we connect up as in Fig. 98, then the sum of the three 
readings will measure the units consumed. Thus we can make 
a two phase meter with six ampere terminals and one volt terminal. 
If the arms are equally loaded and the load be non-inductive, th^ir^ 

R. I. 17 
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ere AV or A"V" (Fig. 98) mu: 
he meter A'V multiplied by t 




metei for balanced working. 

the meter and F ib the volt terminal. 

and the centre of the atar-boi S. 




itt'hour meters for measaring the 
hd; two phase ciroait. 



s for the case of a common retu 
neter readings will obviously g 
^ers could be combined into a sin 
terminals and one volt termi: 
s common return. By comparii 
1 be seen that this form of me 
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measures the units consumed either on three phase circuits or on 
two phase circuits with a common return. It would also measure 
the units consumed in a three wire direct current system. 




Fig. 99. Two meters safficient when there is a common return. 



Let LMNR be the voltage tetrahedron, the magnitude of 

which we suppose fixed, and any point, then 
OL + OM + ON + OR is a minimum when any 
two of the opposite edges subtend equal angles 
at 0. In this case the solid angles (see Chapter 
viii) formed by any three of the vectors OL, OM, 
ON and OR are equal, and hence 

OL OM ON OR 



When the currents 
in a star load are 
equal the sum of 
the voltages to the 
centre is a mini- 
mum. 



i.e. the currents in the four arms of the star load are equal. 

It is interesting to note that the equations for the electrical 
methods of measuring power in two and three phase circuits, when 
interpreted geometrically, give rise to numerous theorems connected 
with the trigonometry of triangles and tetrahedrons. 

17—2 
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CHAPTER XIII. 

Conversion of a two phase system to a three phase system. Conversion of a 
three phase system to a two phase system. The power factor of a three 
phase system. Wattmeter method of finding cos (f). Phase indicator. 
Meter for the wattless current. Induction type watt-hour meters. 
References. 

The following method, due to C. F. Scott, of converting a two 
Conversion of a phase systom of supply into a three phase system 
int&h^a'sr is sometimes useful. In the diagram (Fig. 100) 
system. J ^^^j 3^ 2 and 4 are the terminals of the primaries 

of two transformers which are connected to the two phase mains. 




d 
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Fig. 100. Two phase to three-phase transformer. Scott's method. 
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lecoadaries of the two tiansfbrmers, O 
of AB. If the number of windings be so 
between A and B ia to the p.d. between C 
'. to VS, then the P.D.'h between A and B, 
1 will be equal and the phase differences 
1 also be eqnaL The foliowing inrestigation 
a. wave shape may differ from the old p.d. 
res a rigoroos proof of the method. 
lat there ia no magnetic leak^e and that 
primary and secondary windings are negli- 
: ratio of the potential difference applied to 
itential difference between the secondary 
to the ratio of the number of turns in the 
r of turoa in the secondary. We will also 
etween 1 and 3 is a quarter of a period in 
. of the P.D. between 2 and 4. We can 
e P.D, between A and B by V/{t) and 



•/a 



•-/(-D- 






and A = 






■(I). 



: P.D. between A and B, then 

and Vqa form a triangle. 

be a symmetrical alternating curve (st 

>(')/(<+f)*-o. 

) Gnd for the effective values 

'^,.r„-F„ = r (2). 
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The voltage triangle is therefore equilateral and the phase 
diflferences are 120 degrees. 

It is impossible to determine the values of v^^v^ and Vo from (1), 
but we can write 



V V 









+ K 



y 



(3), 



where ^ is a constant or a function of the time. 

Let the fault resistances of the three mains connected with A, 
B and Che fi, f^ and /j respectively. 

Then, when we can neglect the capacity current in the sheath, 

^^+^ + 5 = 0. 

/l J 2 JZ 

Substituting from (3) we find that 

This determines K, and substituting in (3) and squaring we 
find the values of F^, V^ and Vc> 
If f^ =^2 =^3, then K is zero and 

F. = r.= F,= | (4). 

If the three phase system, obtained by Scott's method from 
a two phase supply, were exactly the same as the system got 

directly from a three phase alternator, we ought to be able to 

T 
get Vj^B from Vsc in (1) by writing t — -^ for ^ in the latter. 

Similarly we ought to be able to deduce Vbg from Vca* 
Thus, we must have 

A')=-i/('-f)4V(<-5). I 

and _j/(<) + ^/(^« + ^ = _i/^«_|'U (5). 

4V('-S)) 



,\j^£v 






?«n.>! 



-^^ 






':f; 



TO-.-. ■ 



Wf 






.<( 
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These equations are only true for special values o{/(t). 
We saw, on page 233, that, with a symmetrically made three 
phase machine, only the (671 + l)th hannonics can be present. 
In an ordinary two phase machine all the odd harmonics may be 
present, and hence /(^) may contain the third and other harmonics 
which are not present in the waves from a three phase machine. 
If, therefore, the Scott system is to yield currents similar to those 
obtainable from a three phase machiDe, a first essential condition 
is that the two phase alternator must be such that the third, 
ninth, fifteenth ... harmonics are absent from its electromotive 
force wave. Equations (5) give the other essential condition. 

Again, when the system is balanced, K is zero and we ought 

T 

to be able to get v^ from v^ in (3) by writing ^ — ^ for ^ in the 

latter. Similarly we ought to be able to deduce v^ from Vc- 
Hence 

v3{/(o+/(*-|)}=/(^-f2)-/(^+|; 

Similarly 2/ (<-§) = V3/(0 -/(< + f ) • 

We can verify that 

fit) = X' sin (^-p + T' 

is a solution of the equations (5) and (6), where X' and F' are 

T 

constants or functions of t that do not alter when ^ + .rs is sub- 

12 

stituted for t in them. Comparing this solution with the solution 
arrived at for a symmetrical three phase system (page 231) we see 
that the only diflPerence is that it is possible for X and Y to have 
double the period of X' and Y\ 

As a general rule, therefore, the shape of the waves in a three 
phase system obtained by Scott's method will not be similar to 
the shape of those obtained from a three phase machine. In 
practice, however, this is a matter of little importance. The only 
objection to the method is that there can be a greater number of 
harmonics in the electromotive force waves, and thus the chance of 



or 



...(6). 
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resonance occurring at particular frequencies may be greater. 
The dangers from resonance arise from the high potential differ- 
ences set up in various parts of the distributing net-work. The 
insulation of cables, transformers and armature windings, etc. is 
sometimes broken down from this cause. 

If we connect -4, B and G (Fig. 100) with the three phase 
Conversion of a maius, we cau obviously get two phase currents from 
lystem to" two 1» 3 ^^^ % 4- There are other ways of doing this 
phase system, ^hich are suggestod by elementary geometrical 

considerations. 

Scott's arrangement can also be generalised without difficulty. 
For example, if the primaries of four transformers be magnetised 
by the currents in the arms of a two phase mesh load and each 
transformer have two secondary windings, the middle points of 
one set being attached to four terminals, then we could either 
have four sets of three phase terminals, two sets of six phase 
terminals, or two sets of three phase terminals and one set of two 
phase terminals. 

Let the terminals of the two secondary windings of the trans- 
former, the primary coil of which forms the first arm of the two 
phase mesh load, be Ai, J./ and 5i, 5/ respectively, and let the 
ratio of the turns of wire in the coil -4i^/ to the turns in the coil 
BiB^ be as 2 is to V3. Let also a terminal Oi on this transformer be 
connected with the middle of the coil A^Ai, If the primary coils 
of three transformers similar to this, form the other arms of the 
two phase load, then we shall have twenty secondary terminals 
-4i, A2, A^y J.4, -Bi, ... If we join 0^ and B^, then by the theorem 
given above A^, A-! and B^ are three phase terminals ; and if we 
join Oz and £4, then ^.3, A^ and B^ are also three phase terminals. 
It is easy to see that a six phase star load or a six phase mesh load 
can be connected across A^, B^\ 4/, -4s, B2 and A^^ Similarly 
many other combinations may be obtained from the twenty ter- 
minals. 

Consider first the case of a mesh connected load. Let TFj, W^ 
The power factor a^d TFg be the powcr expended in the three arms, 
of^^^^^p^^^ and let /i, I^ and /, be the effective currents in 

system. *^ * » 






.,/= - »V: A - r^ J'. '' "^ 

•i, 

- w, 4. IT, _ y 

5r„^. ">"li^ ' 

wtT expeoded id the t»l«iw«w< load, 

Oe cturent m a main, 
e mtut therefore meastue the power 
le two wattmeter method; if a star- 
ter will be sufficient. We must also 
D two mains and the cntrent in either 

we find in a similar manner 

-e have 

fTf, + Tr, F 

IF iB available, the following approxi- 
)ower factor is sometimes used. 

ts of the balanced load be represented 
drawn in Fig. 101. We have made 
ion that the current and p.d. vectors 
sented by lines drawn in one plane, 
an the currents and potential differ- 
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The P.D. vectors are always in one plane, for 

and the current vectors are 
also in one plane since 

but all the vectors would only 
be in one plane when a linear 
relation connected every three 
of them (Chapter viii). 

Let (f> be the angle be- 
tween /s and Fi.3 and also 
between /a and Fg.i' Since 

I 

the load is balanced, the angle 
between /a and /g is 120 de- 
grees and that between I^ 
and Ai is 30 degrees, for Ai 
is equal to the resultant of /, 
and — /g* 




Fig. 101. p.D.'s and currents on a three 
phase indactive mesh load when balanced. 



Put the ampere coil of the wattmeter in the main 1 and 
connect the volt coil first between 1 and 2 and then between 
1 and 3 ; let TTi and W^ be the readings in the two cases, then 

Tri = Fi.a^iCOS^i, 

where ^ is the angle between Fj.a and Ai in Fig. 101. 

Since the angle between /g and Fi.a is <^ and between /j and 
Ai is 30 degrees, therefore 

^ = 30°-^. 

Hence Fi = F,.2^cos(30° - <^) (1). 

If we now disconnect the terminal of the volt coil from No. 2 
main and connect it with No. 3, the reading TT, on the watt- 
meter will be 

T^2=Fi.8^iCos<^/, 

where <^' is the angle between Fi.j and Ai. Now ^' + <^ is the 
angle between Fi.a and Fj.s and is therefore equal to 60 degrees. 

Thus Tfa = Fi.,iliCos(30° + ^) (2). 
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ting that Tj.j and F,., both equal 



Glided on the balanced load, 
le power expended on a balanced 
Jtice and it will be seen from 
. is applicable when the current 

3 do not follow the harmonic law. 



30"-*) 

htan* 
-tap*' 
W,- W, 
f.+ F,' 




V+F.'-F.r,)'' 

of cos * by means 


of two watt- 



)llow the harmonic law. In other 
mate. 

Boiy of the phase indicator, which 
1 to measure the power factor of 
m a polyphase system. The scale 
ited by making its readings equal 
rem the readings of a wattmeter, 
en they are all connected in the 
load the power factor of which 
method adopted in practice. It 
der the theoretical basis for the 
ss, as this enables us to find out 
V some of their defects may be 

^e phase instrument. We saw on 
value w of the total power taken 
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If W be the mean value of w, then when the load is balanced, we 

have, from symmetry, 

Tf =3Fi^iCos<^ 

= V3 Fi.2^iCos<^ (a), 

where cos <^ is the power factor of the balanced load and ^ is the 
phase difference between v^ and Oj. 

We get in a similar manner, from formula (1) page 236, that 

F = Fi.2^1 cos <^i + Fs. 2^8 cos <^3', 

where ^i is the phase difference between v^,^ and ai and ^i is the 
phase difference between Vj.a and Og. Similarly we have 

W= Fa. 8^2 cos <^2 + T^i.8^1 cos ^i'. 
If the load be balanced, we have, by symmetry, 

Fi.s^iCos^i'= Fs. 2-48 cos ^8'» 
and thus we have 

Tr= Fi.2-4iCos<^ + Fi.3^iCos<^/ (6). 

By equating (a) and (6) we get, since F1.2 and Fi., are equal on a 
balanced load, 

cos ^1 + cos ^' = V3 cos ^ (c). 

Since we always have 

^1.2 + ^2.8 + ^3.1 = 0, 

^i.2> ^2.8 and Fa.i form a triangle and when the sides are all equal 
F1.2 and F3.1 are inclined to one another at an angle of 120°. 

We shall now make the assumption that Vi.j, ^8.1 and Oi follow 
the harmonic law so that the three vectors F1.2, Fj.j and A^ are in 
one plane. Since <^i is the angle between Fi.a and A-^ and 180° — ^/ 
is the angle between Fs.i and A^ and the angle between F1.2 and 
Fg.i is 120°, we must have 

180"-<^/-<^i = 120°, 
and therefore ^i + 0/ = 60°. 

Substituting 60° - <^i for ^/ in (c) we get 

cos ^ + cos (60° — <^) = V3 cos </». 
Therefore 2 cos 30° cos (30° - ^) = V3 cos </>, 
and thus ^ = 30° — ^) .^ 

and </,/ = 30° + </)) ^^^* 

We thus see that if we make the assumption that the currents 
and the potential differences follow the harmonic law, the angle 
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30° — (f>, and numerous attempts have been 
ihase indicator which will utilise this geo- 
;he Teeters, 
.tor described below we have two fixed coils 

The two fixed coils have the same number 
8 put 

noo- 




Fig. 102. Phase Indicator. 



owing 

mag- 
ection 

g from 3 to 1 will produce a magnetic 
BO. Since R is large, the current in the 
A for its axis is in phase with Vi., and the 
fixed coil is in phase with Vi,i. Hence, if 
from the instant when the potential difier- 
s 1 and 2 is a maximum, the current in the 
d 2, and therefore the strength of the mag- 
bion OA due to this current, is proportional 
enote it by A, cos at. Similarly the strength 
ection OB due to the current in the other 
oted by — A] cos (at — ^), where ^ is the 
ten v,_2 and r,.i, 
B in Fig. 102 be denoted by a, and let OM 

Then, if k^ and hy be the components of the 
d due to the currents in the two fixed coils 
ong OM respectively, we have 



at sin s + A, cos (a>t — -tfr) sin ^ 



a X cos "H" cos at 



(-!). 
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and hy=hi cos cot cos ■^ — fh cos {(ot — ylr) cos ^ 

= — 2Ai COS ^ sin -^ sin (cot-—). 

We see that when a equals yjr, h^ and Ay are the projections of a 
line of length 2/ii sin x cos 5 or Ai sin a, which revolves with a con- 
stant angular velocity' co. If, therefore, the angle AOB is made 
equal to yjt, the resultant magnetic field due to the currents in the 
fixed coils is of constant strength and rotates with uniform angular 
velocity. Since the indicator is only used to find the power factor 
on balanced loads, -^ is constant and equals 120 degrees. Let us 
suppose that the angle AOB is made equal to this, so that we 
always have a pure rotating field. 

The strength h of the magnetic field resolved along OP is 

given by 

h =ihx sin (f/ H- hy cos (f> 

= Ai sin a sin ( ^' -f ^ — ft)M , 
and since a equals 120° we get 

h = -^h^cos((ot+SO''-<f>') (e). 

Now the moveable coil carries an alternating cunrent which is 
in phase with Ui, We can therefore suppose that it is replaced by 
a magnet the polarity of which alternates with the current. If 
the coil be small, the action of this magnet may be imitated 
exactly by two small permanent magnets which rotate in opposite 
directions with equal angular velocities co and the moments of 
which are half the maximum moment of the alternating current 
magnet. 

To prove this, consider two small magnets each of moment 
^H rotating side by side in opposite directions with equal 
angular velocities ©, and let the time be reckoned from the instant 
when the magnetic fields due to each are pointing in the same 
direction. Then at the time t, the component field in this direction 
at unit distance is H cos cot + H cos (—a)t), that is, 2Hcosa)t, 
and the component field perpendicular to this direction is 

J J3" sin 0)^ -f ^JE? sin (- mt) 
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13). We see therefore that they are eqaivalent 
oating carrent magnet which, at anit distance, 
IH coa at in the direction of its axis. 
1 of the rotating field on the equivalent per- 
ich is rotating in the same direction as itself is 
; which acts so as to diminish the angle between 
he direction of the rotating field. The mean 
f the rotating field on the equivalent magnet 
e other direction is zero. Thus the moveable 

of equilibrium when the direction of the rota- 
te fixed coils coincides with the direction of the 
which rotates in the same direction. 
)2) be the position of the axis of the moveable 
irium. At the instant when OP is the direc- 

field, h, which acts along this direction, has its 
id both the equivalent permanent magnets are 
lis direction. Thus A is in phase with Oi, and 
the phase difference between a, and v,_3 is 
the equation {d), this angle is equal to 30° — 
)alaQced, and thus <j>' must be equal to <p. If 

of the instrument be divided into degrees, the 
g will give the power factor, when the potential 
currents follow the harmonic law. 
•he fixed coils be not placed so as to include an 
fes, then in general, both the angular velocity 
of the rotating field due to the fixed coils vary 
I even when the applied waves are sine shaped. 

that the pointer gives a definite reading for a 

factor, and so, with the aid of a wattmeter, an 
meter the scale can be marked. 
; shown the connections of the Heap phase 
K>nBtructed on the above principle. R and R 
ries with the fixed coils, and the moveable coil 
irrent. In the Heap phase indicators for high 
e fixed coils are the secondaries of transformers 
ch are connected between 2 and 1 and between 1 
tile coil sometimes carries only a fraction of the 
n 1, and sometimes it is the secondary of a 



XIIl] 



PHASE INDICATOR 



273 



transformer whose primary consists of one or two turns placed 
in series with the main 1, It is thus possible to arrange the 
indicator in the circuit so that only low pressure wires come 
to the instrument. 



AAAAAAA 

R 




AAMAAA 

R 



12 



Fig. 103. Connections of Heap Phase Indicator for three phase working. 



Let us suppose that the phase indicator is connected in the 
usual manner with the three mains supplying power to the 
windings of the armature of a three phase synchronous motor 
(see Vol. II, Chap. v). Then, it will be proved in Vol. II that, 
when the potential differences and the currents follow the har- 
monic law, we can alter the power factor by varying the direct 
current excitation required by the machine, although the me- 
chanical power given out by the motor is maintained at a constant 
value. For a particular excitation we can show that the power 
factor is unity. For excitations less than this the current in 
a winding lags behind the potential difference applied at the 
terminals of the winding, and for excitations greater than this it 
leads the potential difference, the winding of one phase acting 
like a condenser with a non-inductive resistance in series with it. 
Thus, as we increase the excitation of the motor, the pointer of 
the phase indicator will move from one side of the scale to the 

R. I. 18 
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)ugh the position where it reads zero, and where 
power factor ja unity. In practice the waves of 
ce aod current are not sine sbaped, but the 
a similar manner from one side of the scale to 
excitation varies irom a low to a high value, and 
rticular excitation the instrument apparently 
ase difference and therefore a power factor of 
lave seen on p. 146 that when the power bctor 
b and ampere waves are similar, and if the 
correctly in this case, it would follow that it is 
• adjust the excitation of a synchronous motor, 
n ordioary alteroator ruuning as a motor, until 
waves of current supplying the motor were 
as the shape of the potential difference waves 
IS. As a matter of fact, however, a zero reading 
;or only corresponds to a power factor of unity 
are sine shaped. In other cases there is no 
itween the reading of the instrument and the 
)Ugh when the instrument is always used in the 
it its readings are of value to the engineer. 

he shunt circuit of an electromagnetic watt- 
ter, which is constructed on the dynamometer 
iciple and has no mutual inductance between 
ro position, very inductive, then the current j4, 
ase by nearly ninety degrees behind the applied 
i V, Such an instrument maybe used to measure 
nt (see page 159). The reading of the instru- 
irtional to AA, cos a, where A is the main current 
e difference between A and A,. If the power 
be cos <f>, A will lag behind F by ^ degrees and 
by ninety degrees. When the applied potential 
e currents follow the harmonic law, the three 
ig V, A and A, lie in one plane (see Chapter viii), 
3 90" -0, Since A, is proportional to V, the 
Tument is proportional to VA cos (90" — ip), that 
Dhus when V is known we can find the wattless 
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If one or more of the waves do not follow the harmonic law, 
the three vectors form a solid angle, and ^ + a is therefore greater 
than ninety degrees. Let us suppose that 

and that x is small. Then the reading of the instrument divided 
by F will be proportional to 

^ cos {90° - (<^ - ^)}, 
that is, to 

A sin ^ — x.A cos ^ approximately. 

Thus, in practice, the reading of the meter will always be low, and 
so the power calculated from the reading and a knowledge of the 
value of Ay will be greater than. its true value. 

A watt-hour meter in which the action depends on the 
Induction type iuductiou of eddy currents in a metal disc or 
watt-hour meters, ^xxxxd which is froc to rotate, and on the forces 
produced by moving magnetic fields on the disc carrying these 
currents, is generally called an induction watt-hour meter. The 
principle of action of this meter will best be understood by con- 
sidering the simplest form. We shall suppose that there is an 
aluminium disc fixed on the spindle and that this disc is free to 
rotate in the horizontal air-gaps of two C-shaped electromagnets 
placed side by side at its circumference. The winding of one of 
these magnets is in series with a choking coil and the combination 
is connected between the mains. The current in the winding of 
this magnet, which we shall call the shunt magnet, lags by nearly 
ninety degrees behind the potential diflFerence applied to the load. 
The other magnet — the series magnet — is excited by the main 
current itself or by a current in phase with it. 

Let us suppose that the disc is fixed. When currents flow in 
the windings of both magnets, the alternating magnetic fluxes in 
the air-gaps will induce eddy currents in the disc. The phases of 
the tubes or stream lines of current generated in the disc will 
depend on the resistance and inductance of their paths. The 
eddy currents produced by the field due to the shunt magnet will 
be acted on by the m^tgnetic field due to the series magnet and 
mce versd. The mean values of the electromagnetic attractions 
and repulsions do not in general balance one another and thus a 

18—2 
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d. If the disc rotate, the shape aod position of 
elatively to the poles will be altered, and electro- 
be set up in the metal of the disc by its motion. 
)r, we may neglect the electromotive forces due 
the metal in comparison with the electromotive 
the alternating flux. In practice, even at full 
kes less than one revolution per second. The 
)n the other hand, will, if the frequency of the 
fifty, alter its direction one hundred times per 
' therefore in finding an approximate formula 
iS of rotation, 

strength at a particular iustaat of one of the 
induced in the disc by the field of the shunt 
:que produced by the action of this tube of 
ries magnet, if we assume that the permeability 
istant, must be of the form kiti^Iiii where n^ is 
ms in the series winding, ^, is a constant that 
elative positions of the tube of eddy current 
ignet, and I^ is the instantaneous value of the 
he series magnet. Thus, taking the sura of the 
by the series magnet on all the tubes of current 
disc by the shunt magnet, we get n,/j'SA;]i, for 

Similarly -n]/,'2A^'4 will represent the total 
y the shunt magnet on the eddy currents in the 
' the series magnet. Thus if g represent the 
le of the resultant torque on the disc, we have 

ff = TiJ,'Xk,i,-ThI,"S.k,'^ (1). 

ippose that the polar faces of the magnets are 
hey are similarly situated with respect to the 
ery tube of current i^ generated by one of them 
inding tube of current i, generated by the other, 
k] for a circuit of one set of stream lines equals 
For a circuit of the other set. We shall also 

currents follow the harmonic law. We may 

e (<Bt - a), /,' = /j cos (at - yS), 

!', cos {o)t — All), ij = Mj i, /, COS (wi — A). 
'', COS {a>t — Oj), iV = v^l^I^ cos {wt — /3j), 
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The values of Zi, Za, ..., «!, ySi, ..., depend on the values of the 
inductance and resistance of the paths of the eddy currents. 
Their values also depend on t'he frequency. 

Let the phase difference between the currents in the magnet 
windings be 7, then we shall have 

7 = ^ — a = /Si — «! = .... 

Let also Si be the phase difference between ii and Ii ; then Si will 

also be equal to the phase diflFerence between ij and /a'. Thus we 

have 

Si = ai-a = /3i-/3. 

Let also Sg = Og — a = /Sa — )8, 



Substituting in (1) we get 
g = ria rii/a/i COS ((ot — /9) {kill cos (tot — ai) + k^h cos (mt — ccj) + . . . } 
— niU^IiI^ cos {(ot — a) [kili cos {a>t — /81) + k^h cos {(at — /Sa) +...}. 
If denote the mean torque, we have 

Q = ^'^ ' ^ j^i^i cos (tti - /8) + Aja^aCOS (fla - j8) + ... 

— A;iZiCOs(^i — a) — A:2ZaCOs(/8a — a) + ...} 



= nin^lil^- 



A^i^sm ^^ — ^ sin^^:^^ ^"^ ^ ••• 



= niWa/i/a sin 7 {^i ii sin Si + k^U sin Sj + . . .}. 

The values of Si, Sa ... depend on the conductivity of the metal 
disc. If the temperature and the fi'equency remain constant, the 
expression kili sin Si + k^h sin Sa + ... will be a constant. We 
thus see that, when we make the sine curve assumption, Q will 
be proportional to /i/asin7. 

Now, since we can neglect the actions of the small eddy 
currents, /i is proportional to the voltage V applied to the load 
and /a is proportional to the eflfective value A of the load current. 
The accelerating torque is therefore proportional to VA sin 7. 
The angle 7 is the phase difference between the currents in the 
windings of the shunt and series magnets. On a non-inductive 
load it is nearly ninety degrees; and since we are assuming that all 
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he harmonic law, 7 will equal 90° - <p w 
actor of the load. It therefore follows t 
itiDg torque is proportional to VA cos 0, t 
; expended on the load, 
rque is produced by the eddy currents ge 

disc by the field due to permanent magn 
nerally C-shaped, and the circumference of 
-gap. The retarding torque will therefore 
ingular velocity of the spindle. It is to 

eddy currents due to the series and sb 
ng, the mean effect of the permanent mags 
le shunt and series magnets also have on 
he eddy currents due to the permanent m 
ion is steady, the accelerating torque iseq 
le, and thus the power being expended on 
to the angular velocity of the spindle. 1 
'ith the counting mechanism by worm gear 
de of the energy expended. 
1 light hollow cylinder of aluminium is sot 

and series m^^nets being placed near to 1 
le circumference of the cylinder. As bef 
is produced by the eddy currents due to p 
le theory of the action of this instrumen' 
rith that of the disc meter, 
lave an aluminium disc, a compound mag 

iron stampings is often used instead of t 
;he shunt and series windings. The shunt ( 
lie limb and the series coils on one or b< 
The compound magnet is placed near 1 
aluminium disc, and strips of iron are lii 
3 as to reduce the reluctance of the magne 
ind magnet. When there is a current in I 
alues of the magnetic duxes in the two ou 
s the magnetising force of the shunt t 
mt magnetising force in one limb s 

other. This effect alters the ratio of I 
le disc to the effective current in the sei 
nake the meter read inaccurately. It < 
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be neutralised by placing a few turns of series winding on the 
middle limb. 

This tjrpe of meter can easily be adapted to register the energy 
expended in a two or three phase load. All that we need do is to 
apply the two wattmeter method (see Chapters XI and xii) and 
combine the two watt-hour meters into one instrument. Two m- 
shaped magnets are arranged in this case to act on the same 
aluminium disc. They are placed facing the top surface on opposite 
sides of the centre of the disc. If they are suitably wound and 
connected with the mains as in the two wattmeter method, the sum 
of the accelerating torques,, that is, the resultant torque, will be 
proportional to the total power being expended on the load. 

In other meters of the induction type, we have a metal disc 
placed in a rotating magnetic field. The principle of these meters 
will easily be understood from the theory of the induction motor 
developed in Volume 11. 

A serious objection to the use of meters, the action of which 
depends on the generation of eddy currents in masses of metal, is 
their large temperature coefficient. The change of the resistivity 
of copper and aluminium, the metals usually employed, is about 
0*4 per cent, per degree centigrade. In the expression given above 
for the accelerating torque it will be seen that iijZg-.. all depend on 
the resistance of the paths of the eddy currents. They therefore 
vary with the temperature. Unless some compensating device be 
employed, the meter will only read correctly at a particular tem- 
perature. It will also only read correctly at a given frequency. 
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CHAPTER XrV. 

Besultant field doe to n equal ADd.B;mm 
with n phase cumnte. Equal poles a 
icee of magnetic vectors equal to their 
snU cane. Properties of rotAtiog and alb 
[letic field ID the air-gap of polyphase m 
ir-gap of a polyphase inductioa motor, 
fttiug nu^etic fields vheu the currents 
>g magnetic field producing a constant < 

placed with its plane perpendicular to t 
se theory. Am^s phase indicator. Beft 

ompOQuded by the parallelogram la 
:atical constructions in order to fini 
e, suppose that the magnetic forces 
represented in mi^aitude and direct 
1.4, and OA,. Then, if G be the 




mt of OAi, OA,, OAg and OAt=i.OG. 
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of gravity of equal masses placed at Ai, A 2, A^ and A^, the 
resultant of the forces will be represented in magnitude by 
4 . OG, and in direction by 00. If there had been n forces, then 
the resultant would have been equal to n . OG, 
To find (t, we bisect ^1-42 in ^1, and then make 

9i92=^^9iA^y 9293 = ig2A^, etc. 
This construction is very simple in practice. It is easy to see 
that it is true whether the lines are in one plane or not. The 
necessary and sufficient condition that the forces are in equili- 
brium is that the centre of gravity of equal masses placed at 
the extremities of the lines representing the forces coincides with 
0. We have seen that this theorem also holds for alternating 
current vectors, and we have already made use of it in the chapters 
on two and three phase theory. 

In a rotating magnetic field the direction of the magnetic 
Rotating magnetic foFce is Continually revolving. If we move a strong 
^^^^^' permanent magnet round a small compass needle, 

keeping the same end of the magnet always pointing to the 
needle, we produce a rotating magnetic field at the centre of 
the small compass. The needle at any instant points out the 
direction of the magnetic field, and its angular velocity measures 
the velocity of rotation of the field. 

If the core of an electromagnet be made up of thin strips of soft 
iron insulated fi:"om one another by means of shellac varnish, or by 
paper pasted on one side of each strip, we get an alternating current 
magnet. When the windings of such a magnet are supplied with 
alternating currents, the polarity of the ends of the magnet alter- 
nates with the same frequency as the alternating currents and a 
varying magnetic field is produced in the neighbourhood. The 
magnet is usually made with a straight core. The iron in the core 
needs to be laminated, for otherwise its temperature would rise 
excessively owing to the heat developed by the eddy currents that 
would be induced in it. A simple way of making such a magnet 
is to take for the core a cylindrical bundle of insulated iron wires, 
the lengths of which are parallel to the axis of the cylinder, and 
then to wind insulated copper wire round the cylinder to carry the 
alternating current required to magnetise the core. 
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alternating current magnets (Fig. 105) at 
i another, 
I the direc- 
'& respec- 
letic force 
be Hcosmt 

second be 




;. 105. PureBotatingFieldprodQced 
o altemitting fields in qoadrature. 



OR = H=a. constant, 
makes with OA will be wt, so that OR will 
t angular velocity to. In this case, then, we 
ing magnetic field, that is, one which is not 
agnitude but rotates with constant angular 
ed two solenoids without iron which were 
laped current waves from a two phase machine, 
,his field. The rotating fields produced in 
often constant in magnitude, rarely rotate 
ar velocity. For the present we will consider 
bating fields, and consequently we make the 
alternating currents inducing the fields are 



ise of the field produced by n equal poles 
nged evenly round a circle, the currents pro- 
ng the poles differing in phase by degrees. 

Let the strength of the field . at 0, due to 
pole Pi, be Hcmwt in the direction Op,. 
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wt 1 in the 



direction Opj, and so on for the 
remaining poles. With centre 
and radius equal to H de- 
scribe a circle, and let a circle 

of radius -^ roll round this 

circle tr- times a second, the 

centre of the moving circle 
lying on OPi when t is zero. 
Then the intercepts 

Opi, ppa, 

will represent H. cos g)^, 

360°^ 




Hcos 



(-T) 



Fig. 106. Besultant Field of n phase 
currents equals ^H. 



that is the values of the component strengths of the fields. It 
is easily shown that jOi, />2j»«« are fixed points on the moving 
circle. Since the angles jOiOpa* Pa Opa, ... are all equal, pijpa ... p^ 
is a regular polygon. If (7 be the centre of the rolling circle, G 

is always the centre of gravity of equal masses placed at j9i, pa? 

Therefore the resultant magne- 
tic force is represented in mag- 
nitude and direction by n . 00. 
Hence the resulting field is a 
pure rotating one of magnitude 



As in the last case, suppose 
that a circle rolls inside another 

of double its 
diameter. Then 

PiP2> PaPs* ••• 

(Fig. 107) sub- 
tend constant 
angles at the 



Equal poles un- 
evenly spaced ; 
phase differences 
of magnetic vec- 
tors equal to their 
ang^ular distances 
apart. 




Fig. 107. Elliptic Field produced by 
poles unevenly spaced. 

H^(i;i= constant. 
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therefore the polygon p^p, ... j 
I,, ... are fixed relatively to tl 
avity G of equal masses plaiM 
pect to the rolling circle. Tl 
is doable the aognlar velocity 

direction. Let CG equal c, ai 

of G with respect to two ax 
Qe another. Then, the axis of 

its greatest distance from 0, it 



- C 1 sin at 

centre is and axes H +2c ai 
field is represented in directit 
that we do not get a pure rotatii 

gular velocity of OG about 0, thi 

X dx y 

iG~diOG' 



and Tail's Natural Philosoph 
. a point, whose motion is tl 
imber of simple harmonic motio: 
tions and with any phases, mov 
lipse, and that its radius vect 
lal times. Hence, if ff be tl 
due to any number of magnet 
I directions, and with any pha 
ed they follow the sine law, thei 
constant, 
y with which the resultant fie 

ice ia when the vectors are all 
t the direction of the altematii 
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field jETjCos (a>t— Ui) makes an angle yfr^ with the axis of x. Then, 
if X and y be the coordinates of the extremity of the vector repre- 
senting the resultant field, we have 

^ = 2 -ff cos {(ot — a) cos yjr 

=■ a cos cot + b sin cot, 

and y ^%H cos {wt — a) sin '>^ 

= c cos (ot-\- d sin cat, 

where a, 6, c and d are quantities which do not vary with the time. 
Solving these equations for cos (ot and sin (ot we get 

dx— by 



cos (ot = 



da --be' 



, , ^ cx — ay 

and sin (ot = —, -, . 

CO — ad 

Hence, we get 

(dx -T byf + (cx- ayy = (ad - bc)\ 

which shows that the locus of the extremity of the vector repre- 
senting the resultant field is an ellipse. 
In the special case when 

a = 6 and c = d 

the ellipse becomes a straight line, and thus the resultant field is 
purely alternating. Again, when 

a= ±d and 6 = + c 

the ellipse becomes a circle and the strength of the resultant field 
is constant at every instant. Also, since 

d^ _ dy dx 

di''''~dt^^di' 

therefore r^ . coi = © (ad — be), 

where ©i is the angular velocity of the vector of the resultant field; 
and thus, if r is constant, ©i is also constant. 

If the rotating field be produced by currents of different 
frequencies, we get all manner of varying fields. The curves that 
would be described by the extremity of the vector representing 
the instantaneous value of the resultant magnetic force in some 
of these cases are given in treatises on the theory of sound under 
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</f the rotating D^Ids aod of the a^tema 
\4» will be i-Tipp'iF-ed to bare :be same t 
Beldit repnetierii^d br rotating and altera 
i drawn in one plane. The following thea 
n practice. 

rotating in the Mime direction in one J 
inffle rotating vector. 
: the two vectors. Since they rotate witl 
{, the angle pOq remains constant. Cons 
C;> and Oq as adjacent sides, and let 
lis represents the resultant field, which 
) the same angular velocity as Op anc 
itating in the same direction compound 
or. 

lectors rotating in opposite directions m 
to a single alternating vector, and convt 

vector is equivalent to two equal vt 
iirectiona. 

t the two equal vectors. At any instant 
lere r is the middle point of pq. Also 
o pq, and Op and Oq are rotating with i 
opposite directions. Or is fixed in dire( 
ors rotating in opposite directions corap 
ting vector the amplitude of which & 

altomatiug vector whose amplitude i 
jwo equal rotating vectors whose magnit 
.Or. 
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(3) Two unequal vectors rotating in opposite directions are 
equivalent to an alternating vector 
and a rotating vector, and, con- 
versely, an aUemating vector and 
a rotating vector are equivalent 
to two unequal vectors rotating 
in opposite directions. 

Let Op and Oq be the mag- 
nitudes of the two vectors. Make 
Oq' equal to Op, Then, since Oq 
is equivalent to the sum of two 
rotating fields, in phase with one 
another, whose magnitudes are 
Oq' and q'q respectively, and 
since by (2) Op and Oq' com- 
pound into a vector alternating 
along the line Oa (Fig. 108), 
which bisects the angle pOq, 
and having the amplitude 2 . Op, 
we see that the given vectors 
compound into an alternating 
vector of amplitude 2. Op and 
a rotating vector whose magnitude is Oq - Op, 




Fig. 108. Two unequal vectors ro- 
tating in opposite directions are equi- 
valent to an alternating and a rotating 
vector. 



(4) Two unequal alternating vectors can, in general, he replaced 
hy a simple alternating vector and a rotating vector. 

By (2) we can replace the alternating vectors whose directions 
are Or and Or (Fig. 109) by four rotating vectors Op, Oq and Op\ 
Oq' of which Op and Op' rotate in one direction, and Oq and Oq' in 
the other, and where Op is half the maximum magnitude of Or 
and Op' is half the maximum magnitude of Or', Hence, by (1), 
we can replace Op and Op' by OP, and Oq and Og' by OQ where 
OP and OQ are vectors rotating in opposite directions. If OP 
and OQ are equal to one another, the resultant field is, by (2), a 
purely alternating one. If either OP or OQ be zero, the field is a 
purely rotating one. In all other cases we see, by (3), that it can 
be represented by an alternating vector and a rotating vector. 

When OP equals OQ the resultant field is purely alternating, 
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ow that in this case the two componeot fields 
with one another. To get a purely rotating 




tematisg vectora can be replaced bj a 
and a rotating vector. 

either OP or OQ equal to zero. Heuce either 
^q'; in either case the amplitudes of the two 
lust be equal in magnitude. In the first case 

Op' must be in the same straight line but 




id Op' are in Uie same line, when the alternating 
ictors produce a pure rotating field. 
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pointing in opposite ways, so that the angle between Op and Op' 

is TT. 

Hence <^ + a = tt, 

where <l> is the angle between the directions of the two alternating 
vectors and a is their phase difference. For if (Fig. 110) Op be in 
the same line as Op\ then 

4- a = rur' — rOp 4- r'Op' = r'Up + r'Op' = tt. 

We can prove this important theorem analytically as follows. 
Let the strengths of the fields in the directions sr and s'r' (Fig. Ill) 
be given by H.^ cos o)^ and H^ cos (wi — a) respectively, and let <^ 

A 




B 
Fig. 111. When the angle rOr is the sapplement of the phase difference between 
the fields alternating in the directions sr and «V' we get a pare rotating field. 

be the angle rOr. If sr make an angle d with AB (Fig. Ill) the 
magnetic force h along OA at the time t is given by 

h = Hi cos Q)t cos 6-\- H2 cos {tot — a) cos (<^ — 6) 

= {Hi cos d-\-H2 cos a cos (</> — 6)] cos (ot + H^ sin a cos (<^ — ^) sin co^ 

= U sin (ft)^ + 7), 
where 

H^ = ^1^ cos2 ^ + iTa^ cos^ {<i>-0)+ 2HiH^ cos a cos cos (<^ - ^), 

, , ifi cos 6 -\-H^ cos a cos (<f) — 6) 

and tan 7 = jj—. j-r — ^ . 

' iig sm a cos (<p — a) 

R. I. 19 
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Now if h be independent of 0, that is, if the amplitude of the 
alternating field in every direction at (Fig. Ill) be the same, the 

value of H must be the same when is ^ and when it is 

^ — ^. Hence we must have Hi equal to H^ and 

H* = Hi^ {cos* -f cos« (<^ - 5) + 2 cos a cos tf cos (<f> - ^)}. 

Now cos**d = sin" <f> + cos* — sin* <^ 

= sin* + cos (<^ -f 0) cos (^ — 0). 

Therefore H* = iTj* [sin* <f> + cos (<^ - 0) {cos (<^ + ^) + cos (<^ - 0) 

4- 2 cos acos^}] 

5= fTi* {sin* + 2 cos (</) — 0) cos ^ (cos <^ 4- cos a)}. 

Thus, when cos <f> + cos a is zero, the value of H is Hi sin <^, and is 
therefore the same for all values of 0, In this case we must 
have 

2 cos ^^^Y" cos ^^-^ = 0, 
and therefore, sin!5^£ « is not greater than tt, <f> + a must be equal 

to TT. 

In this case -^ 

h = Hi sinVfin {a)t + <f>- 0) 

^nd ^ = 0_ft^\^ 

(5) Any number of alternating v\ "^^^^^ ^^^ *^ general equivalent 
to a simple alternating vector and a\^^^^^^^^ ^^^^^^' 

We can replace every alternatin A ''^''^'''' ""^ amplitude Or 
^y two equal vectors Op and Oq rotating '"^ ""T""^^ directions. 
All the component vectors like 0« mf^filY ^^ ^^^ ^^^ direction 
can be replaced by a single rotaLg veett^ ^^^ Si-lariy the 
uq components compound into 00 TT \ ^^ theorem followa 
from (3). ^" •'^®°°® ^\q 

When OP and OQ are equal, the resuIt^ntV''''*^ "" * P"^®^^ 
alternating one. When either 6p or OgTlti^' "^"^*^'^* 
field ,s a purely rotating one. If OP is LI X^ 
all the Op components is zero «r.^ *u ^^ro me resUT^j^ j,^ 
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(6) If Pi, P2, ••• a^ci g'l, g'2» ••• ^^ any vectors and ^r,^ 6^ ^^^ 
an^Ze between pr and 5^,, ^A^n 

Xtprqs cos <^y . , = PQ cos 4>, 

'Z^/Aere P 15 the resultant of all the p vectors, Q is the resultant of 
all the q vectors, and <I> is the angle between P and Q, 
Resolve all the p vectors along g^, then by projections 

PlCOS 01.1 + Jp2 cos ^2.1+ ... +PnCOS<^n.i = -PcOS%. 

Hence ji Sp^ cos 4>r. 1 = Pqi cos ^1 . 

Similarly q^ 2p,. cos <^r . 2 = Pq^ cos ^2 



Therefore SSp^g'^ cos j>r. « = i^Sg^ cos ^. 

But Sq' cos ^ is the sum of the projections of all the q components 
upon P, and it therefore equals Q cos ^. 

Therefore 22^^^, cos <^r . « = i^Q cos ^. 

(7) If p he the amplitude of an alternating vector cCnd q be a 
rotating one, the mean value of pq cos <f> is ^pq cos S, where B is the 
angle between the directions of p and q when p has its macdjnum , 
value. 

We can replace the alternating vector p by two vectors, 
rotating in opposite directions, the magnitudes of which are each 
equal to \p. The mean value of the product of q and the com- 
ponent vector \p rotating in the same direction and the cosine of 
the angle between them is ^pqco^i, because the angle between 
them is always equal to S. The mean yalue of the corresponding 
product for the other vector is zero, since, for a complete revolution, 
the mean value of cos {wt + S) is zero. 

(8) If p and q be two alternating vectors whose directions 
are inclined to one another at an angle <j>, then the mean value of 
pq cos <f> is 

^ {cos(<^ + y3 - a) + cos(0 + a- /?)}, 

where a — ^ is the pha^e difference between the two vectors. 

The angle between p and q is always <f>, so that we have only 
to find the mean value of the instantaneous value of the product 
of the two vectors. This can be done by (7) for we can replace p 
by two vectors each equal to ^p rotating in opposite directions. 

19^2 
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I value of oDe of these components multiplied by ^ a 
I of the angle between them is by the preceding theo^ 

a cos 8, 
4 

ila ^ + ;8 — a or ^ + a - /3 depending on which componi 

The sum of the two will obviously give the mean val 

p. This mean value, by adding the cosines, may 

1 the shape 

^ cos ^ COB (a — /3). 

y p and q be vectors which rotate with different angu< 

the mean value ofpq cos ^ is zero. 

ise that they are rotating in the same direction w 

elocities a>, and cai, ; then in the time ( where {<o, — oi 

■, the angle will have increased from to 2w, a 
its mean value taken over the time t will be zt 
the mean value be taken over a time t, which is lai 
with t, it will he zero if t, be a multiple of ( and will 

1 in other cases. 
vectors rotate in opposite directions, then the timi 

} angle takes to increase from to 2it is given 
(w, + w,) ( = 1-rr 

nean value over a time (, , large compared with (, will 

sry nearly zero. 

we are dealing with the magnetic fields in the air-gi 
Id in between the rotating and the stationary parts (i 
' rotor and the stator) of several kinds of polyph. 

machines, a modification of the above method 
cessary. The following way of treating the problem 
. Potier, 

! case considered, we have a hollow laminated cylindei 
with slots along the interior, parallel to the axis, wh 
mly distributed windings for the polyphase currei 
current flows in one of these windings, it divides i 
nto p segments of North and p segments of Soi 

If I be the breadth of one of these segments, tl 
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2pl is the inner circumference of the cylinder. We shall suppose 
that the next winding is displaced from the first by a distance 

- on the circumference of the cylinder, where q is the number 

of phases. The rotor consists of a laminated iron cylinder axial, 
with the stator and suitably wound with copper conductors. 
Like the stator it will have 2p poles, but the phases of the 
currents in it may have any values. The air-gap between the 
two cylinders may be as small as half a millimetre. 

Let us consider the case of a polyphase induction motor 
Rotating field in (Vol. II, Chap. xii). We shall suppose that the 
po!yphMe^induc- windings of the stator are connected with the poly- 
tion motor. phasc supply maius, and that the windings of the 

rotor consist of closed coils so that the currents in them are due 
to induction only.' When this kind of motor is running, the fre- 
quency of the alternating currents in the rotor is small when 
compared with the frequency of the currents in the stator. We 
will for the present neglect the magnetising effects of the rotor 
currents. 




Fig. 112. Field in the air-gap of a pol3^hase induotion motor. 

Take some point (Fig. 112) on the inner surface of the 
stator and make 

where the points Ai, A^, A^... are on the circumference and the 
distances between them are measured along the circumference. 
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itic force at be zero at the iDstant 
ude of the first harmoDic of the radial 
may be indicated by the wavy line i 
ig positive from to Ai, negative from 

pietic force perpeodicular to the surface 
vhere OP equals x, due to a single alten 
e windings. We may evidently write t 
vhere /(() ia some function of the tim 
depending on the shape of the roto 
od of winding, the permeability of th( 
ise functions are alternating periodic fiiti 
ice respectively; we have, for example 

''-/[t+~)=f(t + T)=.,. 

= - ^ (a: + = (a; + 20 = eta 

e second winding is similar to the fin 



radial component at P due to this w 



/('-|)*H- 



windings are excited by polyphase currei 
Force if at -P is given by 

/|<-(3-l)||*f-(«-l)^} 



2, 

a not altered. If, therefore, we only es 

T . . 
a of time ^ , it will appear to glide rou 



XIV] FIELD IN THE AIR-GAP 295 

21 

air-gap, without altering in shape, with a linear velocity ^ . If 

2p be the number of poles and r the radius of the rotor, 27rr = 2pl, 

21 a) 
and hence the angular velocity of the field is ^ or - , where o) is 

27r times the frequency of the alternating current, 
^f /(O = ^ sin Q)t and <^ (a?) = (7 sin tt y , 

then, substituting in (1) and summing by the ordinary trigono- 
metrical formula, we find 



H=^BC cos (««-7r|] (2). 



Hence, when the magnetic force due to the current follows the 
harmonic law and when the distribution of the flux round the 
air-gap is a sine function of the space, the resultant radial 
field is sine shaped and glides round the air-gap with constant 
speed. In this case also, if A be the eflFective current in each phase, 
the maximum value of the resultant magnetic field would equal 

that produced by a current | -4 in one phase, provided that the 

pe^-meability of the iron were constant. 

When f(t) and <f> (x) are not sine functions, they may be 
developed in two series of sine functions by Fourier's theorem. 
The field will thus be decomposed into a series of magnetic fields 

rotating with angular velocities — , where m and n are integers. 

Some of these fields, also, may rotate in the reverse direction. 
We shall consider this case more fully in Vol. II, Chapters xii and 
XIV, where also the shape of the magnetic fields produced by 
various simple windings is considered. It is shown that the in- 
duced currents in the rotor windings produce a magnetic field 
w'hich rotates in space with the same angular velocity as the 
magnetic field due to the polyphase currents in the stator 
windings. The magnetic field which is the resultant of the fields 
due to the currents in the stator and rotor windings respectively 
must rotate in space with the same angular velocity as its two 
components. Thus when we take into account the rotor currents. 
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E) air-gap a magnetic field in which the distri 

lux is always exactly the same at intervals 

T 
multiples of 5-. At any instant also we 

h and p segments of South polarity. This 
! shall call a gliding magnetic field. 

only of the stator windings be excited a 
y, then we have as before p segments of Noi 
louth polarity. The polarity of these ae; 
he frequency of the supply current, but tl 
e, the lines dividing the segments being f 

magnetic force along these lines being 

are discussing the magnetic field in the 
; current machine, we shall refer to a field 
nating field. Unlike the alternating fieL 

the chapter, the amplitude of the magnet 
ferent points of the field. 

consider what happens when gUdiug fieldt 

How the harmonic law are superposed 

lotber, 

ds gliding in the same direction. Time 



S»m(a,l-;8--»-|) 


ff. 


'+ff,' + 2ff,ir,cosa>a 




H,,mm 


ff; 


+ H^ COP wa 



bant field glides in the same direction w: 

id iXs magnitude and phase are given 

nstruction. 

ds gliding in the same direction. Space 



f 
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We have 

H =^ Hi Qin (cot — T- j + iTa sin (<ot - tt — ^ j 

/= iJ sin f ©^ — TT — ^ j 
where JS^ = 5i« + Hj^ + 2jEri^2 cos '^^ 



I 



, ila Sin -p 

, 7T0 L 

and tan -^ = 



6 TT t TT '^^ 

III + -"2 COS , 



The resultant field therefore glides in the same direction with the 
same velocity, and its magnitude and phase can be got graphically 
by the parallelogram construction. 

(3) Two equal fields gliding in opposite directions are equi- 
valent to an alternating field. 

In this case, 

ir= jfiTisin f Q)^- TT-T H-aij+iTisin f wi + TT-v + Oa 

= 2F,sin(a,«+"^+^)cos(^f + ^'). 

The resultant field is therefore a purely alternating one, H always 
being zero at the points given by 

where n is an integer. The greatest value of H is obviously 
2Hi, 

(4) An alternating magnetic fi^ld whose nmximv/m value is 
H is equivalent to two equal fields gliding in opposite directions 
whose maximum values are each ^H, 

This follows from the theorem that 

rT • ^ X H . { , 7rx\ H . f ^ irx\ 

rL sm wt cos tt y = -^ sin \o>t •\- -j- ) + -k sin [ayt — pi. 

The angular velocities of the fields are - and , where 2p is 

p p 

the number of poles. 
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•estdtant of any number of alternating and ^ 
me period is in general two fields gliding in oj 

SB from (1), (2) and (4). It is to be noted h( 
the assumption that they are all sine shaped, 
systems of currents represented by 



t, = /, sin I o>* — T y + «i 1 , 
ia = /asinf(o( + 7r-T + 0,1, 



i in the distributed conductors, then the heat 
)nductors will be thatdue to each system of ci 

the mean value of (t, + i,)? is -s- +-^- Wi 
m of currents turning to the right. 
n&in torque produced by a magnetic field (itn 
/stem, of currents turning to the right is zero. 
Qta may be flowing, for example, in the wind: 
I induction motor. 
16 on any conductor will be proportional 

iin ((!)( — W-V + a, J sin (wi + n- j + Oj), 

ue of this expression from t equal to to t e< 



i cos \2-7r j + Ot-aA . 



a value of (1) from x equal to to a: equal 
sero, and thus the mean torque between th 
m of currents is zero. This theorem is anc 
ms in the undulatory theory of optica regardi 
.ce of circular vibrations in opposite diK 
■ theorems might be adapted from optics, 
that these theorems are useful when we c( 
asynchronous motors. The artifice of repla 
ng field by two fields rotating in opposite din 
Fresnel in optics and adapted by Ferraris t( 
t theory, is invaluable in this connection. 
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Consider the case of two coils the axes of which intersect at 

some point 0. We will consider the field at in 
fi°hu whrn*the*^**^ t^® plane determined by the two axes. Let hi, h^ 
aiJiTsiwpe? °°^ ^® *^® values at of the magnetic forces along 

the axes Op and Oq respectively, and let the angle 
pOq equal a. Now if Op and Oq be equal to h^ and h^ and r be 
the middle point of pq^ 20r will be the resultant force, and it 
will be seen that, as h^ and A, alter, the locus of r may be a 
complicated curve and the angular velocity of Or may vary in an 
erratic manner. Draw any line Oa in the plane pOq, and let the 
angle pOa equal 0, Then, if h be the resultant magnetic force 
resolved along this line, 

h = hi cos 0-\-h<i cos (a — 0), 

Therefore h^ = h^^ cos« 0-^h^^ cos* (a - 0) 

+ 2hih2 COS cos (a — 0). 

Now if the currents in the coils be adjusted until the efifective or 
root mean square value of h^ equals the R.M.S. value of h^, and if 
capital letters denote the R.M.s. values, 

iT' = Hi" {cos* + cos* (a - ^) + 2 cos cos (a - 0) cos <^}, 

where <^ is the phase difference between Ai and Ag (see Chap. vi). 
Noting that 

cos* = sin* a + cos (a + 0) cos (a - 0), 

we can easily prove that the above equation may be written in the 
form 

£r* = jETi* {(cos a 4- cos a -25) (cos a + cos <^) + sin* a} . . .(1). 

Now if a = 7r — ^, 

so that cos a +'cos ^ = 0, 

then H== Hi sin a. 

Thus, if the phase diflference between the magnetic forces Ai and Ag, 
or between the currents in the coils when no iron is used, be 
supplementary to the angle between their axes, then the eflFective 
value of the resultant magnetic force resolved along any line in 
the plane determined by the axes of the coils is constant. If this 
relation does not hold, then it is easy to show from (1) that H is 

a maximum when 5 is ^ or tt + ^ , and a minimum when is 
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;, If we plot out a curve showing the vt 
alues of 0, we get a curve which is very sin 

m can also be extended to three phaae 
Suppose that we have three equal cylindric 
arranged round a circle at 120 deg. apar 
g to the centre of the circle. Let A,, A, an 
f the tieids produced by them at the centn 
ted to the mains of a three phase system 
ihap. XI), 

ii + 1, + 1, = 0, 
lere be no iron in the coila and if they bi 

+ Aj + A, = 0. 

CO8 0,.,= -i, 

0,.,= 12O°. 
gnetic force resolved along a line drawn \ 
ing an angle 8 with A,, then 

iiCOS^H- A,co3 (^— -K- ] +/isCoa[^— 1. 
ET,' jcos- 9 + W (» - ^) + cos- (» - :J) 

- COS ^ COS [ ^ S- ) — cos {6 ;r- ) cos I 5 - 

-CO8(5-^)c0sfll, 

independent of d and is the same for ever; 
J circle. 

work, when the coils have iron cores, A, + / 
ry instant. We can, however, represent H, 
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H^ by lines forming a solid angle (Chap, viii) and if the coils be 
equal and symmetrical and the currents magnetising them be 
equal, then, from symmetry, the phase differences between any 
two will be equal and will be less than 120 degrees. Hence we 
may put 

. m 

cos02.s=- 2"' 

where m. is less than 1, and thus 

H^ = H^^ Tcos^ ^ + ... - m jcos ^ cos ^^ - ^) 4- ... 1] 

and hence H = ^ifi V6 4- Sm. 

Therefore, in this case also, H is independent of 6, 

If h be the strength of the field perpendicular to the plane of 
the coil, the E.M.F. induced in it will obviously be proportional to 

J-L 

Rotating magnetic —- . When WO havc two coils, WO find in the same 

fields producing a dt 

constant effective r p xL i. 

E.M.F.inasearch manner as berore that 

coil placed with 

its plane perpen- E^ = ^i* f (cOS a + COS OL — 20) 

dicular to the field. ^^ ^ ^ 

(cos a + cos i/r) 4- sin^ a} . . .(2), 

where the effective values of -^ and -^- are each equal to E^y 

dt dt 

and i|r is the angle of phase difference between them. Hence 

when -i^ + a equals tt, the search coil indicates the same effective 

E.M.F. Ey sin a, no matter what the angle 6 may be, and since a can 

easily be measured ^^ can be found. Now in a choking coil the 

dh 
applied potential difference e is proportional to -^ . If, therefore, 

we have two choking coils and we adjust them until the search 
coil connected to the terminals of an electrostatic voltmeter 
indicates the same effective e.m.f. for all positions of the search 
coil such that its plane is perpendicular to the plane of the axes 
of the choking coils, then the phase difference between the applied 
p.D.'s is the supplement of the angle between the axes. 
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iree choking coils with their i 
t be magnetised by a system 
bow that the effective E.H.F. J 
itter what the value of maj 
e m is less than unity and E^ 
in the search coil by one of the 
the search coil is perpendieul 
lus it is possible, since E and . 
us the phase difference betw 
isations in the coils are alteric 
jnce between the electromotive 

of phase indicator invents 
I, two circular coils have a co 
t which they can rotate, and th< 
ire to be measured, are passe< 
the centre of their common e 
/o coils can also rotate about t 

search coil is connected to an 
wire ammeter, of negligible i 
nt in it. Now, in general, for d 
we get different readings in t 
Qt in one of the given coils be 

the magnetic forces produced 
3 coils be equal, it is possib 
veen the planes of the twt 
ind a position in which the 

the same whatever the positi 

resolved magnetic force perp< 
h coil, then 

Lstauce and L the inductance c 
onstant. If R be negligible, tl 

i^df _ , di 

"dt'^df 
'ig, kf = Li-^ const., 
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and, since/ and i are alternating fuDctions, the constant must be 
zero ; thus taking effective values 

kF = LA. 

Now, since A is constant in all positions of the search coil, F 
must also be constant, and therefore, by the converse of the theorem 
proved on p. 299 

(^ = 180° -a, 

where (f> is the angle of phase difierence between / and /j* ^•^' the 
angle of phase difference between the currents, since there is no 
iron in the circuit, and a is the angle between the planes of the 
two coils. 
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jc fields round polyphase cables. The magnetic field i 
rallel wires carrying equal currents flowing in opposite ( 
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%D ovals. Lines of force when the currents are unequ 
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netic fields round polyphase cables when 

currents are very complex, but the equatioi 

lines of force can easily be found and it 

instructive to study them. In practice, we 

investigate whether the field will affect aeigl 

or telegraph wires, and whether it will produce 

current losses in the lead sheath or in tht 

ich is sometimes placed immediately inside 1 

insure tbat in the event of one of the copper co 

:cidentally into contact with it, the main fuse 

If there were no earth shield and one of the co 

act with the sheath, then, if the resistance of t 

jhbourhood of the place of contact were high, th 

maintained at a high potential and be danger 

cables we have also to investigate the hyster 

mt losses in the steel strip or galvanised iron wi 

the cables. 
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The magnetic field 
round tv/o long^ 
parallel wnres 
carrying: equal 
currents flowing^ 
in opposite direc- 
tions. 



We will first of all consider the magnetic field round two 

parallel wires. This would be the case of the 

mains of a two wire direct current system or of 

a single phase alternating current system. Let 

the wires be perpendicular to the plane of the 

paper, and let A and B (Fig. 113) be the points 

where their axes cut this plane, the current in 

A flowing towards the observer and in B d^yf2i,y from him. We 

suppose that the wires are circular in section. So far therefore 

as the magnetic force at points external to them is concerned we 

may suppose that the currents are concentrated along the axes of 

the wires (p. 33). We shall only consider the magnetic forces at 

points external to the conductors. The magnetic force at any 

2i 2t 

point P will be the resultant of two forces -jp and -^p which are 




Fig. 118. CarrentB in opposite directions. 

2,ABA 



F=PR= 



r-iT, 



I'a 



perpendicular to -4P and BP respectively and in the plane of the 
paper. Let PQ and P8 represent these forces. 

Let -4P = ri, J5P = r2, -45 = 2a, t = the value of the current 
in each wire in C.G.S. measure, and let P=Pi2 = the resultant 
magnetic force at P. Now the angles APB and P8R are each 
the supplement of the angle QPS and are therefore equal to one 
another. 



B. I. 



20 



ALTERNATING CURRENT THEORY 
2i 

n 

lid (VI. 6) the triangles RP8 and BAP are si 
angle SPR equals the angle PAB and the 
e angle PBA. 

PR AB 

PS" AP 



le ABP were a right angle, then PS won 
' and hence APR would be a straight line. 
*" on the line through B perpendicular to A^ 
i resultant magnetic force will be AP". 
I if we draw PC perpendicular to PR to mee 
', then the angles CPB and SPR are eacl 
f SPO and are therefore equal to one an 
;le CPB is equal to the angle PAB and the 
gent and PR the normal to the circle pE 
and P. 

ivery circle passing through A and S is a li 
potential as the direction of the resultant ma| 
int P on it is normal to the curve. 
the angle PCA is common to the triangles 
similar triangles, and thus 
CP' = CA.CB. 

entre C and radius */CA . CB we describe a < 
Df this circle will be a tangent to the circle thi 
h.e tangent therefore at every point on the < 
; C, will be in the direction of the resultant 
that point. Hence this circle will be a lii 
ints A and B are ioverae points with reape 
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It follows that all circles which have A and B for inverse points 
(Fiff. 114) will be lines of force round the wires. 

Bipolar circles. . 

The polar of A with regard to all the circles sur- 
rounding B will pass through B and vice versd. In other words 





Fig. 114. The lines of force round vrires carrying equal oiQTents 
flowing in opposite directions are circles. 

the chord of contact of the two tangents from A, to any circle 
surrounding J?, passes through B. These circles and the circles 
passing through A and B are called bipolar circles. The bipolar 
equation to the circles round B (Fig. 113) is 

n AP CA 

- = ^p ^GP"^ constant = m, 



or 



ri =s mr^. 



The equation to any line of equal magnetic potential will 
obviously be 

02 — ^1 ^^ 0[> 

where a is a constant and 02, 0i are the angles PBG, PAG 
respectively. 

We have shown above that the magnitude of the resultant 

magnetic force is given by 



nr. 



20—2 



LTERNATINQ CURRENT THEORT 

lolar equation of any line of equal n 



OassiDiau ovals and are shown in Fig. 11 
igle phase alternating currents the cur 
every instant equal in magnitude and i 
lines of force due to the currents will 
ch have A and B for inverse points. E 

magnetic field will be fixed in directi 
renting it will simply oscillate backwa 

P. It will therefore be a purely oa 

4a/ 
iximum value will he — , where I 

of the current in either main. This 
c mains when the axis of the outer con 
■incident with the axis of the inner co 
lines of force external to the outer condu 
1 induction effects are produced on neigh 
rents will also be set up in the lead sheal 

resultant magnetic force at P (Fig. 1 
it the angle APB equal a, then, with tl 
Dtation as before. 






Fig. 115 

AP_PS 
PB~PQ' 
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and the angle APB equals the angle QP/S, it follows that the 
parallelogram described on AP and PB as adjacent sides will be 




Fig. 115. Garrents flowing in the same direction. 

4.0P.i 



F=PR= 



riTj 



similar to the parallelogram PQRS. Thus the diagonals of the 
two parallelograms will be inclined equally to their respective 
sides. But the diagonal of the parallelogram described on AP 
and PB as adjacent sides is represented by 2 . PO in magnitude 
and direction. Therefore 

SpR = oPa and RpQ = OpB. 



Also 



oPa^'^^'-BPr and oPb^aPR--'^. 



Hence, for example, in the particular case when APR is a 
straight line, OPB is a right angle, and therefore at every point 
P' on the circle described on OB as diameter, AP gives the 
direction of the resultant force. 



Cassinian ovals. 



The bipolar equation to the lines of force can be found as 
follows. 

If Ny be the number of lines of force, per unit 
length of the wires, crossing OP (Fig. 115) due to the current i in 
the wire whose axis cuts the plane of the paper perpendicularly at 
A, we have 



J\r, = j'?^*dr = [2tlogr], 



I 
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ihe origin and the limits of r are AO 
AP 



If,.2tl< 



•AO' 



iotal number of linea of force, we obvi 

AP „., BP 
.g^Q + 2.1og-gg 

= 2i log rir, — 2t log a*. 
<ut a line of force the number of lii 

coDStant. 
)ng a line of force 

r,r, = constant 
= m', 
le required equation, 
.nsform this equation into polar coord 
aa initial line (Fig, 115), we get 
r* - Sa'r" coa 20 + a*-m' = 0. 




The lines of forae when equal o 
the same direction are Casuititui ovalB. 



than a, we get two ovals (Fig. 116), 
lemniscate, the lines of force appare 
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iif the origin where the magnetic force is zero, and when m is 

greater than a we get only one oval. If m be greater than \/2a 
there is no point of inflexion on the oval, and if m be very large 
the lines of force are approximately circular. 
rk Again, since the sum of the magnetic potentials due to the 

two currents is a constant at every point on a line of equal 
magnetic potential, we have by p. 32 

2i02 + 2i0i = a constant 

= 2ia, 
where a is a constant. 

Thus the lines of equal magnetic potential are given by the 

equation 

^2 + ^1 = a, 

which represents a series of equiaxial hyperbolas passing through 
A and B and cutting the Cassinian ovals at right angles. 






t. 



When the currents in the long parallel wires are unequal in 

magnitude, the equations to the lines of force can 

Lines of force . . . 

when the currents be written dowu at ouce in bipolar coordinates by 
are unequa . ^j^^ above method. We shall first, however, use 

Cartesian coordinates as this method is instructive and will be 
found convenient in solving problems when the earth's field has 
to be taken into account. Let us suppose that the instantaneous 
value of the current in the wire A (Fig. 115) is i^ and in the wire 
jB, ia, then if (a?, y) be the coordinates of the point P, we have by 
resolving the magnetic forces at P horizontally and vertically, 

Pcos ^ = — sin 01 + — sin ^o, 

and P sin ^ = -^ cos ft — - cos ft, 

where is the angle which F makes with OX, 0^ is the angle PAB 
and ^2 is the angle PBX, 
Also 

ri« = y' + (a + a?)3; 8indi = -^; cos^i = ^'^^. 



and r^ — y^-\'{a''xf\ sinda = -; cos^a = 



a — x 



tNATINQ CXTBHENT THEORY 
poiot on the line of force through 

— h^i* (« + «) + t,n* (a - x) 

_ g o f (a:* + y* + ft*) + ggj 
~ y y a:" + y" + ft' + 2i(M! '"■ 




and simplifying we get 
: — a;y+' = m' (ux + a:)'"', 
;. Substituting for u and i their i 

r,*'r,'" = constant 

gives all the lines of force. 

L (a) given above we see that the 

points where they cut the curve 

c" + y + a' + 2lax = 0, 

,+h' ^ (ti + t.)' 

the line joining the axes of the t 
owing in the same direction, the 
' are flowing in opposite directioi 

at the point 

a . — —r , 0, 
»i + *i 
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and the radius of this circle equals 2a —. — ^-^ , If C be its centre 

h + h 



and therefore 



AC=a r and BG = a - . , 

2i^_--2^ 
AC BO ' 



The centre of this circle is therefore the point where the magnetic 

forces due to the currents in the two wires balance. 

In the diflFerential equation (a) if we write on the left-hand 

diX/ dti 

side — -T- instead of -p we get the differential equation of the 

lines of equal magnetic potential round the wires. The solution 
in this case may be written in the form 

*i ^1 + ^2 ^2 = constant (2). 

The curves given by this equation are the same as the stream 
lines of current in an infinite metal plate, two points A and B of 
which are maintained at potentials which are proportional to ii 
and ia respectively. 

The above equations (1) and (2) can also be proved as follows 
by using bipolar coordinates. Since there is no magnetic force at 
right angles to a line of force, we have 

^cost, + -^cost, = (3), 

'1 '2 

where -^^i and -^^g are the angles between the radii AP and BP 
and the resultant magnetic force PR (Fig. 115) which is a tangent 
to the required curve. 

Now cos -^^i = --=-^ , and cos '^2 = -i-^ . 

Hence substituting we get 

^^1 + ^^ = 
r^ ds r^ ds ' 

and therefore i^ log Vi + ig log r^ = constant. 

Thus ri*»r2*« = constant. 
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the angles which the normal to the line o 
,h r, and r, , then ^,' = ^i — -5 , and ^s ' 
iiting in (3) we get 

= 0. 
an element of the equipotential curve throi 



sin ■^1' = r, 



d0. 



and sin'^,' = 



'da" 



i,d0^ + i,d0t = O. 

ti ^1 + 1, ^, = constant. 
17 the lines of force are shown when the 
in opposite directions and i, is four 




L7. CuirentB floving in opposite directions, 1 

foor timee greater than the other- 
point, that is, the point where the magnet 
be specially noted. The bipolar equatii 
f force through this point is 

27r,* = 2048r,a'. 
il, if N be the neutral point and A and B t 
23 of the wires cut the plane of the paper, tl 

ANi, 

-BiV L- 
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If the currents are flowing in the same direction, N is between 
the wires, if in opposite directions N is on the side next the 
weaker current. When N is at an infinite distance, ii=— ta and 
the lines of force are the circles shown in Fig. 114. When ii=— 41*2 
the lines of force are as in Fig. 117. When i^ equals zero the 
lines of force are circles round A. When ii=4i2, iV divides AB 
in the ratio of 4 to 1, and a crossed line of force through this 
point loops A with B. Finally, when ii = ig the lines of force 
are the Cassinian ovals shown in Ficj. 116. 

If the ratio of ii to ig is always constant, that is, if the phase 

diflference between i, and L is either zero or 180 

Ho^v the magnetic 

field alters when degrees, then the lines of force are fixed. In this 
alternating casc the field at any point is a purely oscillatory 

currents. 

one. 
If however the phase difference between the currents is neither 
zero nor 180 degrees, the magnetic field is continually changing 
in direction. It is not difficult to form a mental picture of what 
happens by considering how the neutral point N oscillates in any 
given case and by studying the Figures 114, 116 and 117. 
In general the force at any point is continually changing in 
magnitude and direction and hence is partly oscillatory and partly 
rotary. 

Suppose that the three copper conductors are parallel cylinders 

Ma netic field ^^^ *^^^ their axcs cut the paper at the angular 
round a three poiuts A, B and C of an equilateral triangle whose 

phase cable. . .... 

sides are of length d. Then if I'l, ia and is be the 
instantaneous values of the currents, the magnetic force (/) at 
any instant will be the resultant of the three magnetic forces 

— , — and — - acting at P and perpendicular to -4P, BP and CP 

respectively. By a well-known theorem in Statics, we have 

/»=-*i + ... + 2^^cos^2.8+.... 

But cos ^2.8= :^^ , 

and thus /*= — r- -f- ... -^ ^HHx—.-^ —. i" i + ••• • 
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ce, we generally have 
». + t, + *. = 0, 
2i,i, = ii'~Q-it\ 
ig this value of 2i,4 in the above eqi 
) is eauy to see that 

VnV fj^t r,v,v 
re of the circle through A, B and G, 
POA be tf, then we have 
■,' = H-2arcos)? + a', 
',' = r* — 2ar cos (tf — l^r) + a', 
■," = r» - 2or cos {9 — ^tt) + a.'. 
: values of Ti, r, and r^ in the formul 
a' and that 
r,'r,»r,' = r* — 2aV cos 3^ + a'. 



^-— -, ji,' cos ^ + t,'cos(5- Itt) + i,»co6 
of the circle through A, B and (7, r 

? field at the centre of the circle 
we must have 

i," + ^' + ij' = constant, 
sample, when the currents follow th 

>pose that the currents follow the ha 
te 

ij = / cos {tat — Jtt), it = l cos (tut- 

+ ... =i/» {(1 +cos2«t)co3 5+ ... + 
= f/'co8(2<»i + ^ 
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Substituting these values in the formula fory^, we get 

^__/3/Y g^ {g' + r« + 2ar cos (2a)t + 6)} 
* "Kaj * r« - 2g»r8 cos 3^ + g« 

At points on the circumference of the circle passing through ABQy 
r equals g, and thus 

D 



•^ g 



( 



cos (dt + 



sin 



U 




Fig. 118. The currents in the wires are supposed to be flowing in the 

same direction. 



Let US now consider the magnetic force at a point P on the 
circumference of this circle when the currents in the cores are 
I'l, ta and % respectively (Fig. 118). 



ALTEBNATIKG CURRElTr THEORY 

tC is an equilateral triaagle the angle GPL 
;t8 it. Let be the centre of the circle an' 
le 6 and let OA be a. The angle OPA is c 
le angles GPO and BPO are 60° - Jff and i 
lao r, = ^P = 2acos4d, r, = 2a cos (60° + j 

0" - \e). 

e the tangent at the point P and let OP be ] 
angential force T along PT will be given by 

^ cos i^ + ^ cos (60° + i^) + ^' cos (60° - i 

<»i + ». + ii)- 

J instant, the tangential force has the same 
this circle which are external to the cores, i 
he currents. In practice we generally have i 
I. In this case the tangential force is zei 

lie on the circle passing through the axe 
ree phase cable but are external to the cor 
e at these points is therefore represented in mi 

by the radial component R. 

the forces at P radially (Fig. 118) we get 

^ sin \e + ^ sin (60° + i^) - — sin (60° - \ 

[i, tan ^5 + i, tan (60° + i#) - i, tan (60° - ^< 

- i, for i, and simplifying we get 

^VS t, COB (60° -\6)-^ cos (60° + jS) 

° 2a ■ cos ^e cos (60° - Jfl)co8 (60° + 1$) ' 

R vanishes and therefore also the resulta 
n 
i, cos (60° - \6) - i, cos (60° + ^0) = 0, 

i, cos (60° + 10) 

I, cos(bO - Jf) 

r, CM' 
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This theorem gives us a simple construction for finding the 
neutral point. Join the axes B and C of the two cores in which 
the currents are flowing in the same directions. Divide this line 
at M so that BM is to CM in the ratio of i^ to %, Produce AM 
to meet the circle at P ; then, since PM bisects the angle GPB, 
P is the neutral point. 

If we write / cos (cot — f tt) and / cos (cot — |7r) for ij and is in the 
above formula, we get 

__ 37 sin (cot - jO) 

a "cos j6^(2cos^— 1) 

^3/ sin (a)t - ^6) 
a ' cosf^ 

Writing 180° — ^ for in this formula, we see, by comparing it 
with the formula we have found for +/ (p. 317) that R must 
be equal to f. This also follows since, in this case, T is zero. 
We see that the neutral point is determined by 

dO 
= 2(ot, so that -J- = 2©, 

at 

and thus as long as it is outside the cores of the conductors it 
moves round the circumference of the circle with an angular 
velocity 2a). 

The amplitude of the magnetic force at a point P on the 
circumference of the circle. is 3//acosfft Thus the magnetic 
force has the minimum amplitude Sl/a where is zero. The 
amplitude of the magnetic force increases as increases. When 
is 50° it is nearly four times as large as the minimum value 
and for higher values of it increases very rapidly. The formula 
is not applicable to points inside the cores. 

Let us now consider the magnetic force at any point P, not on 
the circle ABGy when the currents follow the harmonic law. This 
force is the resultant of three forces fixed in direction which 
oscillate according to the same law. The extremity of the line 
representing the resultant force at P therefore (Chapter xiv) 
traces out an ellipse, and if / be the value of the resultant force 
and ©1 its angular velocity at any instant we have 

f^toi = constant. 
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ven for points inside the metal cores. 
1 at any instant it must either be zero al 
in a straight line. Since there is do nei 
the cores when the current in the third i 
;re is no point outside the cores where th< 
1 zero. Similarly there is no point insidi 
netic force is always zero. If the force, 
a point the field at that point must 

»xis of a three phase cable carr3ring cum 

law, the field is purely rotary, that is, the 
presenting the resultant force describei 
h the circle ABC the fields become elli 
lity increases aa we approach the ciroi 
this circle, outside the cores, the magn 
Ilatory, the oscillations taking place in 
side this circle the lield at any point is ell 
r is practically zero when the distance r ol 

is large compared with the radius a of 
ill see later on that, when a'/r' can be 
ajr, we get a rotating field the strength < 

is the maximum value of the current in : 
f the positions of the neutral points insidi 

the circle ABC. At all points on this 

oscillatory. 

)ns to the lines of force can easily be founi 
dinates. Since the resultant magnetic fo 

of force is by definition a tangent to th 
e sum of the component forces resolvei 
le of force vanishes. At every point on 
fore have 

/, cos ^, +/a cos TJTj +ft cos ^, = 0, 

I angle between AP and the tangent to 
^, etc., and thus we get 

ri' ds r^' da r» ' rfs 
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Therefore ii log Vi + ig log r^ + is log r^ = constant, 

or ri*» r2*«r8*« — constant. 

For given values of ii, i, and ts we get the equations to all the 
lines of force by giving different values to the constant. 
Since, in practice, 

ii + la-h 18 = 0, 

the equation to the lines of force may be written 

To illustrate the curves represented by this equation, we shall 
draw the lines of force in particular cases. Suppose, for example, 
that 

^ — ^ — ■~"5"^8» 

then, at this instant, all the lines of force are given by 




Fig. 119. Lines of force in a three phase cable when 



B. I. 



21 



ALTEBKATINO CDBBINT THEORT 

I origin (Fig. 119) a point on the c 
id C, so that is equidistant from j 
the axis of x, the equation to the lii 

= m» {(« - 2R 
ladins of the circumscribing circle, 
lar coordinates we get 
(-£*)■- m' (r" - 4rfl COB 5 + 4fi')' == 3» 
urrea are shown in Fig. 119. When 
urves are ovals round C. When m 

iRrcoaO + 5li*){rcos0 - B) = Br'sk 
of the line of force through the c 
rcle. When r is large this curve aim 

2r COB = 3lt, 
lation to the straight line perpendi 
3way between the centre and C. Wl 
;reater than ^ we get ovals surroun 
ing points of inBexion. When m t 

6r^ = 8jBr cos 5 - Si? coa 20, 
I the looped curve round A and 1 
a point of zero magnetic force. A 
so that the tangents there make b 
the tangents are therefore perpendi 
m. IB less than ^ the curves are ovals 

form a picture of the magnetic 6 
Suppose that it is zero, then i, eq 
B are circles having A and C for in 
twelfth of a period later t, and ii ar 
lines of force are as in Fig. 119. Tl 
is, they will be circles round B and 
The neutral point, outside the corei 
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complete revolutions round the circle passing through A^ B and 
during the period of the alternating current. 

It must be remembered that in practice the cores, instead of 
being cylinders, are stranded cables made up of 1 + 6 + 12 + 18 + ... 
wires, the usual numbers being nineteen and thirty-seven. The 
outside layers generally have a * lay * of about twenty times the 
diameter, that is, the wires make a complete twist round the axis 
of a core in a length equal to twenty times the core's diameter. 
In addition, the three stranded conductors or cores are spiralled 
relatively to one another, each making a complete turn round the 
axis of the cable in about eight feet. The section of a conductor 
is sometimes shaped like the sector of a circle, the vertical angle 
of the sector being 120 degrees (Fig. 33). The main features of 
the field of force round the cable are, however, similar to the 
fields we have described above. 

In this cable (see Fig. 35) we have four cores and the sections 
.... of the axes by the plane of the paper are at the 

Magnetic field • / r Ti? J i. 

round a two phase angular pomts 01 a square. If ri, ra, r, and r^ be 

the distances of these four points from P and if 
ii, ig, ig and 14 be the values of the currents at any instant, the 
lines of force will be given by 

r^rj^r^r^* = constant. 

During the normal working of the system, we have 

ii + is==0 and 12 + 14 = 0, 

and thus the equation becomes 

_M l-\ = constant. 

When ij is zero the lines of force are circles having 1 and 3 as 
inverse points. An eighth of a period later all the currents are 
equal in magnitude and therefore 

r^r^ = mr8r4 

gives the equations to the lines of force. When m equals unity 
we get a straight line passing through the centre and dividing the 
field into two symmetrical portions. There are in general two 
neutral points on the circle circumscribing 1, 2, 3 and 4, and the 
resultant magnetic force at all other points on this circle, which 

21—2 
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are external to the cores, is normal to the circle. Wh 
^, the equation to the looped lines of force passing t 
neutral points which are external to the cores is 

nn = (3±2V2)r»r,. 
Hence it is easy to draw a rough diagram of the lii 
in this case. An eighth of a period later, the lines 
circles having 2 and 4 as inverse points, and so on. 
When the currents follow the harmonic law, the nei 
when outside the cores, travel with uniform speed rout 
which passes through the axes of the four cores. At 
when i, and it or % and i, vanish, the lines of force 
(Fig. 114) and there are neutral points only inside 

In the case of a twin concentric cable (Fig, 37) 
Twin concentric difference between the currents in th 
cabici. conductors is ninety degrees, and the 

the outer cylindrical conductor enveloping them is equ 
instant, to the sum of the two inner currents. The cu 
outer return conductor produces no magnetic lield insi 
radius. The magnetic field inside the outer conductoi 
fore be due to the currents in the two inner condu 
neutral point, due to these two currents, will oscillate 
joining then* axes and it is easy to draw the lines of 
at any instant. 

If he the centre of the cable and A and B the p 
the axes of the inner conductors cut the plane of the p 
be the middle point of AB. Let OA = a and ON = x, 
the neutral point outside the cable, then 

2i, , 2h _2(^+i,) 



Therefore 



„h±^ 



Hence the position of tiie neutral point is determin 
6eld outside the cable can be drawn. 

When t, equals i,, the equation to the lines of force 
cable is rjr^'^mOI^, 

or (r* + c')' — 4a'r> cos* $ = m'r*. 

When m equals unity this gives an equiaxial hyperholi 
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The equation to the lines of force in a plane perpendicular to 

Field of force ^^® ^^®^ ^^ ^^® wires, which we may suppose to 

round n parallel ^e the plane of the paper, is 

^vires symmetn- '■ r r ^ 

*"*/♦*? *""*°«^*^ ri**» ra^ . . . Vn^ = constant, 

with their axes x £ n t 

on a circle. where Tj, Ta ... r^ are the distances of a point P 

in this plane from the axes of the wires, and i^ ia ... i„ are the 
currents in the wires. If the currents are all equal and flowing in 
the same direction this equation becomes 

^i^a • • • ^n = constant. 
By De Moivre's property of the circle, we can write 

{r^ - 2a'*r** cos nd + a^}* = r^r^ ...Vn 

= constant, 

where a is the radius of the circle, r the distance of P from its 
centre 0, and 6 the angle between OP and a line joining to one 
of the points of intersection of an axis of the conductor with the 
plane of the paper. 

At the centre of the circle, 

The equation to the lines of force through the centre is therefore 

r» = 2a" cos nd. 

This gives us n loops having a multiple point at the centre, where 
the force is zero. 

The equation to the line of force passing through the point 

is 7^ _ 2a^r'^ cos n6 + a^== 4a^. 

This is a curve with n ripples, the minimum value of r being a and 

1 

the maximum value being 3" a. If n were 40, the maximum 
deviation of this line of force from the circle passing through the 
axes of the wires would be only 2*8 per cent, of the radius of that 
circle. 

The equation to the line of force passing through the point 

is r^* - 2a«r" cos n0 + a'^ = {(1*5)** + 1}' a^. 
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It ■■ taMj to Bee that I'oa ti Uie minimnm value of r a 

{(l'5j^ + 2]'a is its mMTimnni value. Wboi ■ is 8 the nu 
▼aloe of r is l'514a, aod bence this tine of foite nerer < 
from the nrde whose ndios is l'507a hy as tosch as the 
one per cent, of that radios. 




Fig. 120. Iiines of force round eight w 

cimeDta flowing in the Bome direction. 



The lines of force when there are eight wires are si 
Fig. 120, the equation to the curves being 

r" - 2aV cos 85 + a" = m", 
where m is a constant which caonot be less than a. V 
is large the lines of force are practically indistinguishab 
circles. 
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Let the inner conductor be a circular cylinder and let the 
outer consist of n wires each of which carries an 

Concentric cftble* , _. , 

equal share of the current. Let the distance of 
a point P from the axis of the inner conductor be r and from the 
axes of the wires be ri, rj, ... respectively. The equation to the 
lines of force will be 

where m is a constant. 

Hence, by De Moivre's property of the circle, 

mV*^ = r^ — 2a'*r'* cos nd + a^. 

When m equals unity, we get the curves 

r" cos n0 = -^. 

It is easy to see that this represents an open symmetrical curve 
round each wire, the vertex of which is directed towards the centre, 
and the equation to the asymptotes is 

where p is an integer. When n is even, r is imaginary when 

lies between ^ and ^ , ^ and ^, etc. When n is odd, it 

is negative between these values. 

When m is less than unity, cos n0 cannot be less than 

Vl — m' and hence, in this case, for each value of m we get a 
loop round each wire, the loops getting narrower and shorter 
as m diminishes. 

When m is greater than unity we get rippled lines of force 
which only embrace the central wire. The equation to one of 
those passing through the point 

is UJL^X - 1 !• r^ + 2a**r'* cos n0-a^ = 0. 



1(^7 - 4 -■^2»"- 



It follows from this equation that the minimum value of r for 

a given value of b is 

ab 

J. 
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Since b ia leas than a this is approxiiiuitely equal to 

Hence when n is large and b is small we see that the am] 
of the ripples is very smalL 

When b equals a, the nunimam ralae of r is a/3". II 
were eight wires (Fig. 121) then the mazimam and mil 




Fig. 121. Concentria cable in which the outer conductor consiEtB oE eighi 



values of r for this line of force would be a and 0-87a respei 
Hence it would differ from the circle r = 0936o by less thai 
cent. When b is greater than a thea the minimum value 

approximately "1 (^ ~ 2^) ' 
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1 
which is always less than a/2'*. Hence, the lines of force which 

are close to the point 

1 

r = a/2«, e = 0, 

but pass inside it, have very large ripples, which extend in some 
cases to great distances beyond the circle r = a. 

Some of the lines of force for a concentric cable having eight 
wires symmetrically arranged for its outer conductor are shown in 
Fig. 121. If it were carrying direct current, the needle of a little 
compass would change its direction 2n times on being taken round 
the cable. Since, with alternating currents, the current in the 
inner conductor is always in exact opposition in phase to the 
currents in any of the outer wires, the magnetic field at any point 
in the neighbourhood is in this case a purely oscillatory one. 

In general, if we have a series of parallel wires carrjring 
alternating currents of any magnitudes which are always in step 
with one another, that is, which are either in phase or in exact 
opposition in phase, then the magnetic field in their neighbour- 
hood is purely oscillatory. 

The strength of the magnetic field in the two preceding 
The strength of problems is easily found by the following method, 
rounTn pa^auef ^** due to G. F. 0. Scarlc, which furnishes an example 
^***®®- of the use of Maxwell's Vector Potential. 




Fig. 122. At Bt Ct D... are the points where the axes of n long paraUel wires 

cut at right angles the plane of the paper. 
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Hence, by (a), it = . — r — g, ^ ^ ^r- — ^ . . .(p). 

Similarly, from Fig. 124, we see that the tangential force T is 
given by 




O A K 

Fig. 124. T is the tangential magnetic foroe. 

Thus, from (a), we get 

2i r*~ -r^a^ cos w^ . . 

"" V • r^ _ 2r~a** cos w^ + a^ ^'^^' 

If ^ be the resultant force at any point in the field, 
since R and T are at right angles. Therefore 



r ' {r*" - 2r**a** cos n0 + a'*"}* 
2i r^ 



(S). 



Now at all points on a line of force we have 

^1^2 • • • ^n = constant, 
and therefore, along a line of force, F will vary as r"^^ For 
example, along any of the lines of force shown in Fig. 120 F varies 
as r^ 

Again, from (7), we see that the tangential force T, that is, the 
force at right angles to the radius vector, is zero at all points on 

the curves 

r« = a^ cos n0. 

These are curves exactly similar to the looped curves shown in 




iv 
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Fig. 120, the extremities of the loops passing through th( 
the wires. If P be a point, therefore, on one of these loop 
the direction of the magnetic force at that point. For e 
when n equals 2, we see that at any point P on the lei 
^ = 0*008 2^, the direction of the resultant magnetic fore 
and the magnitude of the force is proportional to OP. 



In the preceding problem, if we suppose that a cur 

flows in a return wire through 0, paralle 

the field rounii* n wires, we get the case of a concentri 

The etfect of this return current is to ad 

tangential force T, due to the currents in the n wires, the 

and to leave the radial component R unaltered. If 2 

new tangential force, we have 

r 
2t r^a" cos n0 — a*" 



r ■jM_ 2r"a" coa n^ + o" ' 
This vanishes at all points on the curves 
r" cos 710 = a". 
These curves are similar to the open curves shown in ] 
and they pass through the axes of the wires. At any poi 
these curves OP gives the direction of the magnetic force. 
If F' be the resultant magnetic force at any point P, 
F'* = R' + T'\ 



and thus 



F' 



2i 



The magnetic force at any point on a given line of force (] 
is therefore inversely proportional to r. 

Again, from (a), when r is greater than a, we get 



N'-Xi = -2ilogr 



log I-; 



-) 



\ 



+iog(i-t:.-^' 
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where iV— \i refers to the n wires only. Thus we have 

n\r^ 2 r^ / 

= — 2tlogr + — — cosn^H-^.— -cos27i^+... . 
Similarly when r is less than a, we may write 

JV'-\i = — 2iloga + — (— cosn^+ s.---cos2n^4- ... ). 
Therefore, when r is greater than a, 

2i fa^ . ^ a^ 



= -7(^smn^ + — sm2/i^+...j, 



and r^.^-?^' 

2i /a^ /, a'** « ^ \ 
= — ---COSW&+ —■co82n0+.., . 

Similarly when r is less than a, 

it = — smn^+ ---sin2n^+ ... , 

and jT = --cosn^H--— cos2w^+... . 

r r KaP' a^ / 

The above series show clearly the degree of approximation of the 
field to that due to a longitudinal current uniformly distributed 
over the surface of a hollow cylinder and returning by a thin 
coaxial solid conductor. 

If we have an alternating current, of eflfective value -4, flowing 
The losses in ^^ * couductor of resistance jR, then RA^ is the 
*^*^**"- least possible value of the mean power lost in the 

conductor. Even when the conductor is the inner conductor of a 
concentric main so that it is shielded from the inductive efifects of 
the return current, yet owing to the skin eflfect (p. 47), the power 
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expeoded in it is greater than RA*. In polj^hase c 
wires that form the cores are not shielded irom the 
effects of the currents in neighbouring wires, or of the ci 
neighbouring cores and so, except in the special caae 
cores are made np of fine wires not too tightly pressed 
the eddy current losses in them are appreciable. Le 
consider the simple problem of single phase mains. 

When the consumer's terminals are connected with I 
of an alternating current supply company by two condu 
through two separate iron pipes, it is found that, at 
heavy load, there is a great diminution of the voltage 
the consumer's terminals. The presence of the iron i 
very considerably the back electromotive force due to 
ductance of the conductors, and thus the potential diff< 
between the consumer's terminals is much smaller than th 
V between the mains. In this case the potential diffe 
between the ends of a conductor joining a main to 
terminal, that is, the ' voltage drop ' along the conducto: 
large. In general the phase difference between the volf 
and the current in a conductor is large. It will only be 
the exceptional case when the eddy current and hyete: 
is large. 

If the load in the house circuit consist of incandesce 
80 that its power factor is practically unity and if, as is j 
the case in practice, the connecting conductors he equal 
losses in them are the same and take place in the same 
we can easily measure W, the power lost in the conducto: 
the pipes surrounding them. Since the voltage drop a 
conductor is in phase with that along the other their i 
value is 2V3 and so the power W is given by the three v 
formula (p. 205). We have, therefore, 

= -^ i 
2F,' 

where A is the reading of an alternating current ammeti 
circuit. If we subtract 2A'R from W, where It is the ri 
of either of the connecting conductors, we get the power e 
in hysteresis and eddy currents in the pipes. 
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As F, Vi and Fj diflFer in phase, F— Fi is generally much 
smaller than 2F2. For example, we could have 

F = 260, Fi = 240, F, = 40, A^ 100. 

In this case the value of TT, in watts, is given by 

^ = 2^^ ^260^ - 240« - (2 X 40)^} 

= 750. 

Since W must be positive we see that when F is 260 and Fi is 
240, Fj must be less than 50. This follows since 

260= - 240« = (2 X 50)1 

It has been noticed that when the iron pipes are insulated 
from the earth the voltage drop Fg for a given current A is less 
than when the pipes are laid in the earth. This shows that the 
eddy currents are increased when the pipe is earthed throughout 
its length. 

To avoid this excessive drop in the pressure, the two conductors 
are put into the same pipe. This is found, in practice, to be a 
satisfactory solution. Let us suppose that the axes of the con- 
ductors and the axis of the pipe are in one plane and that these 
axes are parallel. Let us also suppose that the pipe is of very 
thin metal so that the distortion of the field produced by the eddy 
currents in it can be neglected. The lines of force will then 
practically coincide with the circles shown in Fig. 114, and an 
inspection of this figure will show that the plane containing the 
straight lines of force bisects the pipe. If the pipe be long, then 
at any instant the induced current will be flowing down one half 
of the pipe and back along the other half. 

The magnetic force at any point P can be easily found. Let 
N be the number of lines of force per unit length of the system 
between P and a point on the sheath equidistant from the two 
wires. Then, as on p. 310, we can easily show that 

iV = - t log (r" - 2ar cos ^ + a») 4- i log (r» + 2ar cos 6 + a*), 

where i is the current in either conductor, 2a the distance between 
the axes of the conductors and (r, 6) are the polar coordinates of 
the point P, the origin being on the axis of the pipe and the 
initial line passing through the axis of a conductor. Thus, if R 
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and T be the radial and taDgential components of tt 
force at P, we get 

__2t 2ar sin g (r* + tt') 
r'r'- 2aV coa 20 + a*' 

..d T — f 

dr 
2t 2ar cos g (r* - a') 
* r ■ r* - 2(i'r* cos 25 + a* ' 
Hence also the reBultant force F is given by 

j^ = i? + r», 

and thus F= — , 

a result which agrees with the formula given on p. 306 
For the following method of considering the ed 
losses in a pipe, when it is insulated from earth, th 
indebted to O. F. C. Searle. We have seen that the m 
the lines of force between a point P (r, 6) on the pipe 
equidistant from the axes of the two conductors is give 
if = t log (r* + 2ar- cos 5 + a>) - i log (r" - Sar cos ^ 
when the walls of the pipe are very thin and the met 
it is made is non-magnetic. Using the method ei 
p. 332 and noting that r is greater than a, we havt 

N= 2i {^ cos 5 - i ^ cos 25 + ...| 
+ ti |- cos 5 + 2 3 »=os 25 + ...I 

= 4i (- cos 5 + ^ ^ cos 35 + J ^ cos 55 + . . 

Thus since, by symmetry, the current vanishes at th( 
the pipe equidistant from the two wires, if follows tl 
the current density at P and <r the resistivity of tl 
have, making the assumption that every tube of eddj 
in quadrature with the flux it embraces, 
dN 
'^ = '-dt 

= _4^{?cos5 + |^'cos35+...}. 
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If i equal /cos cot, the mean value of (di/dty is ^©'7* and thus 
the mean value of a^u^ is 

8g)»7* ^ jcos + \^ cos S0 + ...V. 

Hence, if the thickness of the sheath be h, we find that the mean 
power W lost, per unit length of the sheath, is given by 

W= — I jcos^ + 5 — cos35+ ...[■ rdO 

167rft)M«a»A 



1 + 



9 r*"^ 25 r»"^'**r 



where A is the effective value of the current. Thus, if (a'/Sr*)* be 
negligible compared with unity, the eddy current loss W in the 
pipe, in ergs per second, is given by 

^ r<r 

where I is the length of the pipe, and all the quantities are 
measured in absolute units. We see that, when the reactance of 
every eddy current path is negligible compared with its resistance, 
the eddy current loss, per unit length, varies as the square of the 
current, the square of the distance between the axes of the wires 
and the square of the frequency. It also varies directly as the 
thickness of the pipe and inversely as its radius and its resistivity. 

Let us now consider the hysteresis loss in a very thin iron 
pipe. If r be the radius of the pipe, the magnetic force i^ at a 
point P on its circumference is given by 

4ai 






^ai 



(r* - 2a?r^ cos 26 + a*)* ' 
and thus by p. 12, 

It can be shown that this series is convergent when r is greater 
than a. F has its maximum value when 6 is zero and its 

IT 

minimum value when ^ is ^ . Thus the amplitudes of F in c.G.S. 
B. I. 22 
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measure at points in the pipe lie between 

"""■' and iiss^, 
r* — a' r* + a* 

where /„„ denotes the maximum value of the c 

know Steinmetz's coefiBcient for the iron (p. 37) 

ability curve we can easily find a superior limit i 

loss. 

The following data concerning three core i 
method of their manufacture will i 

Three cart cablet. 

of the problems that anee in pract 
cores consist of stranded conductors; a 19/14 co 
would be one made up of 19 strands of wire of 1 
Wire Gauge, that is, wire with a diameter of 0'' 
Strips of paper are wound round the cores, au' 
spiralled relatively to one another making a comj 
the axis in from four to eight feet, the apace bet 
cores being filled either with jute or with a p! 
cores are now wrapped together with more strip; 
after immersion in a bath of a special compounc 
the lead covering press. In the low temperatu 
lead covering is piit on under very considerable pi 
temperature well below the melting point of lead, 
a covering of compounded tape or jute yam is 1 
over the lead by a special machine. The armoui 
the compounded tape and generally consists of 
wires laid on longitudinally ivith sufficient ' spiral 
together. In some cases this armouring is served wi 
jute. The cross section of a, 19/14 core is nearly 
inch, so that if we assume that a current density 
per square inch is permissible, then each core 
amperes. 

In some cases tbe armouring consists of steel 
This strip is put on in two layers, the first layer 
in one direction and the next in the opposite 
' breaking joint ' and affording efficient protection 
This is the standard armouring for ordinary direct 
but reasons will be given later on why it should t 
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three core cables, unless the hysteresis losses in it when subjected 
to appreciable magnetising forces are negligible. 

The minimum distance of the cores from one another and from 
the sheath depends on the voltage for which the cable is designed. 
For voltages up to 5000 it is customary to allow a thickness of 
0*05 of an inch of dielectric for every thousand volts. For higher 
pressures the thicknesses used in practice are less than that given 
by this rule. 

If the cable be for 11,000 volts mesh working, the minimum 
distance between the cores is generally about 0*4 of an inch. The 
inner diameter of the lead sheath would be slightly less than 
2*5 inches if the cores were 0*2 of a square inch in section and 
would be about 3 inches if the cores were 0*4 of a square inch in 
section. The thickness of the lead is generally about 0*16 of an 
inch (160 mils). The jute between the lead and the armouring is 
about 50 mils in thickness but in some cables the armouring is 
placed directly on the lead. When steel strip is used it is generally 
about 40 mils thick and as there are two strips one over the other 
this gives a steel cylinder 80 mils thick surrounding the cable 
and having a diameter somewhat greater than three inches for 
large cables. If this be covered with jute the thickness of the 
jute will be about 100 mils (0254 cm.). 

The section of the cores, in the smallest of the three core 
cables used by the Underground Electric Railway Company of 
London, is 0*15 of a square inch and, in the largest, 0*25 of a 
square inch. The efifective voltage between any pair of cores is 
11,000 and the minimum distance between the cores is 0*44 of an 
inch. The coefficient of self induction for electrostatic charges of 
the cores in the smallest size of cable is 0*26 of a microfarad per 
mile, and in the cable which has cores 0*25 of a square inch in 
section the coefficients of the cores are about 0*3 of a microfarad 
per mile. The cables are plain lead covered. 

On the power station circuit of the Metropolitan Electric 
Tramways Company of London, the three core cables are sheathed 
under the lead with copper tape as an earthing shield for protective 
purposes, and are drawn into earthenware ducts. The cores of 
most of the cables are 01 of a square inch in section, and the 
minimum distance between the cores is 0*38 of an inch. The 

22— .2 
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ifficientB of the cores in this class of cable are about 0*27 of a 
:ro&rad per mile. 
The following are the principal data for a three core cable, for 

000 volt mesh working, made by the British Insulated Wire 
mpany. The section of each core is roughly similar to the 
ment of a circje which has a vertical angle of 120 degrees, 
ere are 37 strands of wire in a core, the diameter of each wire 
ng 0'082 of an inch. E^h core is wrapped round with paper 
a radial depth of 018 of an inch and the minimum distance 
ween the cores is about 037 of au inch. Over this another 
er of paper 018 inch thick is wrapped. The radial thickness 
the lead sheath is 0'16 of an inch and its outer diameter ia 

inches. The lead in this case is served with compounded jute 

1 over this sixty galvanised iron wires are laid, each 0'104 of an 
h in diameter. Only sufficient ' spiral ' is given to the wdres to 
ip them together. Wire armouring is never put on by coiling 
I wire round the cable. 

The weight of each of the copper cores in the above cable is 
lut 4000 lbs, per mile. The weight of the lead sheath is over 
rteen tons per mile and the weight of the wire armouring ia 
lUt 10,000 lbs. per mile. The coefficient of self induction for 
:trostatic charges of each core ia approximately 037 of a 
irofarad per mile. 

Id many situations, as for example in mines, mechanical 
■tection is necessary for three core cables. They are therefore 
ler drawn into iron pipes or heavily armoured. When this is 
le a copper shield under the lead is in general unnecessary. 
In addition to the eddy current losses in the cores themselves 
1 in the lead sheath, there may be considerable hysteresis and 
ly current losses in the armouring. It is important therefore 
know the value of the magnetic forces due to the currents at 
nts near a three phase cable. 

We shall now find the direction and the magnitude of the 
TiuiMforthe magnetic force produced at any point by the 
w'thUe™aae Currents in the cores of a three phase cable. We 
™- shall assume that the load is balanced, and that 

: cores can be regarded as cylinders whose axes are parallel 
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Our formulae will be approximately true when the conductors are 
spiralled. Let ijjh, and % be the currents in the cores. With 
the notation of p. 330, if we choose the centre of the cable as K, 

N= 2ii log a + 2ia log a + 2^8 log a 

— 2ii log Vi - 2i2 log ra - 2is log r^ 

= — 2ii log Vi - 2i2 log ra — 2ii log r„ 

since ii + ia + ^ = 0. 

Thus, we get 

N= - 2 (I'l + I'a + is) logr 

1 - 2 - cos ^ + 
r 




.31 



- ii log I 
-ialog|l-2%os(^-g7r)+^ 

-i3log|l-2%os(^-|7r)-f^'} 

+ 2i,|cos(^-|.) + iJcos2(^-|,r) + ...} 

+ 2i, 1^ cos (^ -| ^) + i J cos 2 (^- 1 tt) + ...| . 

From this equation R and T can be found at once by the formulae 

J, IdN , rj, dN 

In order to simplify the formulae for the radial and tangential 
forces we shall suppose that the currents follow the harmonic law, 
so that we can write 

ii = I cos a)t, i2 = /cos(a)^ — Itt) and ij = / cos (©^ — | tt). 

Now, we have 

2 cos a)t cos p0 

= cos (a)t +p6) + cos (cot —pd), 
2 cos (a)t — f tt) cosp (S — f tt) 

=xos {Q)t+pd-^(p + l)'7r} + cos [(ot -p0 + § (p - 1) tt}, 



Ml4 

- e«i '•< H- jitf - J (> -!- I . r; + ew :•< - J.* + 1( 
If !f b« th« snn» of these (^luncities, we have 

^^ enw'w<-t-ptf-ff;> + l)irgm(j>+I)«- 

Cfm't0t-p0-¥i<p-Viir)m{p-iyir 

N'^w, the Tftlne of no letr/sio \xw is zero, wbcai « is nei 
ntJT so int«fpvl mnlttple of 3. As ;c ^>pnnches an; 
maltiple of 3 the qnuitity approaches the limit 3. Us 
resnlt* we obtain 

JV»3/i-co«(«*-^ + s^cos{«( + 2^ 

+ 1 ^ cos M - 4^) + ^ ^ cos ((o( + 6^) 

+ J~ooB(a(-7^ + I. 

Henoe we find the fallowing value for R 

- ~ I J »'« H - *) -^ sin («>' + 25) 
+ ^ sin (Mi - 4d) - ^ sin {tot + 55) 



Putting their exponential values for sin 6, cos $, si 
we }fpt aiiuple geometrical progressions for the coeffi 
niu w( ami co« wt. Summing the series and replacing t 
nential vahies by sine« and cosines we find that 

., Sf rt* {(f* + o* } sin (nrf - (*> - or (H + q") sin <«ri + 
"■ rt ' " r'-2«V<»s35 + «* 
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It can be shown also, that this formula is true when r is equal to 
or less than a. Again, we have 

dN 



T=- 



dr 



O" 



=: ^[^ COS (tot - ^) + ^ COS {tot 4- W) 

r \v IT 



a* 



a' 



+ — cos (tot - 4^) + -J cos (tot + 5^) 



+. 



} 



_3/ g" {(r* ~ g^) cos (tot '-0) + ar(r^'' gQ cos (tot + 20)] 
""g"" r« - 2g»r« cos 3^ + g« 

This formula is also true when r is less than or equal to a. We 
see at once that T vanishes when r equals g. The amplitude of 
T equals 

3/ g' (r^ - g') {(H + g^)' + 2ar (r^ + g') cos 3d 4- gV}* 
g • r« - 2gV cos 3^ + g« 

For a given value of r this has obviously its greatest value Tmax. 

when cos Sd is 1 and its least value T,nin. when cos 36 is — 1. Thus 

we have 

3/ g»(r + g) 



■*-max. 



T — 

-*iniii. 



a ' 7^ --a? ' 
SI a^r-a) 



g r^ + g' 

It is easy to show that jT^in has a maximum value when r is 

3/ 
1*679 g and Tniin. is then equal to — x 0-1184. 

g 

An inspection of the following table will show how the coefficients 

3/ 
of — in the formulae for Tniai. ^.nd Tmin. vary as r increases, 
g 



a 


1 


1-6 


2 


2-5 


3 


4 


10 


100 


a^{r+a) 


00 


1053 


0*429 


0-239 


0-164 


0-079 


0-011 


0-000 


a^ir-a) 





0-114 


0-111 


0-090 


0-071 


0-046 


0-009 


0-000 
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The formulae for R aod T given above show us t 

points which are outside the three cores the field is 

Along the axis of the cable the ellipse is a circle, at poii 

niiv<1a iMiaaing through the axes of the three cores T vat 

a ellipse becomes a straight line pointing to the 

le, and when a^jr* can be neglected in comparisoi 

Q get a pure rotating field the strength of which 

\ be the centre of the section of the cable, A 

be axis of the core cuts this section and P-a poi 

iroduced, the values of R and 2* at P are given h 



_3/ a'{r 



«)„ 



= r,DH. COS at. 
: all points on OA or OA produced the elliptica 
>r axis perpendicular to OA and equal to 22',„^. 
ilarly, if OP" bisect the angle BOA where B is i 
I of another core, the field at a point P on OP", at 
0, is given by 

3/ a? {r + a) . 



R = 



T=^- 



' r' + c^ 
a?{r — a) 



a(„<-|), 



nor axis of the ellipse representing the field at 
nd its direction is peq)endicular to OP. 
following table shows how the coefficients of 3 
ion for the radial force vary as we move in the 
OP. 



r 


1 


1-5 


2 


2-5 


» 


4 


10 




'^' 


0833 


0-2H 


0-143 


0-103 


0-077 


0-048 


0-009 


c 


r^ + a' 


1 


0-671 


0-333 


0-211 


0-143 


0-077 


0-011 


c 
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If / be the value of the resultant force at the point (r, 6) we 
have 

_/3/y g* {g' + r' + 2ar cos (2o>^ + 6)] 
-i'^j • r« - 2g»r* cos 3^ + g« 

which agrees with the result obtained on p. 317. Since the 
maximum value of cos 3d is 1 and its minimum value is — 1, we 
find that the maximum and minimum values of / at points at 
a distance r fi:om the axis of the cable are given by 

__3/ g'(r4-g) _^ 

. _SI g«(r--g) _^ 

Let US now consider the hysteresis loss in the steel armouring 
of a three core cable. We shall suppose that the armour consists 
of very thin steel strip, and we shall neglect the shielding efifect of 
the eddy currents induced in the lead sheath. The integral of 
the tangential force at any instant taken round the steel cylinder 
is zero, the lines of induction therefore leave the cylinder and 
demagnetising eflfects are produced. If we calculate the hysteresis 
loss on the assumption that there are no demagnetising eflfects 
and that T^nAx. ^-cts on every point of the armouring we get a 
superior limit to the hysteresis losses. If A be the eflfective value 
of the alternating current in a core, expressed in amperes, Tj^^^ 
will be given in c.G.s. units by the formula 

^max.-^ lOg • r«-g» ' 

As an example we shall take the case of a three core cable 
designed for 10,000 volt working and having a normal current of 
about 150 amperes in each core. The area of the cross section 
of each core is 1*25 square centimetres, the radius a of the circle 
circumscribing the axes of the cores 1*8 cms. and the inner radius 
of the steel armouring 4*5 cms. If the eflFective current in each 
core be A amperes, the maximum value of the magnetic force in 
C.G.S. units is 0056 A, If, therefore, A were 150 amperes, the 
maximum value of the magnetic force would be 8*4 c.G.s. units. 
Hence, if we know the permeability curve and Steinmetz's 
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coefficient for the steel (p. 37), ,we can assign a superior 
the hysteresis loss. 

We have seen that the minimum value of the tangent 
at a distance r from the axis is given hy the fonnula 

T i^y? "' (r - °) 

For the cable considered above we get 
Tain. •'0021 A 

-i3-2c.a.s. units, 
when A is 150 amperes. This, however, does not enable 
a minimum value to the tangential force acting on the ste 
cannot neglect the considerable demagnetising effect prod 
the lines of induction leaving the steel. 

If we make the assumptioD that the mean value 
maximum flux density is 1000 and take 7j = 0002, we 
p. 38, that the loss W, in watts per kilogramme of the ste 
the frequency is 50, is given by 
W = nfVff^ X 10-^ 

= 0002 X 60 X ^^ X (lOOO)'" x 10"' 
= 008 nearly, 
assuming that the speciBc gn^vity of steel is 7'8. If t 
armouring therefore have a mass of 2000 kilogrammes ] 
this would give a loss of 0'16 of a kilowatt per mile. 

When iron wire is used, with its length parallel to th 
the eable, the magnetic flux produced will be very much 
than with steel strip owing to the very large demagnetisin 
produced by the flux leaving the wires. The hysteresis 1 
wire armouring will therefore be quite negligible. 

In addition to the hysteresis losses, there are eddy 
losses in the cores themselves, in the lead sbeath, in tbi 
earth shield and in the armouring. We shall see in t 
chapter that the currents generated near the surface of th 
screen off the magnetic force from the interior, and thu 
simplest cases even with non-magnetic metals, the calcui 
the eddy current losses is difficult. It has to be remem! 
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estimating possible eddy current losses in sheaths, that these losses 
do not vary in any simple manner with the resistivity of the metal 
of which the sheath is made. 

In addition to the losses that take place in the metallic parts 
of the cable, we may have losses in the dielectric itself due to the 
electrostatic forces. When the cores are very thin it is not difficult 
to find formulae for the resultant electrostatic force at points in the 
dielectric by the method of images (Chapter v). Let us consider, 
for example, the electrostatic force /at the axis of the cable. We 
suppose that all the electrical quantities are given in electrostatic 
units. The component /i of the force in the direction OAy due to 
the wire whose axis is at A and the image of this wire at A\ is 
given by (Chapter iv), 

•^ a a 

where OA = a, and OA'^d and \ is the dielectric coefficient. 
Now when the load is balanced (Chapter iv), so that 

^1 + ^2 + ^8=0, 

then ?i = (^1.1-^^1.2)^1, 

and thus, since fx,f^ and /s are inclined to each other at angles of 
120°, we get by Statics 

r^fx' +/2^ +/,» -/2/8 -/,/l -/1/2, 

and hence, on substituting, we get 
/I 1\' 

= 6(i-p)\ir,.,-ir,.2)»(i;,« + t;2»4-V), 

since aoi = r*, where r is the inner radius of the sheath. 

When the potential differences follow the harmonic law, we get 



¥=s{l-^)(K..-l^r..)S. 



where E is the maximum value of Vi and therefore of the star 
pressure. 

Let us take the case of a cable working with an eflTective 
pressure of 11,000 volts between the cores. Let a = l'5, r=4*5 
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«ity between two of the cores I 
Then, by p. 92, 

t = 0'15 of a microfarad per miU 

'=0-3xlO-'"x 11,000 Vfx W 

C.Q.S. electromagD 

= 0-3 xlO-'x 11,000 a/|x J 

= 502 c.G.a. electrostatic units 

= 89-3. 

i that \ ia 2'8 (see p. 108) we g 
= 31'9 dynes per unit charge ne 
i to a rate of variation of the pc 
bhe direction of/, equal to 319 

centimetre. If the frequency 
len/will make 25 revolutions j; 
able, experiments are being n 
lagnitudes of the electrostAtii 
leasurable. 

)m the formulae we have foun 
Be phase cable with straight co 
le disturbance set up in telepl 
he cable and are not twisted toj 
id the disturbance will be less. 
ompared with the diameter of 
1 forces are appreciable, the i 
i to the armouring may, howei 
' the disturbance at distances gr 

is approximately inversely p 
stance provided that the going : 
rcuit be close together, 
le we have found for the ma| 
38 also apply to the forces rou 
phase currents, provided that I 
) another. In this case, if the 
ime posts as the wires for the tl 
ted together, a continual hum v 
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telephone. This will be slight if the mains are spiralled, and can 
be made negligible by ' crossing ' the telephone wires at regular 
intervals, that is, making the higher wire the lower wire for the 
next section and so on. In the event of a short circuit occurring 
at an insulator and earthing one of the mains, the currents in 
them will no longer be balanced, and a loud hum will be set up in 
the telephone. J. Behn-Eschenburg has used the telephone as a 
fault signaller for several years on the 30,000 volt transmission line 
at the Oerlikon Machine Works in Switzerland. 

The equations and the diagrams for the lines of force and 
equipotential lines given in this chapter are similar to 
the equations and the diagrams for the equipotential 
lines and the lines of force in electrostatics. This is an example 
of the principle of duality (Chapter xvii). The equipotential line 
in electrostatics corresponds to the magnetic line of force, and the 
electrical line of force corresponds to the line of equal magnetic 
potential (see p. 138). The lines of force in statical electricity 
are also the same curves as the lines of flow of an electric current 
through a conducting medium. The diagrams of the lines of force 
given above can be obtained experimentally by maintaining suitably 
chosen spots on a sheet of tinfoil at given potentials and mapping 
out the equipotential lines on the sheets by Carey Foster's 
method. 
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CHAPTER XVI. 

Eddy cuTreots. Short circuited coil in a uniform alternatioi 
Currents in the cloaed aecondarj of a constant Volte 
Eddy currents in the iron platea of the core of a trai 
currents produced in an infinite iron plate, placed in 
monicallj varying m^netic field, with it« sides paralle] 
force. Analogy with the theory of heat. Approximate t 
currents induced in a metallic cylinder forming the 
solenoid. Tables of cosh 6, sinh 6, coa S, sin 6, •", ber (x) 
and bei' (x). References. 

The calculation of the losses due to the eddy cu 
are generated in conductors when plac 
magnetic fields, is a problem of g: 
importance. In most cases only roughly approxin 
can be obtained, owing to the difficulty of solving 
even when the conductors are of non-magnetic mat 
strength of the field varies harmonically. Oliver ] 
found a solution for the case of a solid cylinder of ii 
whose axis is parallel to the lines of force of a unifor 
magnetic field, and J. J. Thomson has solved the 
problem for the case of an infinite plate when the i 
plate is parallel to the lines of force of the field. 
an elementary discussion of these problems we shall 
problem of the currents induced in a closed coil of ii 
when placed in an alternating magnetic field. 

Let us suppose that the coil has n turns of wire, t 
Short circuited ^^^ enclosed by the turns is S and tl 
coil in ■ uniform tion densitv parallel to the axis of thi 
o=.ic field. 5 ain ^^ 
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Let R be the resistance of the coil, L its self inductance and 
i the induced current, then 

Ri + L-T:^ — n~T: {SB sin ©<) 

= — nSBm cos coi. 
The effective value A of the current is therefore given by 

. ^ nSBa> 

Hence for a given maximum induction density B, the effective 
value of the current will continually increase as ct> increases and 
therefore as the frequency increases, but it can never be greater 

an 

than -f~/9' ^^^ power expended in heating the coil is RA^ and 

this equals 

(nSB<oyR 

This expression continually increases as the frequency increases 

and its limiting value is ( j. . ) R. If we suppose that R is the 

variable, then the heating for a given frequency will be a 
maximum when R equals Lto or 27r/I. Hence, the increase of 
the resistivity of the metal of the conductor, due to the heating, 
will increase the power expended in heating the circuit if R is 
less than 27rfL but will diminish it if jB is greater than 27rfL. 

From the equations of the air core transformer it is easy to 

Currents in the ^how (Chapter X), that 

closed secondary itr n* 

of a constant {o P V \ — J? V ^ T ^ ^ 

voltage trans- "" Z" ^ ^ "" ~di ' 

L1L2 

= the leakage factor. 
Thus, squaring and taking mean values, we find that 

where a is a constant which has its minimum value unity (p. 80) 
when 01 follows the harmonic law. Now W is the mean value of 



former. 

where cr = 1 — 
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the power taken by the primary coil. It must therefore be equal 
to the mean rate of heat production in both circuits and thus 

Hence, on substituting this value of W in the above equation, 
we get 

A^ {r,^ + 2 ^' R,R^ + a«i.V6)>) = ^" (F,» - i2,U,»). 
The power expended on the secondary circuit is therefore 

Assuming that RiAi is negligible compared with Vi, we see that, 
when a is not zero, the power expended in heating the secondary 
circuit continually diminishes as the frequency increases and 
vanishes when the frequency is infinite. 

If the secondary resistance vary, then, if we neglect RiAi com- 
pared with Fj, the power transmitted to the secondary circuit 
at a given frequency is a maximum when iZg equals 2irfoLL^ 
and it then equals 

provided that the shape of the current wave in the secondary 
circuit remain constant. When R^ is greater than 27r/aZ3cr, an 
increase in the resistance of the circuit diminishes the loss due to 
the heating in the circuit, but if R^ is less than ^irfaL^a- then an 
increase of R^ increases the loss. 

When J2i-4i is small compared with Vi and the leakage factor 
is zero, the heating of the secondary circuit is simply equal to 

and it is therefore independent of the frequency and of the shape 
of the applied potential diflference wave. When the leakage factor 
is not zero the heating of the secondary circuit for a given eflfective 
voltage Fi is a maximum when the applied potential difference 
wave is sine-shaped. 



w 
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The above theorems for insulated fine wire coils, although 
instructive, do not give us much help in calculating the eddy 
current losses in masses of metal subjected to an alternating 
magnetising force. To do this we must find the paths and the 
magnitudes of the induced currents in the metal. 

It is found in practice that, unless the iron plates which form 
Eddy currents in the corc of a transformer are less than about half 
the ir°re l\T^ °^ ^ millimetre in thickness, the heating due to eddy 
transformer. currcuts is appreciable. The cores are therefore 

built up of finely laminated iron. The lamination appears to have 
little, if any, efiFect on the losses due to hysteresis. In the 
core of a transformer the plates are practically thin strips of iron, 
the length of the strips being parallel to the direction of the 
alternating magnetic field. The induced electromotive force will 
therefore be parallel to the cross section of the strips, and if their 
thickness be small compared with their breadth, we can suppose 
that the lines of flow are at right angles to the length of the strips 
and parallel to the faces of the strips. These currents will alter 
the value of the magnetising force H, and hence H will have 
different values at different distances from the surface of the plate. 
We shall show that there is a diminution in the amplitude of H as 
we go into the plate. To compensate for this diminution in the 
value of the magnetising force, we must increase the magnetising 
current of the transformer, and hence increase the losses in the 
copper conductors. Again, since by Steinmetz's law the hysteresis 
loss varies as B^'^, the hysteresis loss will be greater than if the 
magnetic induction were uniform and had its density equal to the 
mean value of B, The iron at the centre of the plates is screened, 
to a certain extent, by the eddy currents, and we shall see that 
this screening effect is greater the thicker the plates and the 
higher the frequency of the magnetic force. 

Let A A' (Fig. 125) be a line perpendicular to the two faces of 

Eddy currents the plate and let be the middle point of AA\ 

fnfiniSTiron p"ate, Let OZ be parallel to the direction of the applied 

SlSfo?m"harmoni- magnetic force and let F be at right angles to 

caiiy varying QZ and OX, Supposc that the field is produced 

with its sides * by harmouic alternating currents flowing in a 

fines olr force.* coil of iusulatcd wire wrapped round the plate, 
R. I. 23 
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the windings lying in planes parallel to the plane XOY, 
the coil forming an infinitely long and infinitely broad sole- 
noid with OZ for its axis, 
so that the lines of force are 
everywhere parallel to OZ, 
By making the breadth of the 
strip great enough in propor- 
tion to its thickness, we can 
consider that the eddy cur- 
rents, except near the edges, 
are all flowing in directions 
parallel to OY. We suppose 
therefore that every tube of 
current which cuts the plane 




Fig. 125. A A' the thickness of the plate 
equals 2a, and YOZ is the median plane. 



XOZ at a distance x from OZ also cuts the same plane at a 
distance —x from it. 

Let i be the current density at a point P (Fig. 125) in the iron, 
where OP equals x, and let <t be the resistivity of iron. Consider 
a small circuit in the plane XOY of breadth dx and unit length. 



The electromotive force round this circuit is o-fiH- 



di T \ 

and this, by Faraday's law, must be equal to the rate at which the 
lines of induction linked with the circuit diminish. Thus, if B 
denote the induction density at the point P at the time t, 
we have 



i'+ -7- dx 
ax 



- <n = - ^ (Bdx), 



di 



dB 






(1). 



and thus - 7 — 7, 

dx dt 

Let us now consider a small circuit in the plane XOZ. 
Suppose that its breadth is dx and its length parallel to OZ is 
unity. The current flowing across this section parallel to OF 
will be idx. Hence, equating the two expressions for the work 
done in taking a unit magnetic pole round the boundary of this 
circuit, we obtain 



4!7r.idx = H'-'iH + 



dH 

dx 



dx 



)■ 



Therefore 






J^dH 

47r dx 



■in 



XVl] ANALOGY WITH HEAT 355 

Now the induction density B is not in simple proportion to the 
magnetising force H, Owing to hysteresis, B is different when H 
is increasing or diminishing, and the ratio oi B to H is also 
different for different values of H. To take hysteresis into 
account in our mathematical equations would therefore be very 
diflScult. If we neglect hysteresis we may write fiH for B, where 
>L6 is a single valued function of H. Hence from (1) and (2) 
we get 

d ZT\_ ^ ^^^ 

If we make the further assumption that fi is constant for the 
range of forces with which we are concerned in practice, then 

dt ^TTtida^ ^^^' 

This equation is identical in form with the equation for the 

Analogy with the Uucar diffusion of heat through a conducting 
theory of heat. pj^^^^ namely 

dv ^k d^ 
di~cdc^' 

where v is the temperature at a distance x from a central plane, 
k is the thermal conductivity of the substance and c is its thermal 
capacity per unit volume. Comparing the electrical and thermal 
equations, we see that resistivity corresponds to thermal con- 
ductivity and permeability to thermal capacity. An infinitely 
good electrical conductor corresponds to a thermal insulator, and 
a substance having high permeability to a substance having great 
capacity for heat. The magnetic force will diffuse into the metal 
according to the same law as heat diffuses into it, provided the 
applied magnetic forces at the faces of the plate vary according to 
the same law as the temperatures of the faces (see also Chapter v). 
It can be shown that this theorem is true in all cases. Hence we 
can make use of the known solutions of problems in the theory of 
conduction of heat to find the values of H and therefore of i in 
the corresponding electrical problems. 

Let the thickness of the plate be 2a and let the value of H at 
the faces of the plate be Hq cos co^. Then H must be a function 

23—2 
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of X and t which satiBfies the diflerential equation (3) an 
value St cos at, when x is + a or —a. 

Let us suppose that 

H= h cos o)t + k sin at 
is a solution of (3) where k and k are functions of x. 

Substituting this value for H in (3), we get 

,,..,, ,, <r fd'h . ^d?k . 

ati—h sin att + k COS «()=,-- I -j— cos eof + 3— sm a 

a relation which must be true for all values of t. Hence 
have 

, a cfk . , a iPh 

^ = - -. j^ . ^^^ * = T — yn • 

and therefore A = — [ , 1 , -, 



1 d'k 
im'daf 


Stt^m 


a 


(Ztt)-^. 



where/ is the frequency of the magnetising current. 

Thus m = 2ir/J'^ 

Now assume that k is Ae™ and substitute this valt 
We fiud that 

n' = — 4m.*, 
therefore m* = 2ni' (+ \' — 1), 

and K = ±Mi(l ± V-l). 

The complete solution of (4) is therefore 

^ — A£'™coa7nii; + Se™*sinmiC + Ce"*™ cos wwc + fle~™* f 
A, B, C and D are coustanta. 
jain, we have 

2m^da^' 
bstituting for h and performing the dififerentiations, 
-Ae'^ainmx + Be^ cos vix + Ce"™ sin ww; - Pe"™ 
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Now H = h COS (ot + k sin cot, 

and therefore 

H = Ae^ cos (a)t + mx) + Bg^ sin {(ot H- 7nx) 

+ Oe""^^ cos {(ot — moo) — Z)e~*^ sin (co^ — m^). 

Again, since, by symmetry, H does not change sign with x for any 
value of tf we see, by putting cot equal to zero and equal to 

IT 

^ successively, that neither k nor k must change sign with x. It 

will be seen from inspection that 

A^G and B^-D 
satisfy both these conditions. We get, therefore, 

H^A [e^ cos {(ot + mx) + e"^^^ cos {(ot - mo?)} 

+ £ {e*^ sin (g)^ 4- m/r) + €-^ sin (©^ - -mo?)} (6). 

Now at the faces of the plate H equals H^ cos tot and thus, 
h^Hti and A; = 0, when a? = ± a. 
We get, therefore 

Ho = A (e*^ + e"^*) cos ma + 5 (e^- e^^) sin ma, 
= J. (e"** - e~^) sin ma—B (e"^ + e""*^) cos ma. 

Writing cosh m>a for J (e"** + e"^) and sinh ma for J (e*^ - e"^^) 
and solving the equations we find that 



4 = 



Ifo cosh ma cos ma \ 



cosh 2ma + cos 2ma 

J j^^ Ho sinh ma sin ma [ ^ ^' 

cosh 2ma + cos 2ma / 
Again, we have 

h = 2 A cosh T^w? cos ma? + 25 sinh m^ sin ma?, 

and therefore 

h __ cosh m (a — a?) cos m(a + x) + cosh m (a + a?) cos m (a — a?) 
^0 cosh 2ma + cos 2ma ' 

and A; = — 2 A sinh 7/ia? sin ma? + 2B cosh ma? cos ma?, 

hence 

k _ sinh m(a — x) sin m (a + a?) + sinh m (a + a?) sin m(a — x) 
Ho cosh 2ma + cos 2ma 
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Not, H=hcoamt + kaa^ 



= VA" + Pcos (tit — tan-'r) 



E-H.i^- 



aitd —frr = * i/i — (a»h* i?ir co^ mx + sinh* mar 
4fcio«b'ii«acc»'wa + ainh'waaiii*ii»aj 'c08h*»»JCi»'«J+g 

focwh Sma +c<ia Stna) Tcmb 2mx+ca« 2>iit) 

(coeh 2nia -l-coe tma^ 
cosh SiTLT+coa 2ni« 
co^ 2nui + c«« 2nM ' 
Thus, on aabstituting, we get 

/cosh Imx + cos 2»u;\t , , , 
Uh2ma + c..2,». ; '»'('^-') 

where tan 7 = t 

ainh m {a — ar) sin jn,{a-\-x)^ sinh m (o + «) sin m (< 
cosh m (a ~ a;) cos m (a + jc) + cosh m (a + ar) cos m {1 
Now, since 

cosh 2ma! + cos 2nw: = 2 h + ^-rr"^ + S^ -f 

we see that, as x increases from zero, cosh Imx + cos : 
continually from it« least value 2. Thus, we see froB 
amplitude of H diminishes as we approach the centn 
where it has its miniiuuin value which is given b 
We see also from (9) that the phase of S is difTeren 

values of x. If the thickness of the plate were — 

' m 

ma equals jitt, then sin mx would be a factor of both 
numerator and -y would be zero when a; is 0, — , — , . . 



in phase with its surface value. 

If 7a be the phase difference between the phase 1 

value of B. and the value of S at the centre, then bj 

tan 7c = tan ma tanh ma 
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Also, if He be the amplitude of H at the centre, then 



H.= 



.(11). 



(cosh 2ma H- cos 2ma)* 

In the sheet-iron used in the cores of transformers ordinary values 
of a and fi are 10,000 C.G.s. units and 2500 respectively. If the 
frequency were 100, then by (5) 



m 



= 27ry/. 



2500 X 100 



10,000 ' 

= 107r. 

Therefore if ma equal tt, that is, if the thickness of the plates 
were two millimetres, we see from (10) that 7^ would be 180 
degrees and from (11) by the aid of the table on p. 376 that H^ 
would be II0/IV6. If the plates were four millimetres thick 
jc would be 360 degrees, that is, the values of H at the surface 
and the centre of the plate would be in phase with one another 
but He would only be ifo/268. If the thickness of the plates were 
one millimetre, then yc would be ninety degrees and He would be 
^o/2-4. 




Fig. 126. The amplitudes of H at various depths in iron sheets which are 

2 mms., 1 mm. and J mm. thick respectively. 

/*=2500. <r = 10,000. /=100. 
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126 the relative values of the maiciinu 
e frequency of the alteruabiona is 100, t 
its 2, 1 and J a millimetre thick reaped 
ims do not show instantaneous vali 
I the two millimetre plate, when H b 
ue at the 3urfa,ce it has its maximum i 
The permeability of the iron is supj 
listivity 10,000 C.G.s. units. The sat 
he permeability were 400 and the 
nits, if the frequency be still 100. 
,y or dimiuisbiog the resistivity increai 
e eddy currents. The diagrams in Fi 
not use iron sheets thicker than half 
f transformers when the frequency is 1' 

i), since t = — , 1— , we find that 

- \e"^ coa{ tot + mx + -;] — e~™' cos (t»t 



?|^.in(a,< + ™, + ^)- 



squaring and integrating, we find tha 
a whole period is 

<r ^ 7—^ — (cosh 2?M3;— cos 2ma; 

e the mean value of the eddy current 
of the plate is W watts, then W is gi' 



871^x20 



- I (cosh 



27nx — a 



(A' + B')m.lO-'. . . „ . „ 

IT ' TrIj (sinh Zma — sin 2m 

ma-Ha* . 10-' /sinb 2ma - sm 2ma \ 
327r'a \co9h 2ma + cos 2wia/ 
lues of ma greater than ir, that is, v 
in unity, the factor in brackets is pn 
the formula becomes 

•/■ff'B.'.W-' 
16»o 
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We see, therefore, that quadrupling the resistivity c, provided 

that 2a ^fJif/a- still remained greater than unity, would double the 
eddy current loss. 

When ma is small, yc is nearly zero and He is nearly equal to 
-ffo. Hence the amplitude of H is approximately constant across 
the plate. Hence, if Bj^^ be the maximum density of the flux, 
we may write 

Since ma is small, we see from (12) that 

moHlAO^ ^ (2may 
327r'a 'l+^^(2may 



m^aa^Hp^ . 10" 
247r2 



nearly 



^^(2aiV»£> 10-' 

n ^ J -^ max. • -^^ 



6 



G 



= 1-64 <?^/> £»^. . 10-'. 

When the iron, subjected to the harmonic magnetising forces, 
consists of thin sheets, this formula gives us the loss of power in 
watts expended by eddy currents per cubic centimetre of the iron. 
The thickness 2a of each sheet must be expressed in centimetres, 
the resistivity c is in c.G.S. units (about 10,000), / is the frequency 
and JB^ax. is the maximum value of the flux density. In proving 
this formula we have supposed that the iron is free from 
hysteresis and that /a is constant. 

We have seen that, when the iron sheets are thick, H varies 
both in amplitude and phase at different depths in the iron. In 
finding the flux we must therefore take this into account. 

The mean value of the magnetising force for all the points on 
a line, inside the metal, perpendicular to the faces of the plate 
will be a harmonic function of the time. Hence, if ^T^ax. be the 
maximum value of the mean magnetic force, we can write 



1 r+* 

^^max. sin («^ + «) = 2a j ^^^ 



1 r* 

Hdx, 



1 ra 
aJo 
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Substituting the value of H got from (6) and performing the 
integration, we get, after simplifying, 

Hq /cosh 2ma — cos 27/mi\* 



"**• V^ • tt^ Vcosh 2ma + cos 2ma 



: 



(13). 



Now, if a depth d on each side of the plate were uniformly 
magnetised by a force Hq and if the sum of the fluxes produced 
in these portions of the plate were equal to the maximum value 
of the total flux produced in the actual plate by the given 
magnetising forces, then 



max.) 



and hence 



d = 



1 /cosh 2ma — cos 2ma\* 
. \/2 \cosh 2ma + cos 2ma) 



(14). 



Ewing calls d the 'equivalent depth of uniform magnetisation/ 
The maximum value of the total flux produced in a thick iron 
plate placed in an alternating magnetic field, whose value is given 
by Hq sin a><, is equal to the total flux which would be produced 
in two layers of depth d on each side of it uniformly magnetised 
by the force Hq, 

From (14) we see that when 2ma is large the equivalent depth 
di is given by 

'^^"mV2 



= 2^V 



w 



TT 



When 2ma is less than — , d is less than di. When it is greater 



than -T- and less than — - 
2 2 



d is greater than d^. Hence we see 

that d is alternately less and greater than d^ as the thickness of 
the plate is increased, the amplitude of the oscillations of d about 
the value di continually diminishing. Whenever 2ma equals 

TT 

(2n + 1) ^ , where n is an integer, d equals di. Suppose, for 
example, that fi is 5000, / is 50 and <r is 10,000, then 
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The following table is calculated using this value of m. 



2a in miUimetres 


0-26 


0-50 


0-75 


1 


1-6 


2 


00 


2d in millimetres 


0-248 


0-460 


0-614 


0-491 


0-460 


0-449 


0-460 



In order to calculate the hysteresis loss in the iron sheets, we 
need to know the amplitude of H at various depths in the iron. 
Ewing has shown that the hysteresis loss in iron sheets, for values 
of B between 2000 and 8000, may be expressed approximately by 
a simple empirical formula of the form 

where TT' gives the loss in ergs per cubic centimetre per cycle 
due to hysteresis. For example, in a particular sample he found 

F'=1340JT-1610. 

Now if we could find the mean value of the maximum amplitudes 
of H at all points on a line in the metal perpendicular to the faces 
of the plate, then this formula would enable us to find the 
hysteresis loss in the plate. If we make the assumption that the 
eddy currents are the same when hysteresis is present, we can 
find the mean value of H by the formula (8) given above. To do 
this by the integral calculus is diflBcult, but it can easily be done 
graphically. We have only to plot a curve, having the amplitude 
of H for ordinate and the depth (oo) for abscissa, similar to 
those shown in Fig. 126. The required mean value will then be 

I fa 

- I ydwy that is, the area of the curve divided by its breadth. 

The area can easily be found by a planimeter. 

The curves in Fig. 127 show graphically the relative values of 
hysteresis and eddy current losses in a transformer core for various 
thicknesses ^of the iron plates, obtained by making the given 
assumptions. The losses for the various thicknesses of the plates 
were calculated by Ewing by the methods described above. It is 
interesting to note that on the given assumptions the hysteresis 
loss increases with the thickness of the plates owing to the fact 
that it varies as -B^'max.* ^.nd hence it will be greater than if B 
were constant and equal to its mean value. The diagram also 
shows that, when the frequency is 100, the eddy current losses 



tlui 
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in practice, and that when H follows the harmonic law B follows 
some other and more complicated law. 

Let us suppose that the amplitude of the magnetic force is 
constant over the cross section of a thin sheet of iron (Fig. 125), 
and that its phase is also constant. Let it be represented by 
H^co^mt By Fourier's theorem we can also suppose that B 
is given by 

B = Bi cos ((ot — tti) + -B3 cos (Scot — as) + . . .. 

The intensity i of the current in the metal at a distance x 
from the central plane, is given by 

ai = I (Bx), 

and therefore ^ "^ ~ ( 77/ ) ' 

The mean rate at which heat is being produced at any moment, 
per unit volume of the sheet. 



== o^ (dBV 
"SaKdtJ • 

Thus the average rate of heat production, per unit volume of the 
plate, 

= ^ ^ ( c^H" Bjsin (cot - a^) -SBs sin (Scot- a^) - ...Ydt 
= J^ o)> {5.« + (35,)' + (5B,y + ...} 



■n^ (2a) 



« /»{fi.» + (35,)» +...}, 

c 

where the result is given in ergs per second. When £3, JS5, ... 
are all zero, this agrees with our former result. When the 
amplitudes of the higher harmonics cannot be neglected, our 
former result will only be true in the very special case when 

^max. = B,' + (SB,y + (bB,y + . . .. 



»6« 









...:ift 






. JKitf idnoi 



If fj denote Steinmetz's coefficient (p. 36), we have 

81D tti = iZ-a***, 



If therefore /^n,^,. equal /^^o, we find that 

£i sin tti = 4trffi&* 



Hi nee the maximum value of sin ai is unity, it follows that jBi 



caruiot be less than 4>rffiB^' 



max.* 



To determine its value, we 



could plot a curve of B, as a function of the time, from the 
known hysteresis loop of the iron corresponding to Bj^^x. and then 
apply harmonic analysis. This method, however, is not accurate 
Iti practice, as small errors in drawing the curve may introduce 
largo errors into the values of the harmonics deduced from it. 

The following experimental method of finding £i, £3, ... and 
a,, cKr, ... is much more accurate. Thin strips of the iron are bent 
into tho shape of a ring and a primary and a secondary coil are 
wound round the ring as in magnetic testing (p. 34). An alter- 
nating current, the wave of which is sine shaped, is passed 
through the primary coil and the values of E^, E^, ... and a/, a/, ... 
for the wave of electromotive force induced in the secondary coil 
art^ found, with an oscillograph, by Armagnat's resonance method 
of analysing waves (see Vol II, Chap. iii). Now, 

AVh «^^« K2w + l)0)t-a'8H+l} = -^>H^ [J?2n+i cos {(2W+1) ©^-Ow+i}], 

whei^ iSf is the ai^ea of the cross section of tlie iron core, in sqnare 
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centimetres, and. n^ is the number of turns in the secondary coil. 
We thus find that . 

Thus, when the amplitude of the magnetic force at all points 
of the core is constant and when its phase is also coDstant, B can 
be determined completely. It is worth noting that, in this case, 
if the resistance of the primary coil be negligible, the eddy current 
loss will be proportional to the square of the effective value of the 
applied potential diflference, and will be independent of the shape 
of the wave of this applied voltage. 

For a copper plate, placed in a uniform alternating magnetic 
Approximate ^^1^* M' ^^^^ ^^ uuity, and a may be taken equal to 

Formulae. igQQ, hcUCe 

= 01571 V/. 
When ma is large, we see from (7) that we may write 

A = fio€"*"*cos ma, 
B = Ho€~*^ sin may 
and therefore from (6) 



H=Hq fe-"»(«-*) cos {(ot — ma - a?) + e-^^*"*"*) sin {cot — ma + x)]. 
Hence, when a — a? is small compared with a, 

H = Ho€-"'^'^-^^ cos {ct)t — ma — x). 

At a depth d in the copper plate, which is small compared with 
its thickness 2a, we may write, 

H = Hoc-"^ cos (a)t - md) (15). 

We see, then, that as we go into the plate the amplitude of H 
diminishes according to the exponential law, and also that at 

points whose depths differ by a multiple of — the values of H 

are in phase with one another. The maximum values of H at 

depths 0, —,—,—,.. . — are 
^ m m m m 

I'OOH, 0-3681^0, 0135flo, OOSOifo, ... 0000045iro. 
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We suppose that the windings of the solenoid can be regarded 
„^^ _ as practically parallel to one plane, so that the 

Eddy currents t. y m. m. 

induced in a ma£^netic field inside is parallel to the axis and 

metallic cylinder ^ t a ii-i % i-j 

forming the core has a value 4nmc, at all points between the solenoid 

of a long solenoid. j ^i_ i • j.r • j. . i 

and the core, where c is the instantaneous vame 
of the alternating magnetising current and n is the number of 
turns per unit length. We shall denote the radius of the core by 
R. The eddy currents in the core will, from symmetry, be circles 
whose centres are on the axis of the solenoid. Let r be the radius 
of a ring whose breadth is dr and thickness unity, then, if i be the 
intensity of the current in it, 4nr . idr will be the amount by which 
H changes when we pass from r to r + dr. 

Therefore 

dH 



H-(H + ^dr\=^7ndr, 



and thus 



1 dH 






4nr dr 



(a). 



The total electromotive force round the circle of radius r is 
27rnV and is also equal to the rate at which the total flux of 
induction through it is diminishing. Hence, assuming a constant 
permeability, we get 

27m<r=— /Al -Tr27rrdr (6). 

Hence from (b) and (a) 



_ro- dfcr__ r*" 
47r' dr j © 



^dH 

dt 



rdr, 



and therefore 



Id^f dH\ _ 4^ dH 

rdrKdrJ" a dt ^^^' 



This equation is identical in form with the corresponding problem 
of the diffusion of heat into a cylinder. We will assume that the 
magnetising current follows the harmonic law so that the magnetic 
force at the surface of the core is H^^ cos wt 

Since H will be a periodic function of the time, we may assume 
the solution of (c) to be 

H—Hj cos wt + Hi sin tot, 
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where Hi and H2 are functions of r, but not of t Substituting 
this value for H in (c) we get 

l±( dR 
r dr\ dr 

Therefore 

jg- ^ ( <^ y^d ^dld ^dH, 
^ \4i7rfiQ}J r dr dr r dr dr 

lid did dH, 
" m^rdr dr r dr dr ^ 

where m^ = — —, We see also that H2 satisfies an exactly 

similar equation. 

If ' Hi = ao^ air + a^r^ + dz'^ + -., 

then, by substituting in (e), we find that 



a© + ^1^ + 027-2+...= ^ 



f2 + «.il!^V„,.2..4' 



+ aB.3^5V4-ae.4^6V+... 
Hence ai = 0, a8 = 0, a5 = 0, ..., 



w^ m* 



and a4 — — 22~T2 ^o» o^e — — Ti^gi ^' • • • • 

Therefore 



Kelvin writes this in the form 



403 /m^r^ m^r^ 



Hi = tto ber (mr) H 1 bei (m?*), 



m^ 



where ber(a;) = 1 -— — + 



22.42 • 2^4^6^8« ' 

and bei (a?) = ^^ - ^-^-q2 + — 

If Jo (a?) be the Bessel's function of zero order, we have 

/)n2 /vA /fA 

T / \ 1 

JoW=l-2"2■^2^4"2"2^4^6^■^••" 

R. I. 24 
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Hence 



J,{a;(-l)i} = l-gV.l-/ 



a!" 



V-1 + -... 



Therefore 
Similarly 



2« - 2«.4« ' 2«.4«.6» 
ber {x) - *f^\ bei {x) = Jo {^ (- 1)*}- 
ber (x) + V^ bei (a?) = Jo {^ \^^ (- 1)*} 

= Jo{^(-l)*}. 

Hence ber (a?) and bei (a?) can be found in terms of Bessel's 
functions of complex arguments and from the known properties of 
these functions many relations will follow. For our purpose it is 
sufficient to know that ber (a;) and bei(d?) are series which are 
convergent for all values of x, however great, and that the sums 
of these series can be calculated to any desired degree of accuracy. 
Using (d) and diflferentiating the series for ber(mr) and 
bei (mr) we find that 



yy Id dJET. 



4a. 



= — Oo hei (mr) H ber imr). 

Hence H =\a^ ber (mr) H bei (mr^ K 



cos mi 



\ — I ber (mr) — a^ bei (^ryt sin tat. 



Now, when r equals iJ, the radius of the cylinder, we must have 
H equal to H^ cos mt. Hence the boundary conditions give us 

•.~m- 4a 

J?o = ^0 ber (mJ?) H \ bei (mR), 

= — r ber (mR) — ao bei (mR). 
in? 



ttn = 



^0 ber (mR) 
ber* (mR) + bei« (mR) ' 

4a2 _ Hq bei (mR) 

rri' "" ber* (mR) + bei« (mR) ' 

The complete solution is therefore 



Therefore 



and 



H=G {ber (mR) ber (mr) + bei (mE) bei (mr)] cos o)^ 

+ {bei (mR) ber (m?-) — ber (mR) bei (mr)} sin tot . . .(/), 
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where C = ,: — rz — 75^ — V .^/ — n. . 

The amplitude of J?, at a point at a distance r from the axis of 

the cylinder, is 

jj. ( ber* (mr) 4- bei' (mr) ]* 

' |ber« (mR) + bei'* {mR)] ^^^' 

and we shall show later on that this increases as r increases. At 
the axis of the cylinder, where r equals zero, the amplitude 
becomes 

gp 

{ber^ (mR) + bei^ {mR)}^ * 

If 7 be the phase difference between the value of if at a distance 

r from the axis and its value on the circumference of the cylinder, 

then 

_ bei (mR) ber (mr) — ber (mR) bei (mr) , . 

ber (mR) ber (mr) + bei (mR) bei (mr) 

Tables for ber (x) and bei (x) are given at the end of the 
chapter. 

When r is zero, ber (mr) is 1 and bei (mr) is 0, and then 

bei (mR) , ^ 

tan7c = T: — 7 — 5^ 0> 

' ber (mi?) ^''^ 

-iwT « 47ru6t) 
Now m^ = 

_87rV/ 

Hence, if the frequency of the applied magnetising force be 100 
and if the cylinder be made of copper, for which /a equals unity 
and (7 equals 1600, we have 

, SttMOO 
1600 ' 

and therefore m = 2*22 nearly. 

Now, from the tables, we see that bei (mR) vanishes when mR is 
zero, it then increases as mjR increases and attains a maximum 
value for some value of mR between 3*5 and 4. It then diminishes 
and vanishes when m,R is a little greater than 5. When mR is 5, 

24—2 
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R is 2'2 centimetres nearly, tan jc is approximately zero and the 
maximum value of H along the axis of the cylinder is H^l^'% 
Now, from (j) and the tables for bei(a?) and ber(a:) given at the 
end of the chapter, we see that when mR is zero, 7^ is zero. As 
• mR increases tan 7e increases and after attaining an infinite 
positive value it becomes negative and vanishes when mR is 
a little greater than 5. We thus see that when mR is a little 
greater than 5, 7^ is 'tt ^i^d the magnetic force along the axis is in 
opposition in phase to the magnetic force at the surface. In this 
case also, the amplitude of the magnetic force along the axis is 
less than the sixth part of the amplitude of the magnetic force at 
the surface. 

The rate of generation of heat at any point of the core, per 
unit volume, is en? ergs per second. Hence for a length I of the 
core the instantaneous value w of the power expended in eddy 
currents is given by 



w 



= 1 o-^^ 

^0 



2'7rrdr. 



1 dH 






4>7r dr 



But 

and therefore by (/) 

— 47rt = Cm {ber (mR) ber^ (mr) + bei (mR) bei' (mr)} cos cSt 

+ Cm {bei (mR) ber' (m?-) — ber (mR) bei' (mr)} sin ©i, 



where 



and 



d 



her'(x)=^^{her(x)}, 



d 



bei' (^) = ^ {bei (a?)}. 

The effective value A of the current is therefore given by 

32^^» = H,^m^ ber"(mrHberHmr) 

ber^ (mR) + bei« (mR) ' 

and since m' equals Stt^ — , we get 






J ber * (mr) + bei'^ (mr) 
ber^ (mR) + bei^ (mR) ' 
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Now, if W watts be the mean power expended in a length I of 
the core, 

J 

and thus 

rR 

j {r ber'* (mr) + r bei'* (mr)] dr 

^ ^-^ ° ber* (mE) + bei« (miJ) 

Again, integrating by parts, 



/ 



ber' (mr) . r ber' (mr) dr^ — ber (mr) . r ber' (mr) 

m 



and 



I ber (mr) -j- [r ber' (mr)} dr. 



/ 



bei' (mr) . r bei' (mr) cJr = — bei (mr) . r bei' (mr) 
^ N/ m 



'\ bei (mr) -v- {r bei' (mr)] dr. 



By difiFerentiating the series for ber (mr) and bei {mr), it is easy to 
show that 

-1- r -rr- ber (Tar) = — 7n^r bei (mr), 
dr dr ^ 

and -7- r -^ bei (mr) = m^r ber (mr). 

dr dr ^ ^ ^ ^ 

The sum of the integrals on the right-hand sides of the two 
equations therefore vanishes when they are taken between the 
same limits, and thus, integrating between the limits, we have 

jxr 1 D ^7 17 01/^-7 ber (mE) ber' (miJ) + bei (mJB) bei' (m-B) 
^=2^ ^^A^/'^o 10 . b^^iJ) + bei^ {mR) ' 

Since W must always be positive we see that 

ber (mR) ber' {mR) -f bei {mR) bei' {mR), 

must always be positive. Thus ber^ {mR) + bei^ {mR) increases 
as mR increases, and thus also, ber^ {x) + bei* {x) increases as x 
increases. This result is useful in studying some of the equations 
given above. 
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. In practice we want to know the average power expi 
cubic centimetre of the conductor on account of eddy 
Hence, dividing W by vlB? and noting that wi* equals 
we find that the lose is 

v^^jff^lO-' ber jmR) be r' {mR) + bei {mR) bei' Q 
iirii V2 ber* {mR) + bei^ {mR) 

watts per cubic centimetre of the core. 

In this formula o-, H^ and R are in c.a.s. units. The i 
value of this expression, in any given case, can be found 
means of the tables for ber (a;), bei (a;), ber'(a!) and bei' 
at the end of the chapter. We have to remember how 
we made two assumptions when proving this formula 
that the magnetising force H follows the harmonic law 
fi, the permeability of the core, is a constant. 

When mR is small we have approximately 

ber(mJi).l_|l^;, ber' (mj!) - - "^ 

L ■ / D\ m'R} 
Ui{mR) = ^^ , 

Hence, going as far as {mRf, we have, if W denote 

current loss per cubic centimetre, 

f r>^\ m'iP wi 

^__ 'Ji^fcHH^ ^^l 16 j+ 2' ""- 
iirR V2 ■ 1 

_ v'/Z/vgo*io-' ji'/^ ^v/ y 

47rfi V2 ' 1Q\ a- / 



= ^S,'{wR')'^10-\ 



In this case we also have 



tan 7- = — -. — and He = rrr. 

* 1 + !» * 

6* 
approximately. 
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Hence, when mR is small, He is practically equal to Hq and 
7c is very nearly zero. The magnetisation therefore will be 
practically uniform over the cross section of the core and we 
may write 

Thus the formula may be written in the form 

Tr- = 0-785 -/^£^^ax..lO-^ 

where TF'' is the average loss due to eddy currents, in watts per 
cubic centimetre of the core, 8 is the area of the cross section of 
the core in square centimetres, a is the resistivity of the core in 
C.G.s. units,/ is the frequency and -B^ax. is the maximum value of 
the flux density in C.G.s. units. 

The above formula shows us that for a thin wire the higher 
the frequency and the greater the induction density the greater 
will be the core loss due to eddy currents. If we double both the 
induction density and the frequency, the eddy current loss will 
be increased sixteen times. But by using sixteen cores each 
having only one quarter the diameter of the original one or by 
using a core of the same size but of sixteen-fold resistivity the 
loss in the second case would be the same as in the first. 

We saw earlier in the chapter that the eddy current loss, per 
cubic centimetre, in thin sheets was given by the formula 

Tr" = l-64^/»£»^,..10-', 

where 2o is the thickness of the sheets. If we use wire of 
diameter 2a, the eddy current loss per cubic centimetre would 
be given by 

and thus the eddy current loss per cubic centimetre would only 
be about two-fifths as great as it was in the case of the sheet. 

In making calculations in connection with choking coils and 
transformers, where the core consists of a bundle of insulated iron 
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uniform at any instant in the metal, then we can see that the eddy 
current loss must vary as (-tt) ^.nd the mean value of this ex- 
pression for the complete cycle depends not only on ^max. hut also 
on the law of variation of B with regard to the time. Owing to 
hysteresis, even when the magnetic induction does follow the 
harmonic law, the flux density does not follow it and this must 
modify the second term considerably. Thus when fi is not 
constant, the formulae given for the eddy currents induced in 
masses of metal must be regarded only as rough approximations. 

The tables given on the opposite page and below will be of use 
when calculating eddy current losses. 



Since 



and 



e»* = cosh n + sinh w, 
6"** = cosh n — sinh n. 



the values of e** when w is ± 0*01, + 0*02, ... can be calculated easily 
from the above table. When n is greater than 4 we may, without 
appreciable error, write sinh w = cosh n = Je^. 

The values of €** when n has the following values are often 
required. 



n 


c» 


€-» 


n 


6« 


c-» 


i 


1105 
1-117 


0-905 
0-895 


TT 
4 


2-193 


0-456 


i 


1-133 


0-883 


TT 


4-811 


0-208 


\ 


1-154 


0-867 


2 

37r. 

4 

TT 

57r 
4 






* 


1-181 


0-847 


10-56 


0-095 


* 


1-221 
1-284 
1-396 


0-819 
0-779 
0-717 


2314 
50-75 


0043 
0-020 


1 


1-649 
2-718 


0-607 
0-368 


37r 

2 


111-3 


0-009 


1-5 


4-482 


0-223 


77r 


244-2 


0-004 


2 

2-6 
3 


7-389 
12-18 
20-09 


0-135 
0-082 
0-050 


4 

27r 

37r 

47r 


535-5 

12390 
286700 


0-002 
0-000 
0-000 
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f 

I 

I 

f 



Tables of ber (a;), bei (aj), ber' (x) and bei' (x) calculated 

by Magnus Maclean. 



ber (a?) = 1 - 



^ 



22.42^22.42.62.82 



l>ei(^) = 5«- 



3fi 



^0 



22 22.42.62^22.42.62.82.102 *• 
ber' {x) — -J- ber (:r) and bei' {x) == -j- bei {x). 



X 


ber (x) 


bei (x) 


ber' (a;) 


bei' (x) 


0-0 


' 1-0000 


0-0000 


0-0000 


0-0000 


0-5 


0-9990 


0-0625 


- 0-0078 


0-2499 


1-0 


0-9844 


0-2496 


- 0-0624 


0-4999 


1-6 


0-9211 


0-5576 


-0-2100 


0-7303 


2-0 


0-7517 


0-9723 


- 0-4931 


0-9170 


2-5 


0-3999 


1-457 


- 0-9436 


0-9983 


3-0 


-0-2214 


1-938 


-1-570 


0-8805 


3-5 


-1-194 


2-283 


- 2-336 


0-4353 


4-0 


- 2-563 


2-293 


-3-135 


-0-4911 


4-6 


- 4-299 


1-686 


- 3-754 


- 2053 


60 


- 6-230 


0-116 


- 3-844 


-4-354 


5-5 


-7-974 


-2-790 


- 2-907 


-7-373 


60 


- 8-858 


- 7-335 


- 0-2931 


- 10-846 


8-0 


20-97 


- 3502 


38-29 


- 7-662 


10-0 


138-8 


56-37 


51-37 


135-2 


16-0 


-2970 


-2952 


86-65 


-4089 


20-0 


47580 


11500 


24330 


41490 



In applying the formulae given in this chapter the following 
table will be found useful. 



X 


ber2(a;) + bei2(a;) 


{ber2(a;) + bei2(a;)}-i 


{ber2(a;) + bei2(a:)}-i 


0-0 


1-000 


1-000 


1-000 


0-5 


1-002 


0-998 


0-999 


1-0 


1-031 


0-970 


0-985 


1-5 


1-159 


0-863 


0-929 


20 


1-610 


0-662 


0-814 


2-5 


2-283 


0-438 


0-662 


3-0 


3-805 


0-263 


0-513 


3-5 


6-638 


0-151 


0-388 


4-0 


1-183x10 


0-845x10-1 


0-291 


4-5 


2132 X 10 


0-469x10-1 


0-217 


5-0 


3-883 X 10 


0-258x10-1 


0-161 


5-5 


7-137 X 10 


0-140x10-1 


0-118 


6-0 


1-323x102 


0-756x10-2 


0-869x10-1 


8-0 


1-666x103 


0-600x10-3 


0-245x10-1 


10-0 


2-244 xlO* 


0-446x10-4 


0-668x10-2 


15-0 


1-754x107 


0-570x10-7 


0-239x10-^ 


200 


2-396 X 109 


0-417 xlO-» 


0-204x10-* 
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CHAPTER XVII. 

The method of duality. Ohm's law. Series and parallel. Capacity and 
inductance. Flux and quantity. Inductive coil and leaky condenser. 
Electrostatic and electromagnetic coefficients. The electromagnetic and 
the electrostatic wattmeter. Star and Mesh. Three phase examples. 
Two phase examples. References. 

In geometry the method of reciprocal polars enables us, when 
The method ^e are given a theorem concerning points and lines, 
of duality. ^q doduce a reciprocal theorem concerning lines and 
points. There are many reciprocal relations of this nature in 
geometry, and the method of reciprocating a theorem may be 
called the method of duality. In electrical theory there are also 
many reciprocal relations, and we shall show that the method of 
duality often leads to important results. When the solution of 
the reciprocal of a problem is known, the solution of the problem 
can always be written down at once. The only diflference in the 
mathematical workiug in the two cases is that the constants in 
the one equation are the reciprocals of the constants in the other. 
The importance of the method, however, is not so much in the 
saving of mathematical labour effected, as in the suggestion of 
novel theorems which sometimes indicate more convenient methods 
of making measurements or even suggest novel instruments or 
machines of value in electro-technics. Instead of writing down 
the differential equations and giving a list of the reciprocal 
relations at once, it will be more instructive to gradually build 
up these reciprocal relations and illustrate them by simple ex- 
amples as we proceed. We shall first consider direct current 
theory. 
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Ohm's law may be expressed algebraically by 

Ohm's Law. E = CR (1), 

or ^ = ^i (^)- 

If in (1) we write G for E, E for G and 1/iJ for R we get (2). We 
may therefore regard (1) and (2) as reciprocal equations. 

In general, if we are given any relation between E, G and R 
which holds for a particular theorem, we can write down at once 
a reciprocal relation, in which (7, Ey and IjR are connected in the 
same way, which holds for the reciprocal theorem. 

The equation which gives us the sum of the potential difife- 
rences across the terminals of n coils in series is 

Series and 

parallel. E=G(R, + R,+ ... +iin). 

Reciprocating this equation, we get 

which is the formula for the sum of the currents in n coils in 
parallel. Hence, in direct current problems, coils in series in the 
original theorem become coils in parallel in the reciprocal theorem. 

The following elementary problems illustrate the method of 
reciprocating theorems. We shall denote the theorem by a and 
its reciprocal by ^. 

Kirchhoflf's laws are reciprocal theorems. 

a. For currents meeting at a point, we have 

SO=0. 
)8. For the potential differences round a circuit, we have 

OL, The currents in conductors in parallel are given by 

Gi = — r 0. 

r 
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^. The potential differences across conductors in series are 
given by 

The reader will notice that power reciprocates into power, 
a. The formulae for power are 

W^GE, W=OR or W^E^/R 
/9. The formulae for power are 

W^EC, W^E^IR or W^C^K 

a. When the current in the main is constant, the currents in 
the branches distribute themselves so that XC^R is a minimum. 

p. When the applied potential difference is constant, the 
potential differences across coils in series arrange themselves so 
that XE^/R is a minimum. 

a. If a resistance x (Fig. 128 a) be placed in series with the 

terminals of a battery of con- 
stant electromotive force E, 
then the power expended in 
a? is a maximum when x 
equals the internal resistance 
R of the battery, and the 
maximum power is E^l4iR. 
(Stokes's Theorem.) 

p. If a resistance x (Fig. 
128 6) be placed in parallel 
with a coil of resistance R and 
if the total current through 



wwv 



Fig. 128 a. The power expended on x is 
a maximum when x=R (E const.). 



the two coils in parallel have the constant value 0, then the power 
expended in a; is a maximum when x equals the resistance R of 
the coil, and the maximum power is G^Rj^, 

The preceding theorems may be written symbolically as 
follows : — 

(a) If cE = ce-\- c^R {E, R constant), 

then ce is a maximum when c equals E/2R. 
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(^) If 



R 



eC = ec + ^ (G, IjR constant), 



then ec is a maximum when e equals CR/2, 



c 




X 



AAAAA^ 



Fig. 128 b. The power expended on x is a maximum when x=R (G const.). 

a. If the potential difference between A and B (Fig. 129 a) 
be constant, the current in a? is a minimum when 2x equals R, 



aaAa 



X 



R-x 



A 

Fig. 129 a. 



P B 

The oorrent in a; is a minimum when 2x equals R 
(p.D. between A and B constant). 



13, If the current in the main be constant the voltage across 
a? is a maximum when 2x equals jR (Fig. 129 b). 



AAAA 



A 
Fig. 129 6. 



R—x 



->- 



B 



The voltage across a; is a maximum when 2x equals JR 
(total current constant). 
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The method of duality is particularly suggestive when applied 
Capacity and ^ alternating current theory. We remind the reader 
inductance. ^^^ g^ choking coil is an ideal coil having inductance 
but no resistance. The equations for a condenser and a choking 
coil are 

% = K-j- and e = L -j-, 
at at 

We may thus regard K as the reciprocal of L and that a condenser 
is the reciprocal of a choking coil. 



By integrating the preceding equations we get 
„, , . q = Ke and d> = Li. 

Flux and quantity. -^ 

Hence if> and q are reciprocal quantities. We 
shall now illustrate the method by giving a few reciprocal theorems 
in which use is made of the following table of reciprocal quantities 
and connections. 



w 


« or F 


r 


K 


4> 


series 


(« 


i or ^ 


1/r 


L 


Q 


parallel 



a. The current in a choking coil is determined by 

di 



= i 



dt' 



For a given value of the effective voltage V, and for a given 
frequency, the effective value of the choking coil current A is 
a maximum when e is sine shaped. 

^. The voltage across a condenser is determined by 

de 



i = K 



dt' 



For a given value of A and for a given frequency the condenser 
potential difference F is a maximum when i is sine shaped. 

a. The equation to the current in an inductive coil is 



Inductive coil and 
leaky condenser. 



Tt, -r d% 

e = Mi + L-j-. 
dt 
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/8. This reciprocates into 

An inductive coil therefore reciprocates into a condenser shunted 
by a non-inductive resistance. 

a. In sine curve theory, the impedance Z of an inductive coil 
is given by the formula 

Z = s/E" + (o^L\ 

fi. In sine curve theory, the impedance ^ of a leaky con- 
denser is given by the formula 



1- /i 

z~y R 



a. In sine curve theory, when the applied potential difference 
is constant, the mean power expended at a given frequency, in 
a variable resistance in series with a choking coil, is a maximum 
when R is Lw, (J. Hopkinson.) 

/8. In sine curve theory, when the main current is constant 
the mean power expended at a given frequency, in a variable 
resistance shunting a condenser, is a maximum when 1/R is Kco, 

a. In sine curve theory, a condenser K may be replaced by 

a choking coil whose resistance is zero and inductance — ^-3. 
(Rayleigh.) 

13. In sine curve theory, a choking coil L may be replaced by 
a condenser whose resistance is infinite and capacity — y- 



,(0^ 



a. In sine curve theory, when the current in a resistance 
coil and choking coil in series lags behind the applied potential 
difference by an angle 0y then 

^ (oL ^ JR >, (oL 

yS. In sine curve theory, when the potential difference between 
the terminals of a resistance coil and a condenser in parallel lags 
behind the main current by an angle 0, then 

J. 

sin 6 = — = -T ; cos = — r- -i ; tan = coKR. 

R. I. 25 
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€L In sine curve theory, it 0he the angle of phase difference 
between the current and the potential difference applied to a 
resistance coil, a choking coil and a condenser in series, then 



tan^ = 






p. In sine carve theory, if £^ be the angle of phase difference 
between the potential difference and the current supplying a 
resistance coil, a condenser and a choking coil in parallel, then 



tond=«ij(/r--i^) 



a The power expended in n leaky ctmdensers in series is 

-I + 



yS. The power expended in n coils in parallel is 

^,«^ + ^,«i2,+ 

whether the coils are inductive or not. 

OL The power factor of an inductive coil is given by 

^ RA 
cos 9 = -^. 

/8. The power £EU>tor of a leaky condenser is given by 

COS0 = -g^. 

a. The resonance of electromotive forces. When a condenser 

and a choking coil are in series and the effective value of the 

applied potential difference is constant, the effective potential 

difference across the terminals of either attains maximum values 

when 

LK[{2n^\)<oY^l. 

p. The resonance of currents. When a choking coil and 
a condenser are in parallel and the main current is constant, the 
currents in either of them attain maximum values when 

a. In sine curve theory, when the effective value of the main 
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current is constant, the eflfective current in an inductive coil 
(Fig. 130 a) shunted by a condenser is a maximum, when 

L 



K^ 



R^^fo^D' 




Fig. 130 a. The current in the coil L is a maximum when Jr= =^ — ^=j . 

The main current is constant. 

)8. In sine curve theory, when the applied potential difference 
is constant, the potential difference across a leaky condenser, which 
is put in series with a choking coil, is a maximum when the self 
inductance L is given by 



i = 



1/iJ* + to^K^ • 



vJLMJL/ 



^-VWW 



Fig. 1305. The p.d. across JTis a maximum when it is put in series with a coil whose 

K 



self inductance !*=• 



The applied p.d. is constant. 



^+«»if» 



The above theorems, which are of importance in practical 
work, can easily be proved graphically. The main steps in the 
proof, by the method of Chap, vii, may be written as follows : — 

25—2 
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a. 



Inductive coil shunted by a 
condenser. 



/3. 
Leaky condenser in series with a 
choking coiL 



[».] - rMn [»"1 



where 



and 



Pi 



[P1+P2] 



=/2+Xa)\rri 



where 
and 



[o-j + o-gj 



1 



Pr 



jr«V-i' 



0-2 = 



LfoJ-i' 



Thus ill 



Thus Fi 



1 



J 



XcD 



" {K^<^^ {IP + X26)*) - 2Zir6)2 + 1}* * 

Hence, if iT be the only variable, 
Aiiaa. maximum, when 

L 



{i-('-i)-} 



K^ 



Hence, if X be the only variable, 
Fj is a maximum, when 

K 



K^+l^a>^' 



X= 



Cor. I. 



a. 



l/i28+^«2- 



iS. 



If Z be the only variable, Jj is a If ^ be the only variable, F^ is a 

maximum, when maximum, when 

r-J- A-.J- 

Cor. II. 

a. /3. 

If the frequency be the only If the frequency be the only 

variable and if 2L be greater than variable and if 2K be greater than 

KB^, -4i is a maximum, when ^/-^^ ^1 is a maximum, when 

2L-KB^ „ 2K-L/R^ 



ci^^= 



6>2== 



2ZZ2 • ^ 2LK^ 

a. If we have n coils in parallel and if their time constants 
are all equal and their mutual inductances zero, so that 

ii __ ia _ __ Ln 

Ri Ri Rn * 



then 






i 
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where ii is the instantaneous value of the current in the coil 
(jRi, ii) and i is the instantaneous value of the current in the 
main. 

^. If we have n leaky condensers in series and if their time 
constants are all equal, so that 

then Vi = Y^ ^» 

where v^ is the instantaneous value of the potential diflference 
across the condenser Ki, and v is the instantaneous value of the 
applied potential diflference. 

a. In sine curve theory, when a constant eflfective potential 
diflference is applied at the terminals of a non-inductive resistance 
R in series with a shunted choking coil, the eflfective current in 
the main is a minimum when 



(D^L^ (oL 



i_rj_ 1 )^ 1 

where o) is the non-inductive resistance shunting the choking coil 
L. This is a particular case of a theorem given on page 168. 

fi. In sine curve theory, when the eflfective value of the 
current in the main is constant and we have two branch circuits, 
one being a resistance R and the other a condenser K in series 
with a variable resistance a?, then. the eflfective potential diflference 
between the terminals of the fixed resistance is a maximum, when 

The general theorem given on page 168 may be reciprocated 
in the same manner (see Figs. 131 a and 131 6). 

a. In sine curve theory, if we have a condenser K in series 
with a resistance R, and if the combination be shunted by a 
choking coil L in series with a resistance -B, then if LKcol^ = 1, the 



w^ 



JST iff g;7«ii ^ 

«- X fi 



tiTii * 



I ^ W / i / > ^ > ^ / 




■_ r*. r r r ^ r f^. r^ 




1^ lin «. Th* 




R 



W/A 



> 



K' 

Flg« 181 b. The p.i>. is a maximnm when R has a certain Talae. 

The main enrrent is constant. 

P, In Mine curve theory, if we have a choking coil L shunted 

by A reMifftance R^ and if the combination be in series with a 

condcmwer K shunted by a resistance iJ, then if KLosl^ = 1, the 

combination is equivalent to a non-inductive coil whose resistance 

IV in given by 

l^ KR 1 

R"^ 2L'^2R' 

The following is an outline of the analytical proof of the above 

Ihcornms arranged so as to show that from the mathematical point 

of viow the two problems are identical. 



ot. 



e - jRii + L 



d%i 



• 'Ri,+ 



dt 
K ' 



/S. 

• ~ ^1 -1_ JT ^ 
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If the functions follow the harmonic law and if we differentiate 
twice the equations containing the integral sign and divide by 
— ft)^ we obtain 



e = Rio — 



1 dij 



Ko)^ dt 

Assuming 

e = Esiu a>t, 

E8in((ot — a) 



we get ii = 



and 
where 



h = 



JPsin(o>t + a) 



tan a = Loy/R. 
Hence 
E sin a)t 



and 



R = 



2 cos a 

R^ + X W 
2R 



_R Jj_ 
"2 '^2KR' 



• Co 


1 
Lay' 


dt' 


Assuming 






i = / sin ft)^, 





I sin ((ot — a) 
we eet Ci = , ^ — ~ 

_ / sin (fl)^ + a) 
Vl/iP + i^W 



and 
where 



c- = 



tan a = iTJBfl). 
Hence 

/ sin (ot 

61 + 62 



2 cos a 



= S-H + 



iT 



2i2 ' 2LR' 



a. When a condenser K (Fig. 132 a) shunted by a resistance 
R is placed in series with a choking coil L shunted by a resistance 
12, the combination will act like a non-inductive resistance R at 
all frequencies and whatever the shape of the wave of the applied 
potential difference, provided that L equals KS,^ (see page 87). 



K 



s; 



\sm^ 



WW 



WW 



Fig. 132 a. When L equals KR^ the combination acts like 
a non-indactive resistance i2. 
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/9. When a choking coil L (Fig. 132 6) in series with a 
resistance R is placed in parallel with a condenser K in series 
with a resistance R, the combination will act like a non-inductive 
resistance R at all frequencies and whatever the shape of the wave 
of the main current, provided that K equals LjR^ (see page 86). 



>/vw 



vMil/ 



WW 



Fig. 132 h. When K eqaals LfR'^ the combination acts like 
a non-indactive resistance R, 

Let us now consider whether the coeflScients of self and mutual 
, induction for electrostatic charges have the cor- 

Electrostatic and . o . 

electromagnetic responding electromagnetic coefficients for their 

reciprocals. Maxwell's equations for the electro- 
static charges in terms of the potentials of n conductors (page 90) 
are 

q^ = K^.^V^ + iTi.aVg + ... + K^^nVny 



If <j>p be the flux through a circuity, which has Lp^p and Lp^q 
for its self and mutual inductances respectively, and the current 
ip entirely surrounds the flux ^p, as it does when the circuit has 
infinite conductivity, then the electromagnetic equations to n 
circuits carrying currents ii, is, ... respectively are 



We see, then, that an electrostatic system of n conductors at 
given potentials reciprocates into an electromagnetic system of 
n circuits carrying given currents, if we assume that Lp,p is the 
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reciprocal of Kp,p and that Lp,q is the reciprocal of Kp,q, In the 
above equations it is to be noted that 

Kp,q=' Kq,p and Lp,q = Lq,p. 

It is also to be noticed that when p and q are diflferent ^p,q is 
always negative but Lp,q is not necessarily negative. We have 
supposed that the conductors and circuits or coils have perfect 
conductivity. 

By means of determinants, Maxwell's equations can be written 
in the form 

Vl=Pl.l9'l+jPl.2?2+ ... +Pl.nqny 



where pi,m is given by the equation 

A being the symmetrical determinant X ± Ki, 1X2,2 -" I^n,n> and 
Ml, ^ being the coeflScient of Ki, m in A. Maxwell calls Pi. 1 , jpi. 2, • • • 
coefficients of potential. 

Similarly in the electromagnetic problem we have 

and (n — 1) similar equations, where 

A' being the symmetrical determinant S ± Zi. 1X2.2 ••• ^n.n and 
M\,rn being the coeflScient of Z^.^ in A'. We may call X^, \i.2, ... 
coeflBcients of current. The above equations prove that Xj.^ is the 
reciprocal o{ pi^m- 

a. The capacity K^, for equal potentials of n conductors is 
given by 

ir„ = 2-^1.1 + 2zKi,2» 

for when they are all at the same potential v, 

Jj = (7^2.1 + •£'2.3+ ••• •\- J^2.n)v, 



and hence K^ = (S^q)/v = S-fiTi.i 4- 2S^i.2» 

since Kp,q = Kq,p, 
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The electrostatic energy of the system in this case is ^vXq or 
iKft'i^. It follows from a theorem proved in a note at the end of 
this chapter that, if v be maintained constant, the mutual electrical 
actions of the conductors will tend to move them so that I^K^t^ 
increases. Thus as the conductors separate under the action of 
the electric forces, K^, continually increases. 

/8. The self inductance L, of n coils in series is given by 
for when they are all carrying the same current i, 



and hence 
since 






The electromagnetic energy in this case is Jt2<^ or JZ,i^. If 
i be maintained constant, the mutual electrical actions of the 
various coils will tend to move them so that Ji^i^ increases. Thus, 
as the coils separate under the action of the electromagnetic 
forces, Lg continually increases. 

If we have two coils in parallel carrying currents ii and ia and 

if -^ be the applied potential difference and the total current in 
each of the neighbouring circuits is zero, then 

and * <f> = L2, 1*1 + X2. 2*2- 

Hence (A.a - A.2) = (A.i^.2 - L\,^)i^, 
and ^ (A.i — A. 2) = (A.i A.2 — M.2) 'h- 

<l> A. 1-^2.2^-^^.2 



Therefore 



ii 4- 4 -^1. J + -^2.2 — 2Zri.2 ' 



But 1*1 4-^2 is the current in the main and therefore (l>/(ii + 'h)^ 
the self inductance of the coils in parallel. Now leaving the 
positions of the coils unchanged, reverse the connections of the 
coil 2, so that the applied potential difference is acting on the 
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coil 1 in the same direction as in the last example but on the 
coil 2 in the opposite direction. The equations become 



and therefore 



__ L^,\I^2.i^ L\,2 

il — h A.l + A.2+2Zri.2' 



Now, in this case, ii — ij is the current in the main. Hence, 
when the two coils are connected in 'cross parallel,' the self 
inductance is 

T T — fa 

A.l + -^2.2 + 2Zi.2 

If we reciprocate this expression we get 

•^1.1-^2.2 ~~ -^ 1.2 
■^1. 1 + -^2. 2 + ^i^i . 2 * 

and this equals q/(vi — v^, that is, according to our definition in 
Chapter iv, the capacity between the two conductors when all 
the others are earthed. 

We see, therefore, that the self inductance of two coils in ' cross 
parallel/ when the total current in each of the neighbouring coils 
is zero, reciprocates into the capacity between two conductors when 
all neighbouring conductors are earthed. 

If we reciprocate the formula for the inductance of two coils 
in parallel we get 

Vi + Va " i^i.i + Z2.2 - 2Zi.2 ' 

This formula is derived from the equations 

and q = K^,^Vi-)rK^.2V^^ 

If two conductors, therefore, have equal charges and all the 
other conductors in the neighbourhood are at zero potential, the 
ratio of the charge on either conductor to the sum of the potentials 
of the two is a constant. In pi-actice it is not convenient to give 
equal charges of the same sign to conductors and thus this con- 
stant ratio is, at present, mainly of theoretical importance. 
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a. The self inductance of n circuits in parallel is given by 

l/Zp = (2i)/<^ = 2\,.,+ 22X1.2, 

where \i.i, Xj.j, ... are the current coefficients. The electromagnetic 
energy of the circuits is <f>^/2Lp. 

/3, The capacity Kg for equal charges of n conductors is 
given by 

l/ir, = (2t;)/3 = 2i>,.i + 22p,.a, 

where pn, jpi.a, ... are the potential coefficients. The electro- 
static energy of the conductors is q^/2Kq. It is easy to see 
that the mutual electric forces acting on the conductors tend 
to increase Kg, 

a. When we have a system of n circuits in parallel, the ratio 
of ^ to ii is constant and is called the effective inductance of the 
first circuit. 

yS. When we have n conductors each of which has a charge 5, 
the ratio of q to Vi is constant and is called the effective capacity 
of the first conductor. 

It is worth noting that, when all the charges on a system of 
conductors are equal and the charges on all neighbouring con- 
ductors are zero, the electrostatic energy is q^/2Kg, and thus 
depends only on the charge, the geometrical configuration of the 
system and its position. Similarly, when all the potentials are main- 
tained at a known value, the electrostatic energy can be written 
down at once when Ky is known. Now, in many cases, K^ can 
be measured easily experimentally, and in some cases Kp can 
be found. A knowledge of the value of these quantities will be 
helpful, therefore, in studying the electrical properties of a system 
of fixed conductors. Similarly a knowledge of Lg and Lp will be 
a help in studying a system of coils. 

We have shown that the following quantities are reciprocals : — 



Kp.p 


Kp.q 


The capacity between two conductors 


^pp 


Lp.q 


9 

The self-inductance of two coils in cross parallel 
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Denoting the coefficients of current and potential by Xi.j, 
\i.2>-" ai^d pi.i, pi.2, ••• we also have: — 



J^v 


K, 


Pi.i 


Pi- a 


L, 


ip 


Xi.i 


Xi.a 



a. Formula for the electromagnetic wattmeter : — 

The electro- P = Mili. 

the^"cctro*tatic ^^® practically non-inductive coil shunts the load, 
wattmeter. and the inductive coil is in series with the load. 

fi. Formula for the electrostatic wattmeter : — 

One resistance which has practically no condenser effect is placed 
in series with the load, and a condenser (formed by the needle and 
quadrants) is placed shunting the load. 

a. The three voltmeter method of measuring power : — 

^. The three ammeter method of measuring power : — 

These examples could easily be multiplied. 

An inspection of Chapters XI and Xii will show that many 
of the theorems in two and three phase theory are 
reciprocals. In a star connection 2i is zero and 
in a mesh connection %v is zero. Hence theorems concerning 
currents in star systems reciprocate into theorems concerning 
potential differences in mesh systems. The following are a few 
illustrations. 

a. The mesh potential differences between the mains are to 
Three phase ^^^ another as the sines of the phase differences 
examples. between them. In symbols, we have 

sin a sin yS sin 7 * 



Star and mesh. 
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P, The currents in the arms of a star load are to one another 
as the sines of the phase differences between them. In symbols, 
we have 

sin a sin /3 sin 7 ' 

a. In a non-inductive star load, if p, q and r be the 
resistances of the arms, 

El E^ E^ 

p sin 02.z~ q sin ^,.1 r sin ^1., ' 

13. In a non-inductive mesh load, if p, q and r be the 
resistances of the arms, 

I^p ^ l2q ^ hr 
sin 62, s sin ^3. 1 sin ^, . 2 

a. If the load consist of three equal non-inductive resistances 
connected mesh fashion, then 

where ^1, A^ and ^3 are the currents in the three mains and 
/i, /j and /, are the mesh currents. 

)8. If the load consist of three equal non-inductive resistances 
connected star fashion, then 

a. The formula for the potential differences across one of the 
arms of a non-inductive star load is 

fi. The formula for the current in one side of a non-inductive 
mesh load is 

/i' (n + ra + r^f = {A^^r^ + A^^n) (^2 + r,) - A^^r^r^. 

a. The mesh voltages being constant, the sum of the voltages 
between the centre of a star load and the three mains is a minimum 
when the currents in the arms are all equal. 

yS. The currents in the mains being constant the sum of the 
mesh currents is a minimum when the potential differences 
between the mains are equal. 
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An inspection of the formulae and constructions, given in 
Two phase Chapter XII for two phase theory, will show how easy 
examples. -^ jjg ^^ reciprocato many of them. 

a. Rule for finding the voltages across the arms of a non- 
inductive star load when the voltage tetrahedron and the re- 
sistances of the arms are given. 

Find the centre of gravity of masses — , — , — and — placed 

^ "^ n ra Vs n 

at the four angular points of the voltage tetrahedron ; then, the 
lines joining G to the four angular points will give the magnitudes 
and the phase differences of the required voltages. 

yS. Rule for finding the currents in a non-inductive mesh load 
when the current tetrahedron and the resistances of the arms are 
given. 

Find the centre of gravity of masses Vi, r^, r^ and r4 placed 
at the four angular points of the current tetrahedron ; then, the 
lines joining to the four angular points will give the magnitudes 
and the phase differences of the required currents. 

(a) The power w expended on a star load (p. 256) is given by 

w = Viai + Vf^2 + ^8«8 + t;4a4. 

(/8) The power w expended on a mesh load is given by 

• • • . 

^ ~ '^2.8^2.8 ~r *8.4^8.4'r*4.1^4.1 + *1.2^1.2' 

The above examples could easily be multiplied, but suflScient 
have been given to prove that the method of duality is as useful 
in electrical theory as it is in geometry. 
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ADDITIONS. 

NOTE ON A THEOREM IN ELECTROSTATICS. 

On p. 192 it is assumed that when the potentials of a system 
of conductors, one of which is movable, are maintained constant, 
the work done on the movable one, during an infinitely small 
displacement, is equal to the gain in the electrostatic energy of 
the system. This is a particular case of a well-known theorem in 
electrostatics which can be proved as follows. 

Let us consider the case of n charged conductors which form 
Charges 3, self-contained system screened from outside electric 
constant, influences. To simplify the problem let us suppose that 
only one of them is movable. Let us also suppose, in the first 
place, that all the conductors are insulated, so that the charges on 
them remain constant. By the Conservation of Energy the movable 
conductor X cannot, unless acted on by external forces, move under 
the action of the electric forces into a position where the electro- 
static energy of the system is greater, otherwise the total energy 
of the system would be increased. The electric forces acting on 
X move it in the direction along which the electrostatic energy 
diminishes most rapidly, as the force acting on X will be greatest 
in this direction. We see therefore that the motion which ensues, 
due to the action of the electric forces, must diminish the electro- 
static energy of the system and increase the mechanical energy. 

Let dw denote the work done on X by the electric forces 
during an infinitely small displacement from P to P\ then, with 
the notation of p. 90, if v^-^-dvi, t;2 + ^^2> ••• be the new values of 
Viy t;2, ... we have 

dw = \qiVy^ -f ^q^v^ + . . . | 
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Now qi is constant, and since (p. 90) 

we have 

= Ki,idvi + VidKi,i + Ki,2dv2 + V2 diTi.a + . . . , 
and therefore 

Kj,idvi + Ki,2dv2+ ... = — iTid-BTi.! — Vad^i.a— 

Hence, by substituting in (1), we get 
dw = -^(Ki,iVi'hKi,2V2+ ...)dt;i — ^(£'2.it;i + -^2.aV2+...)di;2-... 
= — iVi(Ki,idvi + -BTi.adva +...) — ^ViiK^.idvi 4- K^.^dv^ +...)-... 

= i^i(M^i.i + M-S'i.a +...) + i^aCM-K'a.i + V^dK^.i +...) + ... 

When the potentials of the n conductors are maintained constant 
Potentials ^^^ havc the Same initial values as in the last case, the 
constant. difference between the values of the electrostatic energy 
when X is in the positions P' and P equals 

UKi,,-\-dK,,,)v^-h ...-{- {K^,2'^dK,,2)viV2-¥... 

By the preceding paragraph this is equal to dw and is therefore 
positive. Hence the electrostatic energy in the position P' is 
greater than in the position P. Also, since the force acting on X 
in the position P is exactly the same in the two cases, and P' is 
infinitely near to P, so that, the electrostatic field being only 
infinitesimally disturbed by the motion of X, the force at P' is 
practically the same in the two cases. The mechanical work done 
on X, therefore, during an infinitesimal displacement is the same 
whether the charges or the potentials are maintained constant. 

Thus the work done on X, when the potentials are constant, 
is also dw, and this equals the gain in the electrostatic energy of 
the system. It follows, by integration, that the total work done on 
X during a finite displacement, when the potentials are constant, 
equals the gain in the electrostatic energy of the system. In an 
electrostatic voltmeter, for instance, the energy taken from the 
mains equals twice the mechanical energy required to displace the 
moving part. 

R. I. 26 
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The above theorems can be stated more generally as follows : 

(1) When, in a system of insulated conductors, the relative 
positions of the conductors alter owing to their mutual electric 
actions, the conductors move in such a way that the electrostatic 
energy is diminished, the diminution being equal to the work 
done on the conductors by the electric forces. 

(2) When, in a system of conductors, the potentials of 
which are maintained constant by means of external sources, 
the relative positions of the conductors alter owing to their 
mutual electric actions, the conductors move in such a way that 
the electrostatic energy is increased by an amount exactly equal 
to the work done on the conductors by the electric forces. 

It is instructive to reciprocate these general theorems by the 
Reciprocal method of Chapter xvii. Reciprocating the second, 
theorems. ^g g^^ ^Ynit when the currents in a system of n coils 
are maintained constant, the motion due to their attractions or 
repulsions increases the electromagnetic energy of the system. 
We see also, that the mechanical work done on the coils is exactly 
equal to the increase of the electromagnetic energy by the electro- 
magnetic forces. 

This theorem can be proved at once by means of Lagrange's 
general equations of motion (see Maxwell's Electricity and 
Magnetism^ Vol. ii. § 580). Maxwell notes the resemblance with 
the corresponding electrostatic problem. The theorem was given 
by Sir William Thomson (Lord Kelvin) in the second edition of 
Nichol's Cyclopcedia of Physical Science (Article, " Magnetism, 
Dynamical Relations of") published in 1860. See also Papers 
on Electrostatics and Magnetism by Sir William Thomson, p. 446, 
Second Edition. 
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Alternating currents, 40 

in inductive circuits, 41 
Alternating magnetic fields, 286 
Ampere's theorem, 18 
Arc, musical, 83 
Argand*8 method, 162 
Armagnat, 366 
Amd's phase indicator, 302 

B, 15 

Behn-Eschenburg, J., 349 
Bipolar circles, 307 
Branched circuits, 167 

formulae for, 169, 170 

graphical solution, 175 

minimum energy in, 172 

Cable, two core, 103, 336 

three core, 105, 121, 339 

three phase, 107, 119, 121, 321, 
340, 345, 347 

four core, 113, 128, 323 

twin concentric, 115, 324 
Campbell's, A., method of measuring 

power, 207 
Capacity, 9 

and inductance, 384 

and wave shape, 80 

definitions, 91 et seq. 

for equal charges, 396 

for equal potentials, 393 

two parallel cylinders, 101 

concentric main, 93 

triple concentric main, 98 

cable with three cores, 125 

cable with four cores, 127 

cable with n cores, 129 



Capacity {continued) 

cylindrical condenser, 103 

cylinder parallel to the earth, 131 

in practice, 137 

three phase overhead wires, 135 

two wires parallel to the earth, 
132, 135 
Carey Foster, 349 
Cassinian ovals, 309 
Choking coil currents, 77 
Circle diagram of transformer, 215 
Complex, currents, 67 

number, 161 

variable, 162 
Concentric main, inductance, 53 

magnetic field round, 327 

triple, 61 
Condenser, currents, 78 

definition, 92 

energy stored in, 10 

equivalent, 109, 111, 114, 119 

in secondary load of a trans- 
former, 214, 218 

leaky, and inductive coil, 384 
Conductors connected in cross paral- 
lel, 395 
Conduits, losses in, 337 
Constant charges, 400 
Conversion of polyphase systems, 265 
Coulomb's law, 7 
Cross parallel, 395 
Current, electric, 10 

circular, 19 

coefficients, 393 

in circle, 30 
. in rectangle, 31 

tetrahedron, two phase, 251 

triangle, three phase, 330 
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Dielectric coefficient, 2 
Duality, 380 et seq. 
Duddell, the direct current arc, 88 
transformer waves, 213 

Eddy currents, 850 et »eq, 

analogy with heat, 355 

and hysteresis losses, 375 

in an iron plate, 353 

in a copper plate, 367 

in a cylinder, 868 

in thin sheets, 361 

in secondary of transformer, 351 

in short-circuited coil, 351 
Effective values, 65 

graphical methods of finding, 69 
Electrodynamics, 17 
Electromagnetic, energy, 23 

induction, 21 

wattmeter, 197 

with mutual inductance, 201 
Electromotive force, 3 
. in a conductor cutting lines of force, 
26 

induced, 22 
Electrostatics, 2 
Electrostatic, theorem, 400 

forces in three phase cable, 347 

and electromagnetic coefficients, 392 
Electrostatic wattmeter, 193 
Elliptic field, 283 
Energy in branched circuits, 173 
Equipotential lines round parallel 

wires, 307 et seq. 
Equivalent net-work of a trans- 
former, 213 
Equivolt curves, 71 

of equal height, 76 
Ewing, eddy currents and hysteresis, 
363 

Farad, 94 
Ferraris, 298 
Fleming's rule, 27 
Flux of force, 4 

magnetic, 51 
Flux and quantity, 384 

in circular rings, 48 'et seq. 
Force, magnetic, inside cylindrical cur- 
rent sheet, 33 

near a straight conductor, 31 



Force, magnetic (continued) 

on moving wire, 27 

outside cylindrical current sheet, 32 
Frequency of the current in the fonrth 

wire of a three phase system, 234 
Fresnel, 298 

Gauss, the, 14 
Gauss's theorem, 4 

Geometrical applications of power for- 
mulae, 259 
Gliding magnetic fields, 296 
Green's, a theorem of, 8 

H, 15 

Harmonics, effect of, on eddy currents, 
365 

effect of, on resonance, 81 

in magnetic induction, 366 
Heap's phase indicator, 273 
Heat and electrical equations identical, 

355 
Heaviside, Oliver, eddy currents, 350 
et seq. 

electromagnetic waves, 47 

formula, 374 
Hopkinson's, J., a theorem of, 385 
Hysteresis, 35, 37 

losses, 375 

in armouring of cables, 346 

I, 15 

Images, electric, 9 

Imaginary quantities, 161 

currents and e.m.f.8, 165 
Impedance, 158 

with parabolic wave, 160 
Indicator, phase, 268, 273, 302 
Induced e.m.f., 22 

current and motion, 26 
Inductance, 22, 140 

and capacity, 384 

and wave shape, 80 

anchor rings, 52 

calculation of, 44 

concentric cylinder, 53 

minimum, 62 

mutual, 22 

of surface currents, 142 

self, 23 

three parallel cylinders, 61 
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Inductance (contimied) 

triple concentric mains, 61 

two parallel wires, 56 
Inductances, comparison of, by a volt- 
meter, 87 
Induction, electromagnetic, 21 

electrostatic, 8 
Inductive coil and leaky condenser, 

384 
Intensity of magnetisation, 14 
Inverse points, 99 
Iron armouring, losses in, 346 
Iron conduits, losses in, 335 
Iron plate, eddy currents in, 353 et seq, 

J. J. Thomson's solution, 355 

Joule's law, 20 

Kelvin, bei and ber functions, 369 

formula, 25 

self-energy, 25 

theory of images, 9, 125, 347 

theorem, 402 

Thomson and Tait, 284 
EirchhojS's laws, 381 

Laplace's formula, 29 

Lay of wires, 323 

Leaky condenser and induction coil, 

384 
Lenz's law, 22 
Lines of force, 3 

round parallel wires, 304 et seq. 
Load on a three phase alternator, 235 
Longitudinal tension, .63 

Magnetic analogy with Ohm's law, 51 

Magnetic field round polyphase cables, 
304 et seq, 
round n parallel wires, 325 
round three phase cables, 315 
round concentric main, 328 
round twin concentric cables, 325 
round two parallel wires, 307, 309, 

311 
round two phase cables, 323 

Magnetic, shell, 16 
steel strips, 35 
tests, 34 

Magnetism, 11 

Magnetomotive force, 51 



Mathematical tables, 

1-5, 1-55 and l-6th powers, 38 

$, sin 9, COS0, sinh^, cosh^, 376 

e» and e"*, 377 

ber (a;), bei (a;), ber' (a;), bei'(a;), 378 

ber»(a;) + bei*(x); etc., 378 
Maxwell, the, 13 
Maxwell's, 

electrostatic equations, 90 

equation, 45 

potential coefficients, 393 

self-inductance formula, 54 

theory of light, 95 

transformer formula, 217 

vector potential, 329 
Mean value of an alternating function, 

68 
Mesh and star, 220, 397 
Mesh, load, 220 

voltages and phase differences, 222, 
246 

currents and phase differences, 228, 
251 
Meter, induction type, 275 

polyphase, 279 

watt-hour, 201 

wattless current, 274 
Microfarad, 94 
Model, polyphase cable, 117 

three phase cable, 119 
Musical arc, 83 
Mutual inductance, 22 
Mutual potential energy of two shells, 16 

Neutral point, rotation of, 319, 324 
Neutralising capacity, 87 
inductance, 86 

Ohm's law, 20 

Parabolic wave impedance, 160 
Parallel and series, 381 
Permeability, 14 

of sheet steel, 37 
Phase difference, 149 

in two phase system, 255 

and time lag, 153 
Phase indicator, 268 

Heap's, 273 

Amd's, 302 
PoisBon's equations, 5, 7 
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Polarity, 20 

Polycore cable, capacity, 129 

indactance, 142 
Polyphase cable, magnetic field, 804 
et teq, 

cable, model of, 117 

transformer, 261 
Potential, electrostatic, 2 

magnetic, 11 

of a bar magnet, 12 

of centre of star load, 226 

of three phase mains, 226 

of two phase mains, 249 
Potentials, constant, 401 
Potier, A., 292 
Power factor, 145 

geometrical interpretation, 164 

numerical examples, 161 

of a three phase system, 266 

unity, 146 

wattmeter method of finding, 266 

zero, 156 
Power, measurement, 189 et seq, 

three phase loads, 256 

two phase loads, 236 

Quadrant electrometer, 190 

B.M.S., root mean square, 66 

Badial magnetic force, 330 
round concentric main, 333 
round three phase main, 342 
round two parallel wires, 336 
round n parallel wires, 331 

Batio of units, 97 

Rayleigh, 179 

Reactance, 159 

Beciprocal quantities and theorems, 
380 et seq. 

Beferences, 39, 64, 88, 122, 144, 160, 
179, 188, 210, 218, 242, 279, 303, 
349, 379, 399 

Beisz's method, 203 

Beluctance, 51 

Bepulsion of wires, 63 

Resistance, 21 

and wave shape, 79 

Resonance, 81 
method of measuring power, 209 
of E.M.F.S, 81, 386 
of currents, 84, 386 



Resonance (continued) 

with direct current, 83 
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